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Preface 


The basis for most electrical engineering courses depends on two 
fundamental theoretical concepts, viz., the lumped-parameter circuit theory 
based on laws like those of Kirchhoff’s and Ohm’s, and field theory .based 
on Maxwell’s equations. 

Circuit and network theory courses may be considered as prerequisites 
to most other courses in a normal electrical engineering curricula as many 
concepts developed in such courses form a basis for teaching electronics 
and signal processing, control and linear systems. The two main branches 
of network theory are network analysis and network synthesis, the former 
being a prelude to the latter. Network synthesis naturally leads to filter 
design. The importance ofthe design and the application of filters cannot 
be over-emphasized as most signal acquisition and processing systems 
utilize filters-passive or active inductorless filters and more recently digital 
filters. 

Network analysis, network synthesis and filter design are well developed 
subjects, and are endowed with many excellent textbooks, though most of: 
them are devoted to the discussion of one of these topics. The stringent 
requirements placed by most electrical engineering curricula have forced 
network analysis and synthesis to a sequence of'two courses. This book 
has attempted a unification of these two fundamental topics by discussing 
the required analytical methods and linking the essentials of approxima- 
tion, synthesis and filter design. 

Following a brief review of basic circuit elements, fundamental concepts 
of graph theory and concept of the generalized network element are unified 
to yield both a formal and the inspection method of writing various forms 
of network equations. “Solution of network equations based on Laplace 
transforms, sinusoidal steady-state analysis and resonance, network the- 
orems including Tellegen’s theorem, concepts ofi natural frequency and 
poles-zeros of network functions, two-port parameters including analysis 
of the ubiquitous ladder network, indefinite admittance matrix analysis of 
multi-terminal networks and equivalent source method of writing state 
equations are all discussed in sufficient detail to form the analysis part of 
the book. Essentials of approximation and synthesis leading to practical 
filter design are presented in the synthesis part of the book. Image para- 
meter filter design is introduced for historical reasons and to bring out the 
concept of matching and cascading in filter design. Foster and Cauer form 
synthesis of two-element kind networks and realization of all-pole transfer. 
function are discussed as prelude to Darlington’s insertion loss synthesis. 
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Comprehensive introduction to active filter design methods for single and 
multi amplifier filters, cascaded and GIC based structures, is also pre- 
sented. 

This book presupposes a knowledge of differential equations and trans- 
form calculus, elementary circuit analysis covering Kirchhoff’s laws, 
resistive networks, transients and three-phase AC circuits. It is designed 
for use. as a text for undergraduate and postgraduate courses in network 
analysis and fundamentals of filter design. Contents of the book can be 
covered in a sequence of two courses, each with 30 hours of lectures aided 
by 20 hours of laboratory or problem sessions. The first course can cover 
preliminary analysis (chapters 1-8) and the second one advanced methods 
ofianalysis (chapters 9-10 and synthesis/design (chapters 11-15). In this 
form it has been used for several years at Nova Scotia Technical College, 
Halifax. 

A project of writing a book like this can only materialize with the help 
of many. It is a great pleasure to thank my undergraduate students who 
suffered through the earlier versions of this book and graduate students, 
especially Mr W.D. Eckford and Mr A.K. Mitra, who helped me in 
formulating many of my thoughts. I am indebted to my colleagues, Drs. 
V. Bapeswara Rao of Indian Institute of Technology, Madras, R. Hastings- 
James and O.K. Gashus of Nova Scotia Technical College, for many 
valuable criticisms. I am especially grateful to Dr. O.K. Gashus for 
providing assistance in the preparation of the earlier versions of the 
manuscript. 

For permission to use copyright material, I am grateful to: Prentice 
Hall Inc., USA, for Figures 3.9, 3.10, 3.11 and 3.14 from D.E. Johnson : 
Introduction to Filter Theory and Addison-Wesley Inc., USA, for Problems 
3.3 and 4.3 to 4.5 from S.P. Chan, S.Y. Chan and S.G. Chan: Analysis of 
Linear Networks and, Systems. 

The final draft of the book was completed while the author spent his 
sabbatical year at the Indian Institute of Science, Bangalore, and the author 
thanks the authorities of the Institute for many facilities. The assistance 
offered by Dr. R. Vittal Rao in proof reading the manuscript, Mr N. 
Govinda Raju in typing the manuscript and late Mr V.P. Naidu in 
drafting the diagrams is acknowledged. This book would not have 
materialized but for the invaluable guidance of Dr. K. Ramakrishna 
through all phases of the book and I remain ever so grateful to him. 
Tinally I would like to express my gratitude to my family. 


Halifax, Nova Scotia V.K. AATRE 
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Introduction 


A network or a system may be described as a collection of objects or 
elements governed by certain laws. In electric network theory we concern 
ourselves with four basic quantities: voltage, current, charge and flux. 
The study of interrelationships among these variables and the physical 
laws governing their behaviour is the subject of network theory. Network 
theory, in general, may be divided into three components : 


(1) The mathematical modelling of electromagnetic phenomena. 

(2) The mathematical analysis of models of individual elements and 
systems, and their signal processing capabilities. 

(3) The synthesis and design of systems and devices. 


One of the most useful approaches in scientific analysis is that of 
modelling. The primary reason for constructing models is that the 
physical systems are usually too complex to be amenable to practical 
analysis. The complexity arises due to the presence of non-essential 
factors and, hence, a model should extract only the essential factors. 
In essence, we can state that the model should adequately describe the 
physical behaviour of a system. The more detailed the model the more 
accurate the predicted solutions. But then the analysis of such a model 
also becomes more complicated. Hence, a model is always a compromise 
between the reality and simplicity. Consider for example an ideal and 
the corresponding nonideal model of a coil shown in Fig. 1.1. The latter 
has three basic circuit elements, whereas the former has only one element. 


Li 


Fig. 1.1 : 
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An electric network (amplifier, filter or equalizer circuits and the like) 
can be modelled ‘using certain lumped circuit elements. A basic problem 
faced by an engineer is to design a network model to satisfy certain signal 
processing specifications and then fabricate physical components which 
approximate the idealized elements. A prelude to design (and synthesis) 
is analysis, which is mainly an algebraic problem. A major part of this 
book deals with it. 

In this chapter we shall discuss the characterization and modelling of 
lumped circuit elements. A network consisting of lumped elements exhibits 
certain basic properties depending on the type of elements used which 
themselves are classified according to these properties, 


1.1 Tumped Circuit Elements 


A circuit element is said to be lumped, if the instantancous current entering 
one terminal is equal to the instantancous current leaving the other terminal. 
If the physical duuensions of an element are small compared with the 
wavelength of the highest signal frequency applied to the network, then 
the element may be considered to be lumped. Typical lumped circuit 
eletncnts are resistors, inductors, capacitors, voltage and current sources, 


1.1.1 Resistors 


An clement which can be characterized by a curve in the y—i plane is 
called a resistor (v represents voltage and / represents current). A resistor 
is linear if it is characterized by a straight line passing through the origin 
of the v—i plane [Fig. 1.2(a)]. A linear resistor is represented by the 
symbol shown in Fig. 1.2(b) and is described mathematically by 


i= Gv or v = Ri (1.1) 


i= GvorveRi 


v 


Siope = G - 1/A 


(a) (b) 


Fig. 1.2 
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The constant G, called the conductance, represents the slope of the line in 
Fig. 1.2(a). The constant R is the reciprocal of the slope and is 
called the resistance. The practical unit of Gis mho and R is ohm. If 
R = 0, a linear resistor is said to be a short circuit; and if R=. it is 
said to be an open circuit. 

If a resistor is characterized by a v—i curve other than a Straight line 
through the origin, it is called a nonlinear resistor. Figure 1.3 shows 
the characteristics (v—i curves) of two nonlinear resistors. Figure 1.3 (a) 


Fig. 1.3 


corresponds to a tunnel diode and it can be seen that the current is a 
single valued function of the voltage. Such a resistor is said to be voltage- 
controlled. On the other hand, in the characteristics of Fig. 1.3 (5) 
(silicon-controlled rectifier) the voltage is a single valued function of the 
current. Such a resistor is said to be current-controlled. These nonlinear 
resistors have the unique property that the slope of the v—i characteristic 
is negative in some range of voltage and current. Such devices are often 
used as negative-resistance devices for these ranges. Evidently, nonlinear 
resistors cannot be characterized by a single value of resistance R, as in 
the case of linear resistors. The value of the nonlinear resistor 
depends on the operating point and hence is characterized by incremental 
resistance which is defined as the slope of the v—i characteristic at the 
particular operating point. Nonlinear resistors find use in rectification, 
frequency multiplication, current and voltage limiting, and many other 
electronic applications. Figure 1.4 shows the symbol and the v—/ 
characteristic of a semiconductor diode (continuous curve). In analysing 
a network with a nonlinear element, such as a diode, one often resorts to 
piece-wise linearization. The piece-wise linear model of a diode (broken 
line) is also shown in Fig. 1.4. 

A distinct property of a linear resistor not usually possessed by a non- 
linear resistor is that the vi characteristic is symmetric with respect to 
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+ 


Fig. 1.4 


the origin. An element exhibiting such a symmetric property is called a 
‘bilateral element’. A physical consequence of this property is that for 
a bilateral element it is not important to keep track of the two terminals 
of the clement. 


1.1.2 [NDEPENDENT Sources 


Figure 1.5 shows an arbitrary network N excited by a source of 
electric energy. If we change the network N, then vy and/ in general also 
change. When v remains constant the source of energy is called a voltage 
source, and when i remains constant it is called a current source. 


Fig. 1.5 


A two-terminal element is called an independent voltage source, if it is 
capable of supplying any current at the same prescribed voltage, i.e. the 
voltage across the source is independent of the current drawn from the 
source. Figure 1.6 shows the symbol and the i—v characteristic of a 
voltage source. If the voltage of a voltage source is identically zero, the 
voltage source is effectively a short circuit. The internal resistance of an 
ideal voltage source is considered to be zero, In the physical world there 
is no ideal independent voltage source. 
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Fig. 1.6 


A two-terminal element is called an independent current source, if it is 
capable of supplying a prescribed current at any voltage, i.e. the current 
drawn from a current source is independent of the voltage across the 
source. Figure 1.7 shows the symbol and the i—v characteristic of a 


Fig. 1.7 


current source. If the current drawn from a current source is identically 
zero, the current source is effectively an open circuit. The internal shunt 
resistance of an ideal current source is considered to be infinite. In the 
physical world there is no ideal independent current source. 

A dependent voltage (or current) source is a source the voltage (or 
current) of which depends on another voltage (or current). A dependent 
or controlled. source is said to be voltage- (or current-) controlled if its 
terminal behaviour is controlled by another voltage (or current). This 
leads to four different controlled sources which are: 


(a) Voltage-controlled voltage source. 
(b) Voltage-controlled current source. 
(c) Current-controlled voltage source. 
(d) Current-controlled current source. 


Some physical devices operate almost like ideal dependent sources. 
For example, an operational amplifier is a voltage-controlled voltage 
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source, a field-cffect transistor a voltage-controlled current source, and a 
common base transistor a current-controllcd current source. 


1.1.3 CAPACITORS 


An element which can be characterized by a curve in the r—g plane is 
called a capacitor (q represents the charge). A capacitor is linear if its 
characteristic is a straight line passing through the origin of the r—g plane 


+ © 
Slope = C | 


seerpenenecanemennoen. a v c 
) on | 
(by) 
Fig. 1.8 


[Fig. 1.8 (a)]. A linear capacitor is represented by the symbol shown in 
Fig. 1.8 (b) and is described analytically by 


q= Cv (1.2) 


where the constant C' is the slope of the straight line, and is called the 
capacitance. "The unit of capacitance is farad. (A farad is a very big 
unit for measuring capacitance; a more practical unit in a network being 
pF—microfarads, or pF—picofarads). The current-charge relation being 
i = dq/dt, for a linear capacitor we have 


7 av(t) 


if a capacitor is characterized by a y—gq curve other than a straight line 
through the origin, it is called a nonlinear capacitor. Figure 1.9 shows 
the characteristic of a nonlinear capacitor (metal-oxide semiconductors 
capacitor). A nonlinear capacitor is characterized by 
g =f (v) (for a voltage-controlled capacitor) 
and by yes (gq) (for a charge-controlled capacitor) 
For a voltage controlled capacitor the current through the capacitor is 


oy  4at) — df) a(t 
i (t) a = oa ad 
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Fig. 1.9 


or i= cm 40 


where C (v) = df (v)/dv is called the incremental capacitance of the capa- 

citor. In addition to being able to do a number of things described 

earlier for resistors, a nonlinear capacitor can do better in certain cascs. 
The instantaneous power entering an element is given by 


PM =v(Hi(y 


where v is the voltage in volts and ithe current in amperes. Hence the 
energy in the element from f, to ¢ is 
t 
W (ty, t) = | v(s)i(s) dt (1.4) 


to 
Let a capacitance be characterized by 


v = ¥(q) (1.5) 


The energy in the capacitor, from eqns. 1.4 and 1.5, is 
t 
W (t, ) = | v (t) i (t) de 
) 
q(t) 
= | » (4) dq, 
9(to) 


If the initial charge on the capacitors, q(t), is zero, then the energy 
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stored in the capacitor is 
a(t) 
w= | F@ Cad 
0 


For a linear capacitor (q = Cy) it reduces to 


Wo LLO = 5 ow (1.6) 
1.1.4 INDUCTORS 


An element which can be characterized by a curve in the i—¢ plane is 
called an inductor (¢ represents the flux). An inductor is called a linear 


(b) 


Fig. 1.10 


inductor, if its characteristic is a straight line passing through the origin 
of the i—¢ plane (Fig. 1.10). A linear inductor is represented by the 
symbol shown in Fig. 1.10(b) and is described analytically by 


g = Li (1.7) 


where the constant L is the slope of the straight line and is called the 

inductance. The unit of inductance is henry. (Since an inductance of 

one henry is quite large, typical values of inductors are given in mH— 

millihenrys.) The voltage flux linkage relation being V = d¢/dt for a 
linear inductor we have 

di(t) 

V= Le (1.8) 

If an inductor is characterized by an i—¢ curve other than a straight 

line through the origin, then it is called a nonlinear inductor. A non- 
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linear inductor is characterized by 
¢ = f(i) (for a current-controlled inductor) 
and by i = & (4) (for a flux-controlled inductor) 
For a current-controlled inductor the voltage across the inductor is 


_ det) di) ditt) 
ag ge a 


2, epee GE) 
or v(t) = L(i) ee 
where L(i) = LO is called the incremental inductance. 


Nonlinear inductors can be used in frequency conversion, memory 
and storage. 


A special type of nonlinear inductor, such as a ferromagnetic-core 
inductor, has a characteristic that exhibits the phenomenon of hysteresis 
(Fig. 1.11). 


Fig. 1.11 
Let an inductor be characterized by . 
i= if) (1.9) 
The energy in the inductor, from eqns. 1.4 and 1.9, is 
t 


W(t, 2) = | W(r)iCr)dr 
fo 
dit) 
= | 16, 
#(to) 
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If the initial flux, 4(f)), is zero, then the energy stored in the inductor is 


g(t) 
Wit) = | b.dbs 


0 


For a linear inductor (¢ = Li) this reduces to 


Mi) = £9 = 4 LA (1.10) 


1.2 Kirchhoff’s Laws 


Figure 1.12 shows the model of an electric network (from here on we use 
the word ‘network’ for its model). A basic problem in network theory is to 
analyse the network and find the voltage across and the current through 
all the elements in the network. Certain physical laws are fundamental 
to the algebraic formulation of sucha problem. Two of the fundamental 
physical laws in network theory are the ‘Kirchhoff’s current and voltage 
laws’. Ifwe consider the junction points A and B of the network we can 
write 


at A:i=igq tip 
at B: irs = ic, 


i.e. the current flowing towards a junction is equal to the total current 
flowing away from the junction. This is Kirchhoff’s current law (KCL). 
More formally, the KCL can be stated thus: The algebraic sum of all 
instantaneous currents at a junction is zero. 

If we consider the closed paths consisting of the source and capaci- 
tor C, (sdy path 1) and the capacitors C,, C, and the inductor L, (say 
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path 2) we can write 
path 1 7 Vp = VC. 
path 2 . You = Vuy + VCo 


where 4, Yc, Yoo and vz, are all voltage drops, i.e. the voltage drop 
between any two junctions is independent of the path between the junc- 
tions. This is Kirchhoff’s voltage law (KVL). More formally, KVL states 
thus: The algebraic sum of all voltage drops in a closed path is zero. 

The KCL imposes linear constraints on the currents through the 
elements whereas the KVL imposes linear constraints on the voltage 
drops across the elements. Together, these two laws imply conservation 
of energy (Sec. 6.1). 


1.3 Classification of Networks 


The overall behaviour of an electrical network can be predicted by 
the constituent elements and their interconnection. The behaviour of the 
network, considered as a black box, leads to a number of classifications 
like linear, nonlinear; time-invariant and time-variant; passive and active. 


(‘) Linear and Nonlinear Networks 


In a linear network the relationship between the voltage and current is 
described by a linear equation. Consider two networks WN, and Nz as 
shown in Fig. 1.13(a) and (b), respectively. Network (a) is made up of a 
linear resistor R, while (b) is made up of a semi-conductor diode and 
linear resistor R. Let the cut-in voltage of the diode be 0.6 volt. In 
network (a) current /, is given by V/R, and exists for all values of V. In 
network (8) if V.is less than 0.6 volt the current J, is zero and for voltages 
higher than 0.6 volts /, is given by (/—-0.6)/(R+Rr), where Rr is the 
forward resistance of the diode. Obviously, in network (a) the current 
response is linear in contrast to that in (b). 


Fig. 1.13 
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Let both the networks be excited by two serially connected voltage 
sources V, and V,. Then it can be seen that 


TLV,+V.) = L(V)+ (Vs) 

and LhVi+V,) # hV) +h) 
where J;(V;) is the current into the terminals of network MN; when 
excited by a voltage source V;. We say that network N, is linear and N, 
is nonlinear as the principle of superposition holds for N, but not 
for N,. 

Linearity of a network can be defined as follows: Let a network 
be characterized by 


F(xi) = yi 


where x; is the input and y,; the output, and F(.) denotes some function. | 


Then the network is linear if, and only if, 
F(a;Xy-+agX%q) = & F(X;)+ ag F(X) = a. + 02 


where a, and a, are arbitrary constants, and x, and x, are any two allow- 
able inputs. The principle expressed by this equation is called the princi- 
‘ple of superposition. Hence, we conclude that a network is linear if it 
satisfies this principle; otherwise, it is nonlinear. 


(ii) Time-invariant and Time-variant Networks ~ 


Let a linear resistor be characterized by 


v(t) = R(t) i(t) 


where R(t) is a prescribed time function. This can be achieved, for 
example, by the sliding contact of a potentiometer being moved back and 
forth by a motor. Such a resistor is called a time-varying resistor. Simi- 
larly, it is possible to build time-varying capacitors and inductors. The 
elements we considered in Sec. 1.] were all time-invariant in that they 
were characterized by parameters which were not dependent on time. 

A network composed of time-invariant elements is called a time- 
invariant network and a network composed of time-variant elements is a 
time-variant network. A time-invariant network is characterized by a 
constant coefficient equation whereas the time-variant one by a time- 
variant coefficient equation. Mathematically, we can describe a time- 
invariant network by 


F [x(t—t)] = ¥(t—t) 
when the network is characterized by 


F[x(1)] = y(t) 
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ie. the response (output) depends on the shape of the excitation (input) 
but not on the time of application. 


(iii) Passive and Active Networks 


Consider a network made up of a single linear resistor. The energy 
supplied to (or dissipated by) the resistor, from eqn. 1.4, is 
t 


Mle» ) = [ 1%) Rat 
to 
If the resistor has to deliver power to the external world, R has to be 
negative. As long as R is positive the resistor will consume power, and 
such a resistor is called a passive resistor. 
Let v(t) and i(t) be the voltage and current at the terminals of a 
network. Then the energy delivered to the network is given by 


t 
Mba, = | (0) dds 
to 

A network is said to be passive if, and only if, 

W(to, t) + E(t.) > 0 
for all tand ¢, and for all v(t) and i(t), where E(t,) is the energy in the 
network at ¢ = ft). Otherwise, the network is said to be active. In other 
words, if the energy delivered to the network is nonnegative for all time 
and input, the network is said to be passive. The conditions for activity 
and passivity of an element can also be obtained by a study of its charac- 
teristics. For example, we can state that a nonlinear resistor is passive if, 
and only if, its characteristic, for all time, is in the first and third quadrants 


Fig. 1.14 


of v—i plane. Similarly, a capacitor (inductor) is passive if, and only 
if, its characteristic is in the first and third quadrants of the y~g (¢—i) 
plane. 

The preceding classification of networks was based on the basic 
behaviour of the response of the overall network. Often, networks are 
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grouped without any reference to their response. Such a grouping includes 
n-terminal and n-port networks. If, for example, a voltage source is 
connected across the terminals k and &’ of a network, then the current ix 
flowing into the network at terminal A must be necessarily the same as the 
current ix’, flowing out of the terminal k’. Under these conditions the 
pair of the terminals k-k’ constitute a port. A two-terminal or a 
one-port network has only one accessible terminal pair (Fig. 1.14) and a 
two-port network has two accessible terminal pairs (Fig. 1.15). This 
definition can be extended to #-port networks. 


TWO PORT 


Vig. 1.15 


Networks can be classified in a number of other ways—lumped and 
distributed networks; reciprocal networks; large scale networks and 
power distribution networks. 


1.4 Nullators and Norators 


The lumped circuit elements introduced in Sec. 1.1 are sufficient to model 
most of the networks. (Sometimes we may need coupled coils to model 
a network. We postpone the introduction of coupled coils till Sec. 3.4.) 
But the modelling and analysis of active networks (i.e. networks with 
active components like transistors and operational amplifiers) is facilitated 
by two singular (or pathological) network clements—the ‘Nullator’ and 
the ‘Norator’. A nullator is a two-terminal device which is simultaneously 
open and short, i.e. the current through and the voltage across a_nullator 
are zero. A nullator is represcntcd by the symbol shown in Fig. 1.16(a). 


(a) (b) 
bog. 1.16 
A norator is a two-terminal device whose current and voltage are arbi- 


trary, i.e. the current through and the voltage across a norator are 
determined by the external circuitry. The symbol fog a norator is shown 
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in Fig. 1.16(b). It is obvious that nullators and norators cannot exist in 
the real world. But the ideal behaviour of certain active components can 
be represented by a combination of nullators and norators. For example, 
an ideal common emitter transistor can be represented by the nullor 
(nullator-norator) model shown in Fig. 1.17. In Chapter 15 we shall 


discuss the application of nullor models in analysing and synthesizing 
active networks. 


Base Collector 


Emitter 
Fig. 1.17 


As indicated earlier, modelling of the physical devices is basic to the 
analysis and the synthesis of signal processing networks and devices. In 
‘this chapter wc have learnt the basic models and the properties of certain 
circuit elements. The interconnection of these elements and the geometry 
of the network is the topic of the next chapter. 


~ PROBLEMS 


1.1 The characteristic of a nonlinear resistor is described by the i—v relationship 
i = a9 + @ v + av? 
If the resistor is excited by a signal vy = A cos wf, find an expression for the current 
i. If we are to generate a third harmonic signal what should be the charac- 
teristic of the resistor ? 
1.2 Find the current through the resistors R), R, and R; in the network of Fig. P. 1.2. 


Radio 


Ry eR, =R, = 10 


Fig. P. 1.2. Fig. P. 1.3 


1.3 A 9-volt transistor radio is to be run on a 12-volt battery (Fig. P. 1.3). The radio 
draws acurrent of 6mA. Find R, and Rg. 


16 


1.4 


1.5 


1.8 
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The open-circuit. voltage of a source was found to be 10 volts. A variable resistor 
R is connected across the terminals of the source (Fig. P. 1.4) and the resistor 
Ris adjusted such that voltage Vo is 4 volts. If the value of the resistor is 400 () 
what is the internal impedance of the source. 


Voltage 
Source 


Fig. P. 1.4. 
Find the currents J and J,;, i = 1, 2,... 5 in the network of Fig. P. 1.5. 


Fig. P. 1.5. 


Find the conditions for the passivity of time-varying capacitor. 
Classify the following elements as passive or active 


(a) Resistor : i =: v? (d) Inductor L(t) = a+bcosot 
(6) Resistor : i = y° (e) Capacitor: g = V-+V? 
(c) Inductor : i = —¢} ¢? (f) Capacitor : C(t) =acos wt+b sin w ¢ 


The voltage across an inductor of 100 mh is shown in Fig. P. 1.8. Plot the current 
through the inductor assuming /,(0) -- 0. If (0) = 0.25 amps how would you 
modify the plot ? ; 


v (Volts) 


-3 —— =~ ow ow oe ero ae ow =e aw ow all 


Fig. P. 1.8. 
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1.9 A nonlinear capacitor is characterized by the equation g = 1—e~». Find the small 
signal capacitance at y = ,. 

1.10 Figure P. 1.10 shows a ‘Darlington Pair’. Draw the nullator-norator equivalent 
diagram and find the voltages across and currents through R, and R3. 


— Fig. P. 1.10 


2 


Network Topology 


Topology formalizes the formulation of the network equilibrium equations 
(loop equations, node equations and the like). Most of the computer 
aided analysis and design methods utilize topological formulation. The 
derivation of the state equations of a network (Chapter 10) inherently 
depends on the topological matrices of the network. 

Consider the network shown in Fig. 2.1. The equations describing 
this network are: 


a) vy == Ry ig 5g = Ry ligsig = Cy GO 
(a) v. 2/g3%y g!33l4 Cin 


(b) fy == ibis, fg = ig, ty = bgt las V2 == Va tMs 


Fig. 2.1 


The set of equations in (a) are the terminal relations of the various ele- 
ments and these do not depend on the interconnection of the elements. 
The set of equations in (b) are the constraints imposed by the two 
Kirchhoff’s laws and as such do not depend on the elements but only on 
the geometry or fopology of the network. Also, there are seven equations 
in six unknowns. Ofcourse, in this particular case it is easy to recognize 
the redundant equation in(b). But in large networks this becomes a 
complex problem and the study of topology proves helpful in solving such 
a problem. Topology, or geometry of a network, is concerned with the 
interconnections of the elements in a network. The network is represented 
by a linear graph, and in this chapter we discuss the properties and 
applications of such a graph. 
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2.1 Basic Definitions and Properties 


The linear graph of a network is obtained by replacing every element by a 
line-segment and the junction points by nodes. For example, the linear 
graph of the network of Fig. 2.1 is shown 

in Fig. 2.2. By definition a linear graph is Y5 
a collection of line-segments and their end 

points. A line-segment with its end points 

is called an edge of the graph and the 

end points are called vertices (or nodes) of ' : 

the graph. A linear graph or a graph of 

a network carries all the information about 

the inter-connection of the elements of the A 

network. The length, thickness and for- Fig. 2.2 

mation of the edges are of no consequence. 

Further, we impose the restriction that the end points of an edge are 
distinct. An edge is said to be incident at a vertex if that vertex is an 
end point of the edge. For example, edges I, 2, and 3 are incident at 
vertex v, in Fig. 2.2. 

Sub-graph of a graph G is a graph whose edges and vertices form a 
subset of the edges and vertices of G. In particular, G is itself a sub-graph 
of G. Ifa sub-graph of G does not contain the entire graph G then ‘it is 
called a:praper sub-graph of G. Ifa sub-graph contains all the vertices of 
G then it is called a spanning sub-graph of G. A complementary sub-graph 
of a sub-graph of the graph G is the graph formed by the edges not in the 
sub-graph of G. Consider a graph G shown in Fig. 2.3. (The edges of 
the graph do not carry any arrows as in Fig. 2.2. The arrows on the 
edges indicate the orientation of the edges; oriented edges and 
oriented graphs are discussed at a later stage.) This graph has six 
vertices vw; i= 1 to 6 and nine edges ¢;,,i= 1 to9. The edge sets 
(e1, €2, €s, €4) and (e, e7, €g, 9) constitute two sub-graphs of 
G. Both the sub-graphs are proper sub-graphs of G but not spanning 
sub-graphs. On the other hand, the sub-graph formed by the edges 


3 v3 
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€5, gs C7) Cg and e, constitute a spanning sub-graph of G. Of course, there 
are many more sub-graphs and spanning sub-graphs of G. Consider 
two sub-graphs G, and G, of G formed by the edges (¢, és, @s, é7) and 
(C4) C5, Ces a) &y), respectively. Then G, is the complementary sub-graph 
of G, and vice-versa. 

The degree of a vertex vi, §(vi), is the number of edges incident at the 
vertex v;. (For example, the degree of the vertex y, in the graph of Fig. 2.3 
is three and that of v, is also three.) It can be easily seen that for any 
graph 


vy 


> 8(%)) = 2e 


fs] 


where G has v vertices and e edges. 

A path between two vertices, v; and vj, is a sequence of edges between 
v;and v; such that the vertices and the edges appearing in the path arc all 
distinct. In this path the vertices vj and vj, terminal vertices, are of degrec 
one and all other vertices, internal vertices, are of degree two. A closed 
path, a path where the terminal vertices vi and v; are the same, is called a 
circuit. In a circuit all vertices are of degree two. The edge sets (c,, e-) 
and (¢1, @7, Cg, Cg, €3) are two paths between vertices v, and 3 of the graph 
G of Fig. 2.3 and the edge sets (e1, @, &g, Cy) and (e;, €7, &g, Cy, C4) are two 
circuits of G. 

A graph G is called a connected graph if there exists at least one 
path between every pair of vertices. Graphs shown in Figs. 2.2 and 2.3 
are connccted graphs. If a graph G is not connected, then it has separate 
parts. A graph in which there is one and only one edge between every 
pair of vertices is called a complete graph. Obviously a complete graph 
is a connected graph, but the converse is not, in general, true. The graph 
G of Fig. 2.3 is not a complete graph (the edges vy1'3, 14¥G, Vals, Va"'5, Vg"'5 and 
V4", are missing). 

Figure 2.4 shows a complete graph on_ five 
vertices. It can be easily shown that the number 
of edges in a complete graph of v_ vertices is 
v(v—1)/2. 

A tree of aconnected graph is a spanning sub- 
graph of G which is connected but  circuitless. 
Connectedness means that there is at least one 
path between any two vertices and circuitless implies that there is only 
one path between any two vertices, i.e. in a tree of a graph there is one 
and only one path between every pair of vertices. A connected graph 
has at least one tree. If the graph is not connected, then every separate 
part of the graph has a tree and the collection of these trees is called a 


Fig. 2.4 
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forest of the non-connected graph. Obviously a forest of a graph with 
P parts has p trees, The edges of a graph G which are the edges of a tree 
are called the branches of the tree. The complementary sub-graph of the 
tree of a graph is called the co-tree of the tree and the edges of the co-tree 
are called links or chords. For example, the edge set (e;, eg, €7, €s» €y) 
constitutes a tree of the graph of Fig. 2.3. With respect to this tree, the 
edges es, 5, €7, €g, €y are the branches, the edges e1, €2, eg) e, are the chords 
and the edge set (e1, es, és, €4) is the co-tree. It can be easily seen that a 
given graph may have more than one tree (the edges e,, €;, €7, €3, €y form 
another tree for Fig. 2.3). But all the trees of a given graph have the same 
number of edges or branches. 


Theorem 2.1: The number of branches in a tree of a connected graph G 
with v vertices is (v—1). 

Corollary 2.1: The number of chords of a tree of a connected graphG of 
v vertices and e edges is (e—v-+-1). 

Let T be a tree of graph G, and L be the corresponding co-tree. If we 
add a chord from L to the tree 7 then the resulting graph will have 
exactly one circuit. This is reasoned as follows: suppose the chord 
under consideration is the edge between the vertices vy, and vs». In the tree 
T there is one and only one path between the vertices vz and v». Hence, 
with the addition of the chord to the tree we have created two paths only 
between the vertices v, and v, and thus there is exactly one circuit formed. 
This circuit, which contains one chord and the unique tree-path between 
the end vertices of the chord, is called a fundamental circuit or f-circuit. 
We say that the f-circuit is defined by the chord. From Cor. 1.1 it is 
obvious that the number of f-circuits in a graph is (e—v+1). This is the 
maximum number of independent circuits that can be formed in a graph 
of v vertices and e edges. 


Theorem 2.2: For a connected graph of e edges and v vertices a set of 
(e—v+1) f-circuits with respect to a tree constitutes a complete set of 
independent circuits of the graph. 

This theorem implies that all the other circuits of the graph neces- 
sarily depend on the (e—v+1) f-circuits. We will not try to prove the 
theorem here. In the next chapter we use this theorem to write a set of 
independent KVL equations and then show that a set of loop or mesh 
currents constitutes a set of independent currents for a network. 


EXAMPLE 2.1 


Figure 2.5 shows a graph with 6 vertices and 8 edges. For this graph 
the edge set (1, 2, 3, 4, 5) constitutes a tree (solid lines) and the edge set 
(6, 7, 8) constitutes the corresponding co-tree (broken lines). Every tree 
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of this graph has 6—1=5 branches and every co-tree has 8—5=3 chords. 
Hence the number of f-circuits is three and they are: 


f-circuit of chord 6 — (1, 2, 4, 6) 
f-circuit of chord 7 — (2, 4, 5, 7) 
f-circuit of chord 8 — (2, 3, 5, 8) 


A cut-set of a connected graph is a minimal set of edges whose 
removal from the graph results in two separate parts. One of the separate 
parts may be an isolated vertex (vertex without any edges incident on it). 
It is important to note that when we remove the edges we do not remove 
the end vertices of the edges. The word ‘minimal’ in the definition of a 
cut-set implies that no proper subset of this set has the property of 
separating the graph into two pieces. We can extend the definition of 
cut-sets to non-connected graphs. A cut-set of a graph with p parts is a 
minimal set of edges whose removal results in a graph with (p +1) parts. 


— em et ee oe oe oe 


2 


Fig. 2.5 


Some of the cut-sets for the graph of Fig. 2.5 are shown in Fig. 2.6 by 
drawing lines on the graph. For example, the edge sets (1, 6), (4, 6, 7), 
(2, 3, 4) and (2, 4, 8) arc some of the cut-sets of the graph. The edge 
set (4, 5, 6, 7) does separate the graph into two parts. Yet it does not 


H 
i 
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constitute a cut-set for a proper subset of it, the edge set (4, 6, 7), is a 
cut-set of the graph. For this particular graph all the edges incident at 


Fig. 2.7 


a vertex constitute a cut-set. The fact that this need not be true is 
demonstrated in the graph of Fig. 2.7. The edge set (1, 2, 3, 4) at the 
vertex v is not a cut-set of the graph as a subset (1, 4) is a cut-set of the 
graph. 

In a tree, because of exactly one path between every pair of vertices, 
the removal of any branch separates the tree into two parts and, hence, 
every branch of a tree is a cut-set of the tree. Let b be a branch of a 
tree T of a graphG. Let the removal of b separate the tree into two 
parts, JT, and 7, Ifwe replace all the chords of 7, some of the chords 
may have one end vertex in 7, and the other in 7; (Fig. 2.8). In Fig. 2.8 
these chords are shown by broken lines. The set of all such chords and 


Fig. 2.8 


the branch b, obviously, constitutes a cut-set of G. This cut-set has only 
one branch (5) of the tree 7. A cut-set which has only one branch of a 
tree T.is called fundamental or f-cut-set with respect to the tree 7. Every 
branch of every tree defines its own f-cut-set. The total number of 
f-cut-sets from Theorem 2.1 is (v—1), where v is the number of vertices of 
the graph. This is the maximum number of independent cut-sets that can 
be formed in a graph. Hence, 
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Theorem 2.3: For a connected graph of v vertices a set of (v—1) f-cut- 
sets with respect toa tree constitutes a complete set of independent cut- 
sets of the graph. 

This theorem implies that all the other cut-sets of the graph 
necessarily depend on the (v—1) f-cut-sets. In the next chapter we use 
this theorem to write a set of independent KCL equations and then show 
that a set of branch voltages constitutes a set of independent voltages for 
a network. 


EXAMPLE 2.2 


Figure 2.9 shows the cut-set of the graph of Fig. 2.5. The tree 
branches are shown by solid lines and the chord by broken lines. The 
number of /-cut-sets is five. They are: 


f-cut-set of branch I — (I, 6) 
f-cut-set of branch 2 -> (2, 6, 7, 8) 
f-cut-set of branch 3 -> (3, 8) 
f-cut-set of branch 4 — (4, 6, 7) 
f-cut-set of branch 5 — (5, 7, 8) 


2? 


Fig. 2.9 


Notice that it is not possible to draw a line to show the cut-set of branch 2. 
To do this the graph has to be redrawn, as shown in Fig. 2.10. 


5 


Fig. 2.10 
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So far we have considered only a non-oriented graph, i.e. a graph 
in which the end vertices of an edge are not an ordered pair. But in the 
study of networks we are, in general, interested in the direction of flow of 
current or voltage drop in an element. Hence, the-edges of a linear graph 
of an electrical network carry an orientation or an arrow. The general 
convention is to orient an edge corresponding to an element, ‘such that 
the orientation coincides with the direction of current flow or voltage drop. 
Figure 2.11 shows the orientation of edges corresponding to the sources. 


+ 


Fig. 2.11 


An oriented graph is a graph in which all the edges of the graph 
have an assigned orientation. In an oriented graph the f-cut-sets and 
f-circuits are all oriented. The orientation of an /-circuit coincides 
with the orientation of the defining chord and that of an f-cut-set with the 
orientation of the defining branch. Figure 2.12 shows an oriented graph. 


Fig. 2.12 


The branches aré shown by solid lines and the chords by broken lines. 
The orientations of some of the f-circuits and f-cut-sets with respect to 
_the chosen tree are also shown in the figure. 

An important concept involved in developing the mesh equations 
for a network is the planarity of a graph. A graph is said to be planar if 
it can be mapped on to a plane such that no two edges intersect at a point 
which is not a vertex ofthe graph. Otherwise the graph is nonplanar. 
Figure 2.13 shows two (basic) nonplanar graphs. Tests for planarity of a 
graph are rather complicated. 
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Fig. 2.13 


Planar graphs can also be characterized by the concept of duality. 
Two graphs G, and G, are said to be duals of each other if, and only if, 
there is one to one correspondence between the circuits of one to the 
cut-sets of the other. The algebraic characterization of planarity is not 
simple. We state a theorem, without proof, relating planar graphs and 
duals. 


Theorem 2.4: A graph G is planar if, and only if, it has a dual. 


The dual of graph, if it exists, can be found by the so-called window- 
dot method as follows: 

When a planar graph is mapped on to a plane without any inter- 
secting edges, the plane is divided into m inside regions or windows 
(meshes) and one outside region. The dual of such a graph can be 
constructed as follows : 

(i) Place a dot in each window, including the external or outer 
region. There will be (m-+1) dots. 

(ii) Connect these (m-+1) dots by line segments such that for each 
edge j between two windows there exists a line segment j’ which crosses 
edge j and connects the two dots corresponding to the two windows. 
Thus if the original graph has e edges, then the dual also has e edges. 

The resulting planar graph with (m+1) vertices and e edges is the 
dual of the original graph. 

Figure 2.14 shows an example for the construction of the dual of a 
graph Gand the dual G’. We can extend the concept of duality to networks. 
Two networks N, and Nz, are said to be duals of each other, if the 
graphs of these networks G, and G, are duals and, if in addition, the 
elements of N, are duals of the elements of N,. The topological and 
electrical duality relations can be summarized as 


(i) Topological Duality : 


Graph G, @ Graph G, 
Circuits «© Cut-sets 
Series @ Parallel 
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Fig. 2.14 
(ii) Electrical Duality: 


Current <> Voltage 

Resistor <2 Resistor (of value 1/R) 
Capacitor ¢ Inductor 
Impedance ¢ Admittance 


where < implies ‘the dual of’. 


Of course, it is easy to see that a planar network has no dual if it 
contains mutual inductances. 


2.2 Matrices of Graphs 


The Kirchhoff’s current and voltage laws for a lumped network form two 
sets of linear equations. A method of writing these equations in compact 
form is to resort to matrix notation. To this end we define and study 
the properties of incidence, f-cut-set and f-circuit matrices of a network 
graph. 


2.2.1 INCIDENCE MATRIX 


Consider the resistive network shown in Fig. 2.15(a). Figure 2.15(b) 
shows its oriented linear graph. The orientations of the edges correspon- 
ding to the resistors are arbitrarily chosen. Observe that there is no loss 
of generality in selecting a resistive network, as the Kirchhoff’s laws do 
not depend on the elements. There are four vertices in the graph and 
writing the KCL at the four vertices we have: 


At vertex vy, i,+i,—i,=0 
At vertex v, —ig—ig+i,=0 
At vertex vs —4+i;+i,=0 
At vertex vy, —i,+i,4+i,=0 
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Fig. 2.15 


These equations can be written in the matrix form as 


2h '- @ 0. Ger Fa. 4 

ae eee ae Oe 0 | | is | 

| 0 0 O-1 1 1 | | | 

| J | | =0 

= ae eee ae ee te 
ieee 
Lie J 


or Aale = 0 


where Ie = [4 ig is i U5 i, }' is the column vector of the edge 
currents and A, is the incidence matrix of the graph. 

Let G be a graph with vy vertices and e edges. Then the incidence 
matrix of G is defined by 


Aa = [ag ly xe (2.1) 
where ay == 1, if the edge j is incident at the vertex i and 
oriented away from it. 


—1, ifthe edge j is incident at the vertex i 
and oriented towards it. 


== 0, otherwise. 


I 


The edge orientation is considered as positive if it is away from vertex and 
negative if it is towards the vertex. Of course, there is no loss of generality 
here. 
The KCL for a network can now be written as 
Aale = 0 (2.2) 
where I, is the column vector of the edge currents and A, the incidence 
matrix of the graph of the network. 
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Several properties of the matrix A, can be noted from its structure. 

(i) Every column of A, has exactly two non-zero entries, one+l: 
and the other —1I. This is evident as every edge has two distinct ends. 

(ii) As a consequence of property (i), any row of A, can be deleted 
without loss of information. In the sequel we only consider a matrix in 
which one of the rows is deleted and designate it by A. A has (v—1) 
rows and e columns and is called the reduced incidence matrix. The 
vertex corresponding to the row deleted is identified as the reference or 
datum vertex. 

(iii) Another consequence of property (i) is that the sum of all rows 
of Az results in a row of zeros. Hence, the rank of Aa is at most (v—1). 
In fact, we can prove that the rank of Aa, for a connectcd graph, is at 
least (v—1) indicating that the rank of Az, and that of A, is (v—1). . 

_ To prove this, we show that (v—1) KCL equations for a network 
are linearily independent. If it were not, then there exists some kK KCL 
equations, where k & v—1, such that 
k 


> ai Ci = 0 (2.3) 


i=! 
where a; is a constant and {; is the KCL equation corresponding to vertex 
i. Equation 2.3 is equivalent to adding the corresponding rows of A, after 
multiplying it by appropriate «;. Consider the set of all vertices 1, 2,...k. 
Split the graph G of the network into two parts G, and G, such that G, 
has the k vertices and their incident edges and G, has the remaining (v—k) 


G, 


Ga 3 


Fig. 2.16 


vertices and their corresponding edges (Fig. 2.16). Since k | v—I, 

there is at least one vertex inG,. There must be at least one edge, say I, 

between G, and G, (Gis a connected graph). Thus /, appears in only 

one of the k equations {,, C;,... and hence cannot cancel out in the sum - 
m 


Sa 


i=] 


30 Network Theory and Filter Design 


This contradicts the original assumption that k KCL equations satisfy 
eqn. 2.3. Hence, we can conclude: There are (v—1) independent KCL 
equations for a network whose graph G is connected and has v vertices. 

The arguments can be easily verified by the KCL equations of the 
network in Fig. 2.15. The sum of any three or less rows of the corres- 
ponding incidence matrix will not add to a zero row. 

The number (v—1) is also called the rank of the graph. Notice that 
this is the same as the number of branches inatree. If the graph has ‘p 
parts, then it can be shown that the rank of A, is v—p, the number of 
edges in a forest of the graph. 

(iv) The determinant of any sub-matrix of A is + 1 or zero. 

(v) The determinant of a sub-matrix of order (v--1) of A is + I if, 
any only if, the edges corresponding to the columns of this sub-matrix 
form a tree of the graph. This property indicates the one to one corres- 
pondence between the non-singular majors of A and the trees of G. 

We will neither prove the last two properties nor use them. They are 
stated just for the sake of completeness. In passing, we state that the 
property (v) is the cornerstone of the topolggical analysis of networks. 


2.2.2. FUNDAMENTAL CuT-SeT MATRIX 


In selecting the f-cut-sets the first step is to select a tree. Let the 
edges 1, 4 and 5 constitute the tree of the graph of Fig. 2.15(b). The 
graph is redrawn in Fig. 2.17 with solid lines representing branches and 
broken lines the chords. There are three /-cut-sets, and these are defined 


o-” 
a 


“ae a ew ow oe 
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by the branches 1, 4and 5 and are marked on the figure. The KCL 
applied to the cut-sets (i.e. the algebraic sum of currents in the edges in 
a cut-set is zero) yields 
i t+i,—ig=0 

—ig—ig+i,=0 

—i,—igti;t+ig=0 
(The cut-sets defined by branches I and 4 are node cut-sets. Whereas 
the cut-set defined by the branch 5 is not a node cut-set. Every non- 


node cut-set can ‘be written as a linear combination of node cut-sets.) 
These equations can be written in the matrix form as 


fe 1 0 0 0 -1) (dec ¥) 
Ai —I —-1l 1 0 0 | | iy | 
{0 -—1 —-1l 0 1 1 | | ig | 

; | =0 
| ig | 
| 
is | 
fo 
Lis J 

or O;Il. = 0 (2.4) 


where Ie, as before, is the edge current vector and Qy is the /-cut-set 
matrix. 

Let G be a connected graph with vy vertices and e edges. Then the 
f-cut-set matrix of G is defined by 


Q; = [gu] (V—1) Xe 


gi = 1, if the chord j appears in the f-cut-set defined by the branch 
i and oriented in the same direction as that of i. 
= —I, if the chord j appears in the f-cut-set defined by the 
branch / and oriented opposite to that of i. 


= 0, otherwise. 


It is more convenient to write the f-cut-set matrix with the edges of 
the graph numbered in a particular order. After selecting a tree, the 
chords are numbered 1, 2,...e—v+1 and the branches e—v+2, e—v+3.,...e. 
The columns of the f-cut-set matrix are also arranged in the same order, 
j.e. the first (e—v+1) columns correspond to chords and the next (v—1)] 
columns to branches. The rows of the matrix are arranged so that the 
first row corresponds to the f-cut-set defined by the branch numbered 
(e—v+2) and the second row to that defined by branch numbered 
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(e—v+3), and soon. Then the f-cut-set matrix can be written as 
Chords : Br 
a=[o iv] (2.5) 


where U is a unit matrix of order (v—1). For example, the matrix for the 
graph of Fig. 2.17 is 


1’ 2' 3 4’ 5! 6’ 
fr 1 0-1 1 0 oF 
| 

Qr== |-1 —Il 0 O 1 O| 
| ec 


L-1 -! 1 0 0 
and the corresponding edge current vector is 
Peele. 95, He Ce 
(Here, we have re-numbered the edges of the graph. 1-+4’, 2—1’, 3-2’, 
4-5’, 5-»6’, 63’. 4’ 5’ 6’ constitutes the tree and 1’ 2’ 3’ the co-tree.) 


From now on when we refer to f-cut-set matrix we assume that the matrix 
is in the form of eqn. 2.5. 


Some of the properties of Qy are: 


(i) Rank of Qy=v—I1. This is evidenced by the unit matrix of 
order (v—1). This indicates that there are (v—1) independent cut-sets 
(Theorem 3) and hence KCL equations. 

(ii) There is one to one correspondence between the non-singular 
majors of Oy and the trees of graph. 

(Compare the properties of the incidence and f cut-set matrices) 

If we partition the edge current vector to conform with that of the 

f-cut-set matrix, we write 


[f] 


where Je is the set of chord currents and /, the sct of branch currents with 
respect to the selected tree. The KCL can now be written as 


I, 
1 Ou vi} | =0 
I, 


From which we have 
Mies Oicks (2.6) 


This equation shows that the branch currents can be expressed as a linear 
combination of the chord currents. The converse is generally not true 
> 
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since Qj)! may not exist. Hence, we conclude that the branch currents 
are uniquely determined by the chord currents. We use this fact in the 


next chapter to write the network equations. 
2.2.3. FUNDAMENTAL CIRCUIT MATRIX 


Let, as before, the edges 1, 4 and 5 constitute the tree of the graph 
of Fig. 2.15(b). There are three f-circuits which are defined by the 


Fig. 2.18 


chords 2, 3 and6. These circuits are marked on Fig. 2.18. The KVL 
applied to the f-circuits yields: 
—VytvetM%ytVs5 = 0 
VatVat"s = 0 
Vi—Va + Vg = O 
where »; is the voltage of the edge i. Writing these equations in matrix 
form we have 


(—1 1 0 1 1 0) vy, | 
| 0 o rt 1 1 0 - 
— : 
L 1 0 0 —!I 1 Vs base 
V4 | 
Vs | 
| 
Vg J 


or BrVe = 0 (2.7) 
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where V- is the edge voltage vector and By the / circuit matrix. 


Let G be a connected graph with vy vertices and e edges. Then the 
j-circuit matrix is defined by 


By =| bs ee, Xe 


where by = 1, ifthe branch 7 is in the f-circuit defined by the 
chord i and its orientation is the same as that of the 
f-circut. : 


=—1l,if the branch j is in the f-circuit defined by the 
chord i and its orientation is opposite to that of the 
f-circuit. 


= 0, otherwise. 


As in the case of f-cut-set matrix, we will put the edges of the graph 
in order and rearrange the columns and rows of By. In the graph the 
chords are numbered I, 2, ... e—v+1 and the branches e—v+2, e—v+3, 
...@. The columns of the f-circuit matrix are also arranged in the same 
order. The rows of the matrix are so arranged that the first row corres- 
ponds to the f-circuit defined by chord 1, the second row to that defined 
by chord 2 and so on. Then the f-circuit matrix can be written as 


Ch : Br 
Be=[U : By] 


where U is a unit matrix of order (e—v+1). For example, the matrix for 
the graph of Fig. 2.18 is 


1’ 2’ 7 4 5’ 6 
1 0 0 -!l 1 1 


B= |0 I 0 0 t 1 
0 oOo f tT 0 =! 
and the corresponding edge voltage vector Is 


' 
Ve= [». Va Ve Vi Va V5 ] 


(observe the renumbering of edges of the graph). 


(2.8) 


From now on, whenever we refer to f-circuit matrix we assume that 
the matrix is in the form of eqn. 2.8. 
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Some of the properties of By are: 

(i) Rank of By = e—v+1. This is evidenced by the unit matrix of 
order (e—v+1). This indicates that there are (e—v+1) independent 
circuits (Theorem 2.2) and hence KVL equations. 

(ii) There is one to one correspondence between the non-singular 
majors of By and the tree of the network. 

If we partition the edge voltage vector to conform with that of the 
circuit matrix, we can write 


V. 
Ve | 
Vs 


where V, is the set of chord voltages, and V; the set of branch voltages. 
The KVL can now be written as 


Vc 
[UB] | =0 
Vo 


V. = —B,, Vs (2.9) 


This equation shows that the chord voltages can be expressed as a 
linear combination of the branch voltages. The converse is generally not 


true since B; may not exist. Hence, we conclude that the chord voltages 


are uniquely determined by the branch voltages, a fact which will be used 
in the formulation of network equations. 

If the graph is planar, there is an alternate way of selecting (e—v+1) 
independent circuits. This is achieved by selecting meshes instead of 
f-circuits. By definition, a mesh is a circuit in which there are no edges 
in its interior. Qbviously, meshes can be defined only for a planar 


which yields 


5 


Fig: 2. 19 


aw 
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graph. If the graph is non-planar, we have no choice but to select a set 

of f-circuits. But for a planar graph we can either choose a set of 

f-circuits or the set of meshes for the’ 

graph in order to write a set of linearly 

independent KVL equations. It may be 

possible to select a tree such that the 

meshes themselves are f-circuits. But this 

need not, in general, be true. The graph 

of Fig. 2.15(a) has three meshes, and these 

are shown in Fig. 2.19. It is a general 

practice to orient all the meshes in either 

Fig. 2.20 clockwise or anti-clockwise direction. It 

can be noticed that the three meshes (I, T] 

and ITI) are also the f-circuits with respect to the tree 2,3, 4. Of course, 

the f-circuit orientations and the mesh orientations do not coincide. It 

can be seen from the graph shown in Fig. 2.20 we cannot always select 
a tree such that all its f-circuits are also meshes. 


Theorem 2.5: For a connected planar graph of y vertices and e edges the 
number of meshes is (e—v+1). 

This can be proved by mathematical induction. Consider a graph 
which has only one mesh. Since all the vertices are of the second degree, 
e—v+l=I (38, = 2v = 2e). Hence, the theorem is true for a single 
mesh graph. Let us assume that it is true for a /-mesh graph with e edges 
and v nodes. 


i.e. a—-t--l=tf 

Let us add an extra mesh to the graph. This can be achieved in two ways. 
We can add an edge between two existing nodes. Then the total number 
of edges is increased by 1 and so is the number of meshes. We can also 
add a path between two existing vertices by adding, say, m edges 


(Fig. 2.21). The number of additional vertices added is obviously 
m-—1. Hence, we have 


(141) th mesh 


Fig. 2.21 
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Oly = Cr+ mM, Vi4g =v + m—1 
and 
4; —V4ar tT =(r—w +1) +1=141, 
and hence the theorem. 


| KVL can be written for the meshes ofia planar graph. For example, 
the KVL for the graph of Fig. 2.19, in matrix form, is 


—! 1 —!l 0 0 
| 0 0 I 1 I 0 


—y 
=< 
- 


| 
| 
eu 
| 
| 
J 


erro 


or BmVe= 0 (2.10) 
where Bn is the mesh matrix. 


For a connected planar graph G with v vertices and e edges we can 
define the mesh matrix as 


Ban = | ams 
(e—v+1) x e 


bmij = 1, if the edge j appears in the ith mesh and orientations 
are coincident. 
=—1I, ifthe edge j appears in the ith mesh and orientations 
are opposing. 
= 0, otherwise. 
We make use of the mesh matrix when we formulate the mesh 
equations for a network, 


2.2.4 INTER-RELATIONSHIPS AMONG THE MATRICES 


Though we have written three different matrices for the same graph, these 
matrices are not independent of one another. For example, given the 
incidence matrix it is possible to find the other two matrices without 
actually drawing the graph. Ofcourse, the converse problem is rather 
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complicated. Here we obtain certain inter-relationships among these 
matrices. 
The KCL for a given network graph can be written in two way as 
Ale = 0 (a) 
O;le = 0 (b) (2.11) 
If we select a tree and partition the edge current vector Ie as 


aes 


where /, is the set of chord currents and /, is the set of branch currents 
with respect to the selected tree, we can rewrite eqn. 2.11 as 


I. 

(Adu | |-s (a) . 
I. 

(0 01 |-e (b) 
lL 


In eqn. 2.12(a) the sub-matrix Ay is of the order (v—1)x(e—v+1) and the 
columns correspond to the chords. The sub-matrix Aj, is of the order 
(v—1)x(v—1) and the columns correspond to a set of branches. From 
property 5 of the incidence matrix, Aj, is a non-singular matrix. Hence, 
we can rewrite eqn, 2.12(a) as 


(2.12) 


Ib = —ASAy Le (2.13) 
Equation 2.12(b) yields 


b= —0i,1- (2.14) 
From eqns. 2.13 and 2.14 we have 


Oy = AY An (2.15) 


This equation implies that the rows of f-cut-set matrix area linear com- 

bination of the rows of incidence matrix. We can obtain an f-cut-set, 

matrix from an incidence matrix by elementary row transformations. 
Similarly, a relationship between the incidence matrix A and the 


J-circuit matrix By can be obtained. The relationship is contained in the 
following theorem. 


Theorem 2.6: If the columns of A and By are arranged in the same 
order (first chords and then branches), then 


A B’ = 0. (2.16) 
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Let AB -| Py i 
v—1)x(e—v+1) 


The element py is obtained from the ith row of A (corresponding to ith 
vertex) and jth column of By , ie. jth row of Br (corresponding to jth 


f-circuit). There exist two possibilities: 

(i) The ith vertex is not in the jth circuit. In this case edges incident 
at the ith vertex are not in the jth circuit. Hence, the non-zero entries 
in the ith row of A and jth row of B are not in the same columns and 
hence pi, = 0. 

(ii) The ith vertex is in the jth circuit. As every vertex of a circuit 
is of degree 2, the jth circuit will have exactly two edges of those incident 
at the ith vertex. Hence, in this case the ith row of A and the jth row of 
By have common non-zero entries in only two columns. The possible 
orientations are shown in Fig. 2.22. 


(c) (d) 
Fig. 2.22 

ey iP) 

(a) ithrowA >... —I —1 
jthrow By >... —I L 

(b) ithrowA >... —I —l 
jth row Br >. 1 —-! 

(c) ithrowA >... —1 1 
jth row By >. I I 
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(d) ithrowA —... —I I 
jthrow By +»... —I —I 


Hence, py = (—1) (—1) + (1) (—1) = 0. 
Hence the theorem. 


If A and By are conformingly partitioned. then eqn. 2.16 can be 


written as 
— U 
[ Ay Ax ] B., =0 
2 


By =—Ap Ay (2.17) 


which yields 


where columns of Aj, correspond to a set of tree branches. Equation 
2.17 shows that the columns of B,, are linear combinations of the rows 
of A,,. 


The following relationship between the f-circuit and the /-cut-set 
matrices can be obtained from eqns. 2.15 and 2.17. 


T 
O,=—8B, (2.18) 


Hence, the f-circuit matrix, in terms of the f-cut-set matrix is 


B= | U -@Q,, | (2.19) 
and the f-cut-set matrix, in terms of the f-circuit matrix, is 
Or= | — By o | (2.20) 
Hence, finally we have 
B of = 94nd o, A! 0 (2.21) 


Equations 2.15, 2.17, 2.18 and 2.19 give the relationships between the 
three matrices of a network graph, 
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PROBLEMS deere 


2.1 Give the proof of Theorem 2.1. 
2.2 The graph of Fig. P. 2.2 has 16 trees. Mark all these trees. 


t 
oc 


Fig. P. 2.2 


2.3 The linear graph of a network is shown in Fig. P. 2.3. Select a tree for the graph 
and mark all the f-circuits and f-cut-sets for the graph. 


WW 


Fig. P. 2.3 
2.4 For the graph shown in Fig. P. 2.4 select a set of f-circuits and f-cut-sets. Show 


that all the other circuits and cut-sets of the graph can be obtained as a linear 
combination of the f-circuits and f-cut-sets. 


Fig. P. 2.4 
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3.5 Draw the dual graph of the graph shown in Fig. P.2.5. 


10 


Fig. P. 2.5 


2.6 Find the dual of the network shown in Fig. P. 2.6, 


Fig. P. 2.6 


2.7 For the graph of Fig. P. 2.3 write the incidence, f-circuit and f-cut-set matrices 
and verify eqns. 2.15, 2.17 and 2.18. 
2.8 Indicate which of the following statements are true or false. Justify your 
answers. 
(‘) If a connected graph has but one tree, it has no circuits. 
(ii) If a connected graph has but one circuit, it has only one tree. 
(iii) The number of /-cut-sets is always less than the number of fcircuits, 


(iv) The number of edges that are common to any f-circuit and any f-cut-set is 
either 0 or two. 


(v) The dual of a planar graph is also planar. 


(vi) Any (v—1) independent current equations for a y vertex connected network 
are sufficient to describe the current constraints in the network. 


(vii) The set of (e--v-+1) meshes of a y node e edge connected graph can always 
be made the f-circuits with respect to some tree of the graph. 


(viii) The f-circuit matrix and the set of chord currents with respect to a tree 
determine all the currents of the network uniquely. 


(ix) A y vertex circuitless connected graph has (y—1) cut-sets. 
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2.9 The f-circuit matrix of a graph is given by 


7 8 9 100 NN 12 1 2 3 4 5 6 
1 0 0 0 0 oO-1 0 01 00 
o 10 0 0 0 0-1 0 0 1 0 
0 0 1 0 0 0 0 0-1 0 0 1 
BE Age 0 dh ti, Ai. SO NOE Ae LOL. O16 
0 0 0 0 1 0 00 1 0-1 0 
0 0 0 0 0 1-1 0 0 0 0 1 
Draw the graph. 


2.10 State the conditions under which a mesh matrix is also a f-circuit matrix of the 
graph. For the graph shown in Fig. P. 2.10 is it possible to select a tree such that 
Ff-circuits with respect to this tree are also the meshes of the graph ? 


Fig. P. 2.10 


2.11 From first principles (i-e. without using Theorem 2.5) show that By roy = 0. 


Network Equations 


A linear network can be described by a set of linear equations.. In this 
chapter we present methods of writing such equations. The basic ques- 
tions to be answered before we have a set of equations are: How many 
equations do we need? How do we write these equations? When are 
we sure that we have enough equations? Some of .these questions are 
answered by ‘‘Topology”’ of the network. 

In order to completely solve a network of n elements, we need to 
find mn voltages and n currents. In all, there are 2n variables. Hence, 
we need 2n linearly independent equations in these 2n variables. The 
terminal relations (i.e. v—i characteristics) of the elements provide n 
independent equations. The second set of n equations is provided by 
the KCL and the KVL. We have already shown that there are (v—1) 
independent KCL equations and (n—v+1) independent KVL equations 
and, thus, in total we have n more equations. We have thus divided the 
2n equations needed to solve the network, i.e. to find all the currents and 
voltages, into two groups: a group of n equations which depend on the 
elements but not on their interconnection, the second group of equations 
which depend on the interconnection of the elements but not on the 
elements themselves. Different methods of combining these two groups 


of equations lead to different sets of equations, and this forms the subject 
of this chapter. 


3.1 Node and Mesh Transformations 


The Kirchhoff’s current and voltage laws for any general network can-be 
written as 


O; Ie = 0 (3.1) 
Br Ve= 0 (3.2) 
where Q; [(v—1) Xe Jand By [(e—v+1) Xe] are the /-cut-set and f-circuit 


matrices, respectively, of the network graph of v-vertices and e edges. 
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If the edges of the network graph and the columns of these matrices 
Oy and By are re-ordered, then we can write 


I, 
(0401 | |-° (3.3) 
I, 
V. 
[UB ] | | = 0 (3.4) 
Vo 


where the subscript c indicates chord variables and b the branch variables. 
Equation 3.4 yields 


Ve = — By Vo 
On using eqn. 2.18 we get 

Ve = Q' Ve (3.5) 
By combining this with the trivial equation 

Vs = UVa, 
we have 

t 
Ve = Qu Vs 
U 

or 

Ve = Q. Vo (3.6) 


This equation indicates that the edge voltages are expressed as a linear 
combination of (v—1) branch voltages, where v is the number of vertices 
in the network graph. Equation 3.6 is called the branch transformation. 
To verify the consistency of this equation we have only to see that 


BrVe= By (Qi. Vs) = (BO) Vo=0 


Instead of using the branch voltages as a set of independent voltages, 
we can also use the set of node voltages as the independent set. Ifina 
graph we select a node as the reference node, then we can write 


Ve= At Vn (3.7) 


where V, is the column vector of (v—1) node voltages with respect to the 
reference node, and A is the reduced incidence matrix of the graph. (The 


row corresponding to the reference node is deleted from Aa.) 
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To prove this result we recognize two kinds of edges; those which 
are incident with the reference node and those which are not. For the 
former, the edge voltage is the same as the node voltage or its negative 
depending upon the orientation of the edge. For the latter the edge 
voltage forms a circuit with two node voltages and hence the edge voltage 
can be expressed as a linear combination of node voltages. In both cases 
the edge voltages are linear combination of node voltages. 

Let vx be the edge voltage of the kth edge and e the node voltage 
of the node i. If the kth edge connects the ith node to the reference 
node then, 


ve = ei, if edge k leaves node i, 
= —ei, if edge k enters node i. 


On the other hand, if the Ath branch leaves node / and enters node /, 
then 


Vk = Ci — Gj 


Hence, we can write 


ee : fees Ci, va ) { a 1 
pep |G Pie | 
| ¥ | | i ou | 
| [| = | | | 

a eee mae 
| | | | | 
so P| 
L Ve J \ Cey Ce, vay J L Cyny j 


where 


Ci = =I, if edge / leaves node /, 
= =|, ifedge i enters node j, 
w 0, ifedge/ is not incident with the node /, 


From a definition of Cy, it can be easily noticed that the matrix C a A! 
and hence 


Vv. — A'V, 
This.is known as node transformation. 


Equation 3.3 yields 
b= —Qul 
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In view of eqn. 2.18 we have 


L=8'.1 (3.8) 

By combining this with the trivial equation 

I= U I, 
we have 

U 

 — Bt, A, 
or 

L= Br I. (3.9) 


This equation indicates that the edge currents are expressed as linear 
combination of (e—v+1) chord currents, where the network graph has e 
edges and v vertices. Equation 3.9 is called the chord transformation. 

If we are considering a planar network graph, we can select a set of 
mesh currents instead of chord currents. If Im is the vector of mesh 
currents, then we can easily show that 


Ie = BY Im (3.10) 


where Bm is the mesh matrix, indicating that the edge currents can also 
be expressed as linear combination of the set of mesh currents. This is 
known as mesh transformation, 


EXAMPLE 3.1 


Consider the graph shown in Fig. 3.1. The branches are shown as 
solid lines and chords as broken lines. Vertex v, is selected as the refer- 
ence node. There are three f-cut-sets, three f-circuits and three meshes, 


2 Om on 
” “~ 
\-" oy Mg 


j Slat a oe tee bs 
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and these are marked on the graph. For this graph, 


1 2 3 4 5 6 


tr 2 3 4 5 6 

4fl 0-1 1 0 0 
ae sfi-t oo 0 
6lo -1 1 0 0 1 

2 3 4 5 6 


Bn = 2 0 1 0 0 1 1 
3 —!1 -—-!I -l 0 0 0 
fi) if % 
| | | | 
| lg | | Vo | 
bea, 1 | | 
| ig | i Vs 

lem | |, Ve = | | 
| iy | | V4 | 
fake | v5 | 
| | 
Lis J L ve J 

Vey Vg im, 

Vn = Ve ; Vo = Vs ’ In =e img 

Vvg Ve img 
Thus, Ve w A'V,. Ve = Q, Vos 


l= B,, In, b= BY i 


Network Equations 49 


3.2 Generalized Element 


The terminal equations for the elements ofa network can be written as 


Vk = Rx ix or ik = Gk Ve (3.11) 
dix 1 
= Ly ily = —| vx dt 3.12 
Ve th or iy L, J Vk (3.12) 
{ f. ? dv 
Vi = ma dt or ik = Ck > (3.13) 


In a particular network these elements may appear in series or parallel as 
a group. In order to formulate the network equations we introduce the 
concept of a generalized element. A generalized element k has an opera- 
tional impedance z, or admittance yx in series with a voltage source e, and 
in parallel with a current source jx, as shown in Fig. 3.2. Let the 
operational impedance zx be a series combination of R, Z and C and the 
admittance y, a parallel combination or R, LZ and C, respectively, as shown 
in Fig. 3.3(a) and (b). (In writing the operational impedance all the 
elements in series are grouped together to form a single impedance. In 
writing the operational admittance all elements in parallel are grouped 
together to form a single admittance. If we want to write the operational 
admittance for the series combination of Fig. 3.3(a), each element is 
considered as a separate element while for writing the impedance for 
Fig. 3.3(b) each element is considered separately.) From Kirchhoff’s 
laws vx, the voltage across the edge k with an operational impedance, is 


Fig. 3.2 
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: : d f, ; 
v,(t) = e,(t) + Re {is - jl} +0 4 {ue ~ uo} 


aaa | {ito = jut) (3.14) 


The last three terms constitute the voltage drop across zx, where {i,(t)—jx(4)} 
is the current through zx, and i,(t) is the edge current. 


Equation 3.14 can be rewritten as 


vx(t) = ex(t) + {x ix(t) + Ly Silt) +e-| in(t) dt } 


—| Ri +he SHO + Ge] no at } (3.15) 


This integro-differcntial equation can be transformed to an algebraic 
equation by Laplace transformation (Appendix B). Consider the equation, 


S(t) = Ry k(t) + Le a) be { in(t) dt 


Taking the Laplace transform we have 


F(s) = Re (s) + Lf iG@= in(o)} 4 a{e 4. 440) \ 


Ss 


where i,(0) is the initial current through the inductor and q-«(0) the initial 
charge on the capacitor. Regrouping, we have 


F(s) = (Ry + sLa + + si) Is) — Ly in(0) + - ver(0) 


where 1/C, == S, is the elastance of the capacitor and vc«(0) is the initial 
voltage across the capacitor. Further, this equation can be written as 


F(s) = Zi(s)Ik(s)—Le in(0) += Vex(0) (3.16) 


where Z(s) = Re + sLe +4 Sk (3.17) 


is the impedance of the edge k. 


On carrying out the Laplace transformation of eqn. 3.15 and using 
eqns. 3.16 and 3,17, we have 
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Ve(s) = Zx(s) Ti(s) +4 Ex(s) — Zx(s) Je(s) — Lx in(0) + = Vex(0) i 
(3.18) 


Equation 3.18 gives the terminal relationship of a generalized element in 
Laplace domain. One such equation can be written for every element of 
the network, considering every element to be a generalized element. 
Combining all these elements we can write the overall terminal relationship 
in matrix form as: 


V-(s) = Ze(s) I.(s) + E,(s) (3.19) 
where Ze(s) = Re + ske + — y Se (3.20) 
and E, (5) = Ee(s) — Ze(s) Je(s) — Le tie(0) ++v.4(0). (3.21) 


V.(s) is the edge voltage vector, Ie(s) the edge current vector, Ee(s) the 
voltage source vector, J.(s) the current source vector, i-(0) the initial 
current vector and Ve(0) is the initial voltage vector defined by 


{ Vis) ) { Hs) ) ( ae 
| 
V,(s) | | T{s) | | E,(s) | 
| 
| | | | 
V-(s) | ears = | |, wets) = | ee 
| | | | | | 
i | be | 
L Ves) J L ies) J | Ee(s) J 
J,(s) iy(0) } Vex(0) | 
J,(3) i,(0) | | Ve9(0) | 
J-(s) = | » We(0) » Vee(0)= | eae 
: : | | 
| y | L | 
| Js) L ite(0) J | Vee(O) J 


In eqn. 3.20, Z.(s) is the edge impedance matrix, Re is the edge resistance 
matrix, Le the edge inductance matrix and S- the edge elastance matrix, 
The last three matrices are defined by 
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Re = diag [ R,, Rg, -.- J 
Le = diag [ Ly, La, «.. ] 
Se = diag[ S,, Sa, ... J 


In eqn. 3.19, E,(s) can be thought of as the equivalent voltage source 
vector. 

In an analogous manner, an equation similar to eqn. 3.20 can be 
developed when the element is described by an operational admittance. 
From Kirchhoff's laws ix, the current through the generalized element is 


ix(t) = f(t) + Ge} va(t) —ex(t) } + Ck mal vg(t) — ex(t) i 


+ ff me — att fat 


Regrouping, we have 


ig(t) = ja(t) + {& va(t) + Gg ve(t) + Jo dt 


2 d 1 
= {Ge ex(t) + Ce my ex(t) + Le | vz(t) dt \ 
Carrying out the Laplace transformation and rearranging, we have 


Tk(s) = Yi(s) Vee(s) + | Ks) — Ys) Ex(s) — Cx Vex(0) + — in(0)} 
(3.23) 


where Yi(s) = Ge + sCk + 7 T, and [ = — . 

k 
If we write one such equation for every element of the network, then the 
overall equation can be written as: 


I.(s) = Y.(s) V.(s) + Ja(s) (3.24. 
where Y-(s) = Ge + sCe+ + Te (3.25) 
and Ge = diag (Gi, Gy, a 


Ce = diag (Ci, C;; vad ys 
Ty = diag (I, T,, ...). 
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Here 
Je(8) = Je(s) — Y(s) Ea(s) — CeVee(0) + + ive) (3.26) 


can be thought of as the equivalent current source vector. 


Equations 3.19 and 3.24 are the required terminal relationships of 
the elements of the network. We have not included mutual inductances , 
in the network as yet. If we do include mutual inductances, then the 
matrices Le and I will be no longer diagonal (see Sec. 3.6). 


3.3 Source Transformation 


It is often convenient if the network has only current sources or voltage 
sources. If both types of sources are present we can apply source trans- 
formation and arrive at a network containing only one type of source. 


Z(s) 


{(s) 


Fig. 3.4 


Consider the network (or an element of a network) shown in Fig. 3.4 
which has a voltage source in series with an impedance. The voltage 


equation for this is 
V(s) = Ve(s) — Is) Zs) 


where Z(s) is the impedance and ((s) is the current. We can rewrite this 


equation as 
Ws) _ Vals) yy 


Zs) Zs) 
i.e. V(s) Y(s) = Ve(s)/Z(s) — [(s) 
V,(s) 
Let 7,(s) = Zs)” 


then we have 
V(s) Y(s) = &(s) — Ks) 
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This is the current equation for the network shown in Fig. 3.5. This is 
the equivalent current source model of the network in Fig. 3.4. Similarly, 
the first network is the equivalent voltage source model of the second 
network. (The equivalent voltage source model is referred to as the 
Thevenin equivalent and the equivalent current source model the Norton 
equivalent. We shall discuss Thevenin’s and Norton’s equivalents in 
Chapter 6.) Hence we see that a voltage (current) source in series (parallel) 


(3) 


(+) Y(s) vis) 


Fig. 3.5 


with an impedance (admittance) can be converted to a current (voltage) 
source in parallel (series) with an admittance (impedance). If, however, 


Fig. 3.6 


there exists a voltage source without a series impedance or a current source 
connected across several branches, the source transformation cannot be 
directly applied. In defining a generalized element we have assumed that 
every element has a voltage source in series and a current source in 
parallel with it. In Figs. 3.6(a) and 3.7(a), however, this is not the case. 
The E-shift and J-shift are employed to circumvent such situations. 
Consider the situation shown in Fig. 3.6(a). We claim that we can 
use either of the networks in Figs. 3.6(b} or 3.6(c) as these are equivalent 
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to (a). What we have.done is shortened the nodes A and B,and pushed 
the voltage source. through the node into the edges at A or B. It is easy 
to show that the networks (a), (b) and (c) are equivalent insofar,as the KVL 
are concerned. This method is called E-shift.. The method of Lshift is 
demonstrated in Fig.3.7. There is no element in parallel with the current 
source. We have introduced additiona] jdentical current sources as shown 
in (b) and (c) after removing the original source. It is easy to show 
that these are equivalent insofar as the KCL are concerned. 


Fig. 3.7 


3.4 Formulation of Network Equations 


The generalized terminal relation equations obtained in Sec. 3.2 are 
combined with Kirchhoff’s laws and transformations obtained in Sec. 3.1 
to yield the final form of equations. We consider four methods with 


different sets of equations. 


3.4.L Nope EQUATIONS 


Node equations method is convenient for networks containing no voltage 
sources. If there are voltage sources in the network, they can be con- 
verted to equivalent current sources and the nodal equations can be easily 
written. In eqn. 3.23 the term Ye(s) Ex(s) is the equivalent current source 
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corresponding to the voltage source Ex(s). The terms Cx Vex(0), I/s in(0) 
are the equivalent current sources due to the initial conditions in the 
network. For this reason the term J,(s) in eqn. 3.24 is referred to as the 
‘equivalent current source’ vector. 

The starting point for writing the node equations is to write the 
terminal relations for the elements of the network in the form of:eqn. 3.24, 
which is 

Te(s) == Ye(s)Ve(s) + Je(s) 
From Kirchhoff’s current law we have 
Al.(s) = 0 
where A is the reduced incidence matrix ofthe graph. Hence 
A Ie(s) = AY-(s) Ve(s) + AJq(s) = 0 
i.e, 
AYAs)Ve(s) = — AJq(s) 
But from node-transformation, we have 
Ve(s) = A‘ V,(s) (3.7) 
whereV,(s) is a set of node voltages with respect to a pre-selected refer- 
ence node. The last two equations together yield 


AY2(s) A'Vn (s) = —AJq(s) 
or 

Yn(s) Va (s) = —AJq(s) (3.27) 
where Yi(s) = A Y-(s)A (3.28) 


Equation 3.27 is the required node equation for the network. Y,(s) is 
called the node (datum-node) admittance matrix of the network. 


EXAMPLE 3.2: Write the node equations for the network shown in 
Fig. 3.8. Figure 3.9 shows the graph ofthe network. The graph has four 


V_,19) tO) 


Fig. 3.8 
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nodes and node 4 is selected as the refer- 


a a an 
ence node. The orientation of the edges é ; : 
1, 2, 4 and 5 are selected to coincide with 
the orientations of the current sources 
and initial conditions. The node voltage : : 
vector is 

V,(s) 
m4 
Vi(s) = | V,{s) = 
Ves) Fig. 3.9 


where Vi (s) is the voltage of the node m, with respect to the reference 
node. 


The incidence matrix for this graph is 
3 
1 
0 


Ng 0 0 


(G00 0 0} (0 000 0) 
10 00 0 0| 10 G 0 0 0] 
¥(s) = | o 0 G, 0 o| +s }o 0000 
| 0 00 0 | c 0000 
lo 00 0G$ Lo race 
(0 0 0 0 0 
he 0 0 0 0 
++ | 0 0 0 0 0 
Lg eo f, 0 
¥ 0 0 0 oj 
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G, 0 0 0 0 
[0 sC, 0 0 iq 
i.e. Y-(s) = | 0 0 Gs 0 0 
jo 8 ts 0 
LO 0 0 0 G; 
The equivalent current source vector is 
{ Js) ) fo oO 0 860 o 0 
fo | fo a 0 0 of C 
Js) = | 0 | -— {0 O 0 Oo 0 | 0 
| 0 | 0 0 0 60 0 | | 0 
{ J5(s) J Lo 0 0 oO oO J | 0 
[ 0 J,(s) ) 
| 0 ~CyVex(0) | 
+> | 0 ie Hs) = | 0 
| ia(0) | £00), 
L 0 J L J;(s) J ; 
The terminal relationship of the elements is (eqn. 3.24) 
Ts) (G 0 0 0 0 
| Ie(s) | | 0 sty 0 0 0 
| I,(s) | = | 0 0 Gs 0 0 
Leese eos a 0 
t I(s) J L 0 0 0 0 G 
f Vis) ) f  Ji(s) 7 
| V.{s) | —C, V.,(0) | 
on Vals) + | 0 | 
VA(s) Hl) | 
V,(s) J J,(s) | 
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The nodai admittance matrix (eqn. 3°28) is 


(GatsC, —scy 0 ‘ 
AYe At = | —sCy es | 
ee ate G+ | 
and 
Js) + C2Ve,(0) } 
—AJq(s) = —CVes(0)+ | i(0) | 
| 


| 74) + iO) | 


The node equation for the network of Fig. 3.8 is A YeA'V, = —AJ,. It 
can be observed from these equations that the diagonal elements of Y,(s) 
are always positive and the off-diagonal elements, if they exist, arc nega- 
tive. It is not necessary to go through the step-by-step formulation of the 
node-equations. They can be written by a mere inspection of the network 
(Sec. 3.5). 


3.4.2 MesH EQUATIONS 


Mesh equations method is applicable to networks with planar graphs. 
Also, it is convenient if the network does not contain any current 
sources. In the eqn. 3.18 the term Zx(s) Ji(s) is the equivalent voltage 
source corresponding to the current source Jx(s). The terms Lxin(0), 
V-x(0)js are the equivalent voltage sources due to the initial conditions in 
the network. This is the reason that the term E,(s) in the eqn. 3.19 is 
referred to as the ‘‘equivalent voltage source’’ vector. 

To formulate the mesh equations the terminal relationship for the 
elements of the network are written in the form of eqn. 3.19 which is 


Ve(3) = Ze(s) Te(s) -+ Eo(s) 
From Kirchhoff’s voltage law we have 


BuVe (s) =0 
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where Bm is the mesh matrix.’ (The orientations of all the meshes are 
chosen either clockwise or anticlockwise.) 


Hence 


BunVe(s) = BunZ-(s) Ie(s) + BnE4(s) = 0 


BmZe(s) Ie(s) = —Bm Eq(s) 
But from mesh transformation we have 
I.(s) = B*, Im(s) (3.10) 


where Im(s) is the set of mesh currents. The last two equations together 
yield 


BnZe(s) Bi, Im(s) = —BmEq(s) 
or 


Zm(s) Im(s) = —BmEq(s) (3.29) 


where Zim(s) = BmZe(s) Br is called the mesh impedance matrix. Equation 
(3.29) is the required mesh equation. 


EXAMPLE 3.3: Write the mesh equations for the network shown in 
Fig.3.10. Figure 3.11 shows the graph of the network. There are three 
meshes and the mesh currents are marked on the graph. The orientations 


Fig. 3.10 
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Fig. 3.11 


of the edges are selected to coincide with the orientation of the voltage 
sources and initial conditions. The mesh current vector is 


Im, (S) 
Lnfs) = i Ime (s) 
L Ting (5) 
The mesh matrix for this graph is 


1 2 3 4 5 
meh I 1 0 0 


Ba =m 0 0 -I -I -! 


mL 0 —l 0 I oOo 1 
The edge impedance matrix is 


coon 


( 0 0 0 0 0 } 
| 0 R, 0 0 0 0 | 
0 0 R, 0 0 0 
ces) = | s | 
| 0 0 0 s+ 0 0 
| 
| 0 0 0 oO sL, 0 | 
s 
ee ee ee 
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and the equivalent voltage source vector is 


f + Ve,(0) 
E,(s) 
EX(s) 


E,(s) = 
- Veq(0) — Le iy4(0) 


| 
| 
|: 
| 
| 
~Ls ii3(0) 


| 
| 
J 


L 0 


The mesh impedance matrix is 


Zmn(s) = BmZe(s)B,, 


(ret m+ = R, — Ry 1 
| 
| 
= | —Ry Ry +s5(L, + L;) +- Se =<, (st. + 2s | 
R Lat 24) RytR Beebe Nei. ehe | 
{ —Ry —(s at : ) at Re+s(Ly+ dt ( 4 ° | 
and 
| ¥i(0) — Bs) — Es) 
| 
[ | 
—BmnE{s) = Ex(s) + - V. (0) — Ly ia(0)—Ls #,5(0) | 
| 
| Fu) + Le ful) — 5 Va) | 


The mesh equation for the nctwork of Fig. 3.10 is 
Bm Ze Bi In = —Bm Eq 


All the diagonal elements of Zm(s) for this example are positive and off- 
diagonal elements are negative. The mesh equations can also be written 
by inspection of the network (Sec. 3.5). 

3.4.3. Cut-sET EQUATIONS 


Jn the node equations method a set of node voltages were selected as the 
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set of independent voltages. Ifiinstead we select a set of branch voltages 
with respect to a tree as the set of'independent voltage we get cut-set 
equations, 

The terminal relationship of elements is written in the form suitable 
for node equations. 


i.e. Ie(s) = Y.(s)Ve(s) + Jq(s) (3.24) 
By invoking the KCL in the form 

O;1.(s) = 0 
wc have 


Qy ¥.(s)Ve(s) = — OrJe(s) 


But from branch transformation we have 


Ve(s) = QF Vo(s) (3.6) 
and finally 
Q) Ye(s) QF Vo(s) = — Or Ids) 


The cut-sct equations then are 
Y.(s) Vo(s) = — Q,J,(s) (3.30) 


where Va(s) is a sct of: branch voltages and Y.(s) = Qy Y-(s) Q' is the cut- 


set admittance matrix. 

It can be easily seen that if the tree is selected such that all the 
branches are converging towards a particular node (Fig. 3.12), then the 
cut-set equations are identical to the node equations with that node as 
the reference node. (Such a tree is called a Lagrangian tree.) 


n(Ref.) 
Fig. 3.12 Fig. 3.13 


EXAMPLE 3.4: Write a set of:cut-set equations for the network of. Fig. 3.8. 
Figure 3.13 shows the graph of the network. Edges 1, 5 and 4 constitute 
the tree (solid lincs) and edges 2, 3 the co-tree (broken lines): The branch 


voltage vector iS 


64 Network Theory and Filter Design 
V,(s) 

Ve = VAs) 

V5(s) 


The f-cut-set matrix is 
1 2 3 4 
[rl -1 0 0 


Co OWN 


Q= 4/0 1-1 1 
540 1-f oO 1 


Here wc have not arranged the columns of Q, in the order of the chords 


and the branches. 
The terminal relationships of the elements are the same as those of 
example 3.1. Hence the cut-set admittance matrix is 


G+ sc, —sCy —sC 
T 
¥(s) = Qs Yes) Of = —SCy Gs +: SC, + 5H Gs 
—sCy sc, + Gs G3+G; +s5Cy 


and 
—J,(s)—CVea(0) 


=~ 45s) =| Cy Veo) — 2X? 


C, Vex(0) —J;(s) 
The cut-set equations are 
Oy Ye OF Ve = — Orda 


The diagonal elements of Y.(s) are always positive, but the off-diagonal 
elements may be positive or negative. The cut-set equations can also be 
written by inspection (Sec. 3.5). 


3.4.4 Loop EQUATIONS 


If the graph of a network is non-planar, then we cannot write mesh 
equations for the network. But we can always write a set of equations 
if we consider a set of f-circuits instead of meshes. Such equations are 
generally called Joop equations, 
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The terminal relationships of elements are written in the form of: equation 
3.19 


i.e. V-(s) = Ze(s) Ie(s) + Eqs) 
The KVL for a set of f-circuits can be written as 
By V-(s) aa 0 


Hence we have 
ByZe(s) Ie(s) = —By E,(s) 
But chord transformation yields 
I(s) = By I(s) (3.9) 
and finally 
Br Ze(s) By 1s) = —By Eds) 
The loop equations then are 
Z,(s) I-(s) = —By E,(s) (3.31) 
where I-(s) is a set of chord currents and Z,(s) = By Ze(s) BY is the loop 
impedance matrix. 


EXAMPLE 3. 
MPLE 3.5 oor nr 


Write a set of loop equations for Ps se 
the network of Fig. 3.10. ~—e <= 


Figure 3.14 shows the graph of the 
network. Edges 2, 3 and 5 cons- 
titute a tree (solid lines) and the 
edges 1, 4and 6 the co-tree (broken 
lines). The chord current vector is 


1,(s) 
I.(s) = 1,(s) 


I,(5) 
The f-circuit matrix is 


B=40 0 1 1 1 
6.0 -1 -1 O-!t 1 
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Notice here that we have not arranged:the columns of By in the order of 
‘ve chords and the branches. The terminal relationships of the element 

Jy same as those of example 3.2. Hence, the loop impedance 
ihe oct% AS 


Z,(3) = By Zc(s) By 


Ry+Rit ae —R, Re+ Re 
Sy 
= Rg +5s(Ly+Ls)+ pe —(R3+5sL;) 


ie Re+Rg —(R3+sL5) RyRy} Ro-+S(La-+ Le) 28 


E,(s) + Es) — ~ Ves(0) 


fee. Lgig(0) + Lsits(0) —E,(s) — ty a(0) 


E,(s) + E3(s) — Ls i15(0) 
The loop equations are 
By Ze By Ne = — By Ea 


The diagonal elements of Z,(s) are always positive, but the off-diagonal 
elements may be either positive or negative. Loop equations can also be 
written by inspection (Sec: 3.5). 


3.5 Network Equations by Inspection 


In Sec. 3.4 we discussed methods of formulating the network equa- 
tions. In forming these equations one has to write all the matrices 
involved and perform the matrix triple product. If the network does not 
contain any controlled sources or mutual inductances, then it is easy to 
write these equations by a mere inspection of the network, 


3.5.1 NoDE EQUATIONS 


In writing the node equations the first task is to select-a datum or reference 
node. Let the network have n-nodes and they be numbered 1, 2, 3... n—1, 
and n. The node numbered n is selected as the reference node. In the 
sequel we assume that the network does not have any voltage sources. (If 
it has voltage sources, then a source transformation, Sec. 3. 3, can be 
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effected.) Then the node equations in Laplace domain are writien by 
Inspection as follows: 


(i) The node voltage vector is given by 
Vn al Vy V, sev Vee ] 


These voltages are defined with respect to the reference node. 


(ii) The diagonal entries of Y, are the sum of the admittances at these 
particular nodes, i.e., Y,,,i8 the sum of all the admittances con- 
nected to node i. (The diagonal entries are all positive for a 
passive RLC network.) 

(iii) The off-diagonal entries of Y,, are the negative of the admittances 
common to the two nodes, i.e., Yn,, is the negative of the sum of 
the admittances connected between nodes i andj. (Off-diagonal 
entries are all negative for a passive RLC network.) 

(iv) The ith row of A,Jd(s) (right-hand side of eqn. 3.27) corresponds 
to the ith node equivalent current source. This has three com- 
ponents: current sources, initial inductor currents and currents due 
to initial capacitor voltages. 

(a) The current source component is the algebraic sum of all the 
current sources (in the Laplace domain) connccted to node i. 
The sign of the source is positive if it is directed away from 
node / and negative if it is towards node i. 

(b) The initial inductor current component is the algebraic sum of 
the initial current of the inductors (the entries are of the form 
ix(0)/s) connected to node i. The sign conventions are the 
same as those of the current sources. 

(c) The initial capacitor voltage component is the algebraic sum 
of the currents duc to initial capacitor voltages (the entries are 
of the form C,V;(0)) of the capacitors connected to node /, 
The sign convention is opposite to that of the current source, 
i.e., if the positive of the initial voltage is at node /, the entry 


is negative, otherwise, positive. 


3.5.2 Loop EQUATIONS 


The first task is to select a tree for the network graph. Let the chords of 
the tree be numbered 1, 2, ... mc (ne = e—v+1). We assume that there 
are no current sources in the network (Sec. 3.3). The loop equations 
(eqn. 3.31), in Laplace domain, can be written by inspection as follows: 
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(i) The chord current vector is given by 


=| h is In|’ 


where J, is the current through chord i. 


(ii) The diagonal entries of Z, are the sum of the impedances of the 
elements appearing in the f-circuit of the particular chord, i.e., z, ,, 
is the sum of the impedance of the elements appearing in /f-circuit 
of chord i. The diagonal entries are all positive for a passive 
RLC network. 

(iii) The off-diagonal entries of Z, are the impedances common to the 
two f-circuits. i.e., z . is the algebraic sum of the impedances 
common to the f-circuits defined by the chordsi andj. The sign of 
the impedance is determined by the orientations of the edge 
corresponding to this impedance in the two f-circuits. If the 
particular edge is positively or negatively oriented in both the 
f-circuits (f-circuit orientation is defined by the orientation of the 
defining chord), the sign of the impedance is positive; otherwise it 
is negative. Obviously the off-diagonal entries can be either positive 
or negative. 

(iv) The ith row of By E¢(s) corresponds to the equivalent voltage source 
of the f-circuit of the chord i and this has three components. 


(a) The voltage source component is the algebraic sum of all the 
voltage sources in the ith f-circuit. The sign of the voltage 
source is positive if its direction coincides with the orientation of 
the ith f-circuit; negative, otherwise. 

(6) The initial capacitor voltage component isthe algebraic sum of 
the initial voltages of the capacitors in the ith f-circuit (the 
entries are of the form V;(0)/s). The sign conventions are the 
same as those of the voltage sources. 

(c) The initial inductor current component is the algebraic sum of 
the voltages due to the initial inductor currents of the inductors 
in the ith f-circuit (the entries are of the form L,i,(0)). The 
sign convention is opposite to that of the voltage sources, i.e., if 
the initial inductor. current is oriented in opposition to that of. 
the f-circuit, the entry is positive; otherwise, negative. 


Similar rules can be formulated to write the mesh and cut-set equations 
by inspection (Problems 3.9 and 3.10), Table 3.1 summarizes the formyla- 
tion ofthe four sets ofiequations, 


Node 


Table 3.1 


Cut-set 


Network Equation MX = N, Network graph has e edges and y vertices 


Mesh Loop 


X¥=V,— a set of node 
; voltages 


M=Y,=AY, At 


N=—AJ, 


A -»> Incidence matrix 


Y, = le escapee 


Yit =.sum of admittances 
at node i 


Yiy = —(admittance common 
to node j and node / ) 


Applicable to all networks 


Y, = Edge admittance matrix 


Jqg = Equivalent current source vector 


X = V» — a set of branch 
voltages 


M = Y, = Q, ¥.Q} 


N = —Q; Ja 


QO; -> f-cut-set matrix 


¥e= [yo |e_yxev— 


Yai = sum of admittances in 
Jf cutset of branch ij 


yig = algebraic sum of admit- 
tancés common to / cut- 
sets of branches i and j 


Applicable to all networks 


X =I,—a set of mesh 
currents 


X =1, —aset of chord 
currents 


M = Zm = Bm Z,B} M = 2, = B, Z, BY 


Bm —> mesh matrix 


N = —B, E, 


By -> f-circuit matrix 


ors [2 | -rtnxe-rtn “eS [= ery nxceven 


2:3 = sum of impedances 


i r 24 = sum of impedances in 
in mesh i 


J-circuit of chord i 


243 = —(impedances common 


2;j = algebraic sum of impe- 
to mesh i and mesh /) : pee 


dances common to f-cir- 
cuits of chord i and j 
Applicable to networks Applicable to all networks 
with planar graphs 


Z, = Edge impedance matrix 


E, = Equivalent voltage source vector 
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3.6 Mutual Inductance 


So far we have considerd RLC networks without transformers or coupled 
coils. Fig. 3.15 shows a pair of coupled coils. The voltage across coil 2 
(coil 1) has two components, Voo ANA Voy (Vy, aNd V9). Vg (V1) is the voltage 
induced in the coil 2 (coil 1) due. to the current /, (i,) flowing through 
coil 2 (coil 1). v2, (",2) is the voltage induced in coil 2 (coil 1) due to 
current i,(i,) flowing through coil 1 (coil 2). The latter is the voltage 
induced in a coil due to the flux produced by a current in another coil. 
This voltage is called the mutually induced voltage. We know that 


di. 
Vy = Ly ar 
and Yoo = L, Gs 


where L, and L, are self inductances (or inductances) of coil 1 and coil 2, 
respectively. The mutually induced voltages vp; and 1,, can be, similarly, 
written as 

d As, ay 


a 


Vie == 
ao = dt 


Voy 
where Ag, (Ais) is the flux linking coil 2 (coil 1) due to current é, (/,) in 
coil 1 (coil 2). As inthe case of self inductances we can write 

Ao = Mi, and Aw = Mi, 


where AM is the mutual inductance between coil 1 and coil 2. M is always 
positive. 
Hence the overall terminal voltages of the two coils are 


di ; 
= Vat le = Ly ie +M ae 
(3.32) 
di. di 
Va Vent Yea = Ly? +M oe 


The mutually induced voltage may aid or oppose the self induced 
voltage (voltage due to inductance) depending on the way the two coupled 
coils are wound. The polarity of the mutual voltage is identified by 
marking ‘‘dots’’, as shown in Fig. 3.15. If both the currents enter or 
leave the coil at the dots, as in Fig. 3.15, the mutual voltages aid the 
self voltages and the overall terminal voltage is given by the sum of the 


Network Equations 71 


two voltages (eqn. 3.32). If one of the currents enters the :coil at 
the dot and the other leaves the coil at the dot (Fig. 3.16), the mutual 


Fig. 3.15 Fig. 3.16 


induced voltage opposes the self voltage and the overall voltage is given 
as follows 


n= La M =, ss 
(3. 
di. di. 
Weg, PM ae 


Two coupled coils can also be characterized by the coefficient of 
coupling defined by 


k cee 3.34 
"VEL ar 


From physical considerations it can be shown that 
O0<k<l 


k = 0 implies that M = 0 (no magnetic coupling between the coils), and 
k = 1 implies perfect coupling. In the latter case all the flux generated 
in one coil also links the other coil and vice versa. Hence, the coefficient 
of coupling is a measure of the amount of magnetic coupling between the 


~ coils. 


The presence of mutual inductances makes the inductance matrix non- 
diagonal 


i.e. : i, ee 
a es! ae 
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The inverse inductance matrix is then given by 


qr, te Mie 
re = (3.35) 
AT I, 
where 
[, 

STE TEAM 

and 
f= M 
a ™ TT—M 


It can be noticed from eqn. 3.35 that the inverse inductance matrix 
does not exist for a pair ofi perfectly’coupled coils, i.e. when k = 1 or 
M= J/L,L,. From this we can conclude that node and cut-set equa- 
tions do not exist for networks with perfectly coupled coils. 


EXAMPLE 3.6 
Write the mesh equations for the network shown in Fig. 3.17. 


Fig. 3.17 


Figure 3.18 shows the graph of the network. The.three mesh currents 
are indicated on the graph. 


6 
The mesh current vector is 
1(s) 2 (OS™ 
In(s) = I{s) 
I,(s) ' ? 
M 


Fig. 3.18 
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The edge impedance matrix is 


(Rk 0 0 0 0 0 _ 
0 sl, O 0 0 oO 
0 O sk sM 0 0 0 
Z= 0 0 sM sk O 0 0 
;9 © 0 0 RB 0 oO 
| 0 0 0 0 0 & 9 
: | 
L 0 0 0 0 0 O RJ 


The edges 3 and 4 are coupled by M. The mesh matrix is 
1 2 3 4 5 6 7 
0 


Bo= 2} 0 0 0 1 0 1 —-1 
3.0 0 0 0 1-1 0 
The mesh impedance matrix is 
R, + s(Lz + Ls) sM 0 

Se Se 
Zm=Bm Ze Bry, = sM R, +sly+ —*. —2s 
Se Se 
» ie Ry + ee 


(The off-diagonal entries corresponding to the mutual inductance term 
are not negative. The ‘‘dots” onthe coils determine the sign of these 


entries.) 
The equivalent voltage-source vector is 


( E, 
0 
Lz ita(0) — Mir4(0) 
—L,it(0) — Mirs(0) 
0 


a 


E,(s) = 


| 

| 

| 

| 

| 

fa 
| ay Kal) 


| 


Ry iy 
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(Notice that the rows 3 and 4 have the mutually induced voltages. due to 
the initial currents in the two coils.) 


Hence, 
E,(s) + Lg ixg(0) + Mix4(0) 


; 1 ¥ 
Ly in4(0) + Miz,(0) — s Veg(0) — Ry iy 


—BnE,(s) = 
+. ¥.4(0) 
The mesh equation for the network is 
By Ze Bi Im = — Bm Eq 


3.7 Transform Networks 


The network equations for a linear time-invariant network are generally 
written in the Laplace domain, as demonstrated by the previous sections. 
The procedure we adopted was to-write the terminal relation of the 
elements in the time domain and then Laplace transform these equations. 
It is possible to obtain the network equations from the transform network, 
which is the s-domain equivalent of the time-domain network. To obtain 
.the transform network of a given (time domain) network each element is 
replaced by its transform impedance or admittance. The initial conditions 
of the elements are replaced by independent sources in the transform 
network. We first obtain the transform immittance representations of the 
individual elements before forming the transform network. 


3.7.1 Resistors 

The terminal relation of a resistor in the time domain (t-domain) is 
Vit) = Ri(t) or i(t) = GV(t) 

In the s-domain (Laplace domain) this equation is 
Vis) = RI(s) or Is) = GMs) 


Figure 3.19 shows the f-domain and s-domain representation ofia resistor. 
It can be noticed that the transform network for a resistor is identical to 
its f-domain counterpart except that the current and voltage are expressed 
in s-domain. 
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+ + 
it) Is) 


‘aie ~ 


Fig. 3.19 
3.7.2. INDUCTORS 
The terminal relation of an inductor in the t-domain is 
_ 7 a(t) 
Wet dt 
In the s-domain this equation becomes 
Vs) = L [ s1) — 7,(0) | (3.36) 


or 
Ks) = -\,- Vis) + 40) G3 


Here ,(0) is the initial inductor current. The f-domain and the s-domain 
representations of an inductor are shown in Fig. 3.20. Equation 3.36 
leads to a voltage source (Thevenin equivalent) model, where sZ is the 
transform impedance of the inductor and eqn. 3.37 leads to a current 
source (Norton equivalent) model, where 1/sZ is the transform admittance. 
In the transform network the inductor does not have any initial current 


ICs) ICs) 


(it) i(O) 
$ 


sl vis) 
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through it. The initial current of the inductor in the t-domain is replaced 
by a voltage or a current source in the transform network. 


3.7.3, CAPACITORS 
The terminal relation. of a capacitor in the t-domain is 


(i) =C Ho 
In the s-domain the relation is 
I(s) = C [sV(s) — v.(0) J (3.38) 
or . 
Vy = Ws) + OD (3.39) 


Here y,(0) is the initial capacitor voltage. The t-domain and the s-domain 
representations of a capacitor are shown in Fig. 3.21. Equation 3.38 leads 


Ke) Ks) 
? 


? 
wey 
cud 
i vis) 
i) Vel 0) s¢ 
Fig. 3.21 


to acurrent source (Norton equivalent) model, where sC is the transform 
admittance and eqn. 3.39 leads to a voltage source (Thevenin equiva- 
lent) model, where 1/sC is the transform impedance. In the transform 
network the capacitor does not have any initial voltage across it. The 
initial voltage of the capacitor in the t-domain is replaced by a voltage or a 
current source in the transform network. 


3.7.4 CoupLep COoILs 


The terminal relations of a pair of coupled coils in the t-domain are 


di,(t) 
dt 


v(t) = L, af + Mm 2 
| (3.40) 
v(t) = + M ao) +L, EO 
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The corresponding s-domain equations are. 
Vi(s) = L, [sh(s) — i2,0) ] + M [sI,(s) — ir(0) ] 
(3.41) 
Vs) = + M [sl(s)— its(0) ] + Le [s1.(s) — iz2(0)] 
where i; ,(0) and i,,(0) are the initial currents through coil 1 and 2, respec- 
tively. The t-domain and s-domain representations of the coupled coils 


are shown in Fig. 3.22. As before, the inductors in the transform network 
do not have any initial conditions associated with them. The initial 


nytt) int) Iyis) Mi, (0) Maho 1,48) 


OO 


Fig. 3.22 


conditions of t-domain are represented by equivalent voltage sources in 
the s-domain. In Fig. 3.22 we have not marked the polarities of the 
coils. Ifthe polarities of the coils are such that the two voltage compo- 
nents are additives (-+ sign in equations 3.40 and 3.41), then the sign of 
the voltage sources Mi,.(0) and Mi,,(0) due to mutual inductances will 
coincide with those of L,iz;(0), Lzira(0), respectively. If the polarities of 
the coils are such that the two voltages are subtractive (—sign in equations 
3.40 and 3.41), then the polarities of the sources due to mutual inductances 
are opposite to those due to self inductances L, and L,. Figure 3.22 gives 
the voltage source equivalent of the t-domain-coupled coils. We can also 
obtain a corresponding s-domain model of current source equivalent. To 
this end we have to write the terminal relations of the coil in the form 


A = Ty vy + Tn ve 


HO + Tm ¥, + T, Vo 


where I,, T, and Im are inverse inductance parameters. The inverse 
inductance parameters do not exist if' the coils are perfectly coupled 
(k = 1). 

The transform network for a given time domain network can be 
obtained by replacing each element of the t-domain network by its equi- 
valent s-domain representation. If we are interested in writing the mesh 
or loop equations, then jt is more convenient to write the equivalent 
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voltage source model. On the other hand, if we want to write node or 
cut-set equations, it is advantageous to write the equivalent current source 
model. In the final transform network the independent voltage and 
current sources are replaced by their corresponding Laplace transformed 
functions. 


EXAMPLE 3.7 


Find the transform network shown in Fig. 3.23 and obtain its mesh 
equations, 


Fig. 3.23 


The transform network is shown in Fig. 3.24. The mutual inductances 
term between the two coils 1 and 2, considering only the initial currents 
through these coils, is positive. Hence the two equivalent voltage sources, 
one due to the self inductances, and the other due to the mutual induc- 
tance, due to the initial currents i,,(0) and i,,(0) will have the same 
orientation. On the other hand, the mutual inductance term between coils ° 
2 and 3 considering only the initial currents, is negative. Hence the two 
equivalent voltage sources due to the initial currents iz3(0) and ,,(0) are 
oppositely oriented. . 

Mesh current vector is 


1(s) 
In = vf a(S) 
I,(s) . 
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My i), (0) M21,4(0) 


Fig. 3.24 
and mesh impedance matrix is 
1 1 
R, + 5C,. + sly s(M,—L)) —(sm, + =) 
Zn = 5(M,—L,) R.+5(L,+L,—2M,)  s(M,—M,—L,) 


1 
—(sM,+ 3C, 5(M,— M,—L,) Rg +s(Lg+Le+2My) 


and the equivalent voltage source vector is 


Ya) 


E- + Lyir,(0) + M, in, (0) 


—Brm Eq = —E, +i1,(0) (M,—L)) +itg(0) (L,—M,)— M, itg(0) 


ra — Myir,(0) —ire(0) (Me+L,)+ izg(0) (M2+Z,) 


Finally the mesh equations are 


Zn In = — Bm Eq 
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PROBLEMS 
3.1 Let NV be a network with a planar graph. Prove that 
I, = By, Im 
where I, is the edge current vector, I the mesh current vector and B the mesh matrix. 


3.2 For the network shown in Fig. P. 3.2 verify equations 3.3, 3.7, 3.8 and 3.10. 


Fig. P. 3.2 


3.3 Write the mesh and node equations of the network shown in Fig. P. 3.3. 


Fig. P.3.3 


3.4 Write the cut-set and loop equations for the network of Fig. P. 3.4. 


Fig. P.3.4 
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3,5 Write the transform network of the network shown in Fig. P. 3.5. Write the 
mesh equation for the network. 


Fig. P. 3.5 


3.6 Write the mesh equations for the network shown in Fig. P. 3.6. 


Fig. P. 3.6 


3.7 Find the equivalent of the network in Fig. P. 3.7 where all the voltage source s 
are in the shunt arms, with one of their terminals grounded. Verify that Vo 
obtained in both cases is the same. 


av 3 \v 


Fig. P. 3.7 
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3.8 Determine the current in the 2 ohm resistor of Fig. P. 3.8. 


Fig. P. 3.8 
3.9 Formulate the rules for writing the mesh equations for a planar network by 
inspection. 
3.10 Formulate the rules for writing the cut-set equations for a network by 
inspection. 


3.11 A pair of coupled coils have a self-inductance of Z and Lg, and mutual induc-. 
tance M. Ifthe energy delivered to a nctwork from ft; to tg is w(t,)—w(ta), 
show that for the coupled coil 


w(t) =4$ Ly if +4 Leif + Mik, 


where / and /g are the two coil currents. Also determine the condition under 
which W(t) » 0 for all ¢. 


4 


Solution of Network Equations 


In Chapter 3 we discussed methods of formulating network equations. 
Time-domain. network equations are a set of integro-differential equations 
_ and can be converted to a set of higher order differential equations. To 

solve these equations we need two sets of initial conditions—the initial 
currents through the inductors and the initial voltages across the capa- 
citors. In order to avoid solving differential equations we can resort to 
Laplace transforms which convert the set of integro-differential equations 
to a set of algebraic equations which can then be solved to obtain the 
solution in the Laplace domain (frequency domain). The time domain 
solution is then obtained by inverse Laplace transforms. 

The complete solution of any linear ordinary differential equation 
consists of two parts—the complementary function and the particular 
integral. Theformer is the solution of the homogeneous equation, i.e. 
the equation with the forcing function set to zero and the network driven 
only by its initial conditions. For this reason the complementary function 
is also called the zero input response (ZIR). The particular integral is a 
solution for the equation with the forcing function. For this case all 
the initial conditions are set to zero and the response is called the zero 


State response (ZSR). 


4.1 Properties of Network Matrices 
In Chapter 3 we demonstrated that the network equations can, in general, 
be written as 
MX =N (4.1) 

where X and N are vectors and M is a square matrix. For example, if 
we are writing the node equations then 

M = Yn, X = Va, N = — AJ. 
In general the matrix M is formed by a matrix triple product of the form 

M = WFW: 
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where W is some matrix of the network graph and F the edge impedance 
or admittance matrix. If we consider a passive network (i.e. network 
with R, L, C and coupled coils) then the matrix F is a symmetric matrix. 
(If the network comprises R, L and C elements only then F is a 
diagonal matrix.) For sucha network M is a symmetric matrix. To 
show this consider M* : 


Mt = WFW)' 
= WF W =WFW' = M 


indicating that M is symmetric. For a network with active elements (i.e. 
controlled sources) the matrix M may not be symmetric. 

In order to solve for the vector X in equation 4.1, matrix M should be 
invertible. If M is invertible 

X= M3N (4.2) 

For a matrix to be invertible it should be non-singular, i.e. it must have 
non-zero determinant. For a passive RLC network the matrix M isa 
dominant matrix (a dominant matrix is a matrix in which the diagonal 
element is greater than or equal to the sum of the absolute values of the 
off-diagonal entries in the same row or column) and hence is non-singular. 
To show that M is a dominant matrix consider the nodal admittance matrix 
Yn. From equations 3.25 and 3.28 we have 


Y, = Gn + sCr + +t 
where Ga, and C, and I, are the corresponding node conductance, capaci- 
tance and inverse inductance matrices, respectively, and are given by 
Gn — AGe At, Cn = ACe A‘, Tn =A re At 
Consider the node conductance matrix Gn. 


Gn = AGe At =[ ij | 
Here 
gii = sum of all conductances connected to node i. 
gi; = negative of the sum of the conductances connected between 
nodes i and j. 
Since the first set of conductances must necessarily include all those in the 
second set, we conclude that 
v—1 
gi > > | gy | 
jimi 
i.e. the matrix Gr is dominant. 
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Similarly, we can show that C, is a dominant matrix. I, is a dominant 
matrix if we do not have any mutual inductances. Hence we can conclude 
that the node admittance matrix of an RLC network is dominant for non- 
negative real values of s. 


4.2 Solution of Equations 


The solution for the equation 4.1 is given by X = M71 N. 

The inverse of a matrix is unique and as such if M is non-singular then 
the solution is also unique. We can state the existence and the uniqueness 
of the solution for a network in the following theorem. 


Theorem 4.1: Let N be a linear time-invariant RLC network with mutual 
inductances. If all the elements of the network are positive and the 
inductance matrix is positive definite, then for a given set of initial condi- 
tions and inputs the network N has a unique solution. 

Of course, a passive time-invariant RLC network has a unique solution 
once the initial conditions and inputs are specified. 

Again, consider the node equations. The solution to the node equations, 
i.e., a set of node voltages, is given by 


V.(s) = Y>3 { ada; oh (4.3) 
From equation 3.26 
Sls) = Js) — Yes) Ee(6) — Ce Ved0) ++ — ie(0) 


where J-(s) is current source vector, Ee(s) the voltage source vector, Vee(0) 

the initial capacitor voltage vector, is-(0) the initial inductor current vector 

and Y,(s) the edge admittance matrix, and C. the edge capacitance matrix. 
We can regroup the terms in eqn. 4.3 as 


Va(s) = Vn, (8) + Vang (8) (4.4) 


where . 
Vr, =—-YSA [ 3) ~ Y.(s) EAs) | 
and , 


- Vn 


=—Y-A {- ie(0) — Ce Verto}. 


V,, corresponds only to the sources and is the zero state response. Simi- 
larly Vr. corresponds to the initial conditions only, and is the zero input 
response. 
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Hence, 
Laplace Transform Laplace Transform Laplace Transform 
of the total res- = of ZIR + of ZSR 
ponse 


In order to find the total response we have to find the inverse of Ya. 
By definition 
y7 _ adj(Y, n) 
| Yn | 
where adj(Yn) is the adjoint of Y,(s) and | Yn | is the determinant of Y,(s). 
We can further write 
- A(s) 
1 
tn = a(5) 
where A(s) is a matrix and a(s) a polynomial ins. Substitution of this 
equation in eqn. 4.4 yields 


s A { Je(s) — Ye(s) Ee(s) } 


V,(s) = 


= mc A {+ ite(0) — Ce Vee(0) } 


In general we have 


Va, (9) = PA) ond V,,(8) = P,(s) 


q,(s) q2(s) 
where P, and P, are vectors and 4, and 4 polynomials in s. 
If we consider the ith node voltage, then 


Vi(s) ow Pir 9) 4 Pre (5) 4.5 
= TO 148) os 


and 


ones} 42 


Hence we can determine V,(t), the node voltage vector in time domain. 
The node transformation 


Ve — At Van 


yields the edge voltage vector V-(t). The edge currents can be now 
determined by the y-i relationships of the corresponding elements 


ie, I.(s) == Ye(s) Ve(s) | 
oi it) = £ Ys) vas) | | 
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and the solution of the network is complete, as we have determined all the 
edge voltages and currents. 

From eqn. 4.5 we see that a typical element for which we have 
to find the inverse Laplace transform is of the form 


Fs) = 2) 

() = (4.6) 
where p and gq are polynomials ins. In the next section we describe a 
method of finding the inverse Laplace transform of such rational 
Junctions. 


4.3 Partial-Fraction Expansion 


Inverse Laplace transform of simple functions can be obtained from 
a table of Laplace transforms. But the inverse transform of a complicated 
function will not directly appear in the tables. If the given function is a 
rational function, then the inverse transform can be obtained by breaking 
the rational function into simple functions whose Laplace inverses are 
found in the tables. This method is called partial-fraction expansion (see 
Appendix B). 
Let the given rational function be 


A(3) = POD. — bm s+ bas Ht ons + by SB 
Qs) An S® + Gn, SS"? +... a, S+Ha, 


where p and q are polynomials in s and the coefficients a, a, ... an, Bo, 
b,, ... bm are real numbers. The polynomials can also be expressed in 


factored form and 


m 
K M1 (s—z) 
= 
II (s—pi) 

i=1 


where z: (i= 1,2... m) are the roots of p(s) and pi (i = 1, 2, ... m) are 
the roots of q(s). The zi’s are called the zeros of F(s) because F(z) = 0. 
The pj's are called the poles of F(s) because F(p;) = © (see Chapter 7). 
Here we assume that p(s) and q(s) do not have any common factors. If p 
is a simple root of q(s), then it is said to bea simple pole of F(s). If pi is 
a root of order r of q(s), then it is said to be a multiple pole of order r of 
oi rational function is called a proper rational function, if the degree of 
the numerator polynomial is less than the degree of the denominator 
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polynomial. If F(s) is not proper, we can write 


20) 
F(s) = Fy(s) + qs) 


‘(4.2 


where pis)/q(s) is a proper rational function and F{(s) is a polynomial in s. 
Inverse transform of F,(s) can be easily obtained. It will contain delta 
functions and its derivatives. Hence in what follows we will only consider 


proper rational functions. 


In obtaining the partial-fraction expansion we need not factorize the 
numerator. We have to factorize the denominator polynomial and find 


the poles of F(s). We consider three separate cases. 


Case 1: F(s) has simple poles 


q(s) 


(Here g(s) is assumed to be a monic polynomial.) 


A) = FX = ws) | Tt (spp 


Then the partial-fraction expansion is 


Ks) = 


i=1 


where k, is the residue of F(s) at the pole p;. To obtain k, 
sides of 4.9 by (s—pi). 


i.e. (s—pi) F(s) =k, + > ; sare (s—pi) 
Ww 
from which it follows that 
ki = (s—p)FQ) | 5 = p, 


The inverse transform F(s) is 


i.e. {= a ky e* t 
i=l 


(4.8) 


(4.9) 


multiply both 


(4.10) 


(4.11) 


(This follows from the linearity property of the Laplace transforms.) 
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EXAMPLE 4.1 
- st+6s+8 
tet KS) = GEeEGTS) 


From eqn. 4.9 
_ a kK, , 4s 
i a stl - s+3 as s+5 


From eqn. 4.10 
2+ 6s+8 3 
B=6+) Fhe = -Gtyepy lease 


= _ 46548, 1 
k, = (s+ 3) F(S)|,__s =(GEIets) bes 4 = 
bs = (945) Fen =p 


3/8 1/4 3/8 


—__ 


Hence F(s) = sti +343 s45 


3 
8 


|eans a 


and from eqn. 4.11 
fOatet teh s+ zew 


Case 2: F(s) has multiple poles. 
r 
Let qs) = faa (s—pi)% (4.12) 
i= 


r 


where n=n 
i=1 


The partial-fraction expansion of F(s) is of the form 


_ ku Kis Kin, Koy Kee 
Mi) = S—Dp, TG=py  G—p)y" S—P2 * (S—p2)* 
Ken, ku kre k 
——t_- +... --—— 4+ a swt Cee shes 
S—pr ° (s—pr)* 
(s—pr)"* 


“(—p)" 


‘ \ 4 
ki 
i.e. . F(s) = : : oar (4.13) 
; i= J= 
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23 can be shown that 


1 Gy ‘ ha 
ky = ooo oooh (Sp Fs : 
ee (ai)! GD (s—pi)" F(s) a (4.14) 
The inverse transform of F(s) is 
r Ny ron 
ro-> > ki Gor ePif (4.15) 
i=l j=l 
EXAMPLE 4.2 
+ 


AS) = GHP G+2) 
From eqn. 4.13 


Ayo ke a, 
stl tT G+? + th bs42 


From eqn, 4.10 


F(s) = 


e+ 


ka = (6+ 2)F)|a-2= GEE pet — 


From eqn. 4.14 


a 3—3) 


d 
ky= @G—3) 3 )! ! ae) (s = 1)° Fis) 


1 
bekias pe seg? 


Kys = 


seam] 


_ Is(s+-2)—(s2-+1) 
all (s+ 2)? sr 


lod 
1 5 
a 4 
ds s+2 
P+45—1 
is 


—4 


sa-l 


ky = AF (+0 FO) a = Gp iil 


ay (2s-+4) (s+2)?— 0th UELD 
(s+2) 


sol 


5 4 2 5 
MA) = SET G+ t GF +2 
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and from eqn. 4.15 
S(t) = Se~*—4te-' 4-283 e~* —5 e-™ 


The evaluation of the coefficients in the partial-fraction expansion 
involves the differentiation of a rational function. The coefficients can 
be obtained without resorting to differentiation but by expansion of simple 
poles only as demonstrated by the following example. 


EXAMPLE 4.3 


st _ s*§+1 
(2) (is bt AO = pay ET 


Observe that F, is not a proper rational function. We can rewrite 
F,(s) as 


F(s) = 


oe 3s+1 
FG) = 1~ 64.9) (Fi) 
By partial-fraction expansion 


5 2 
F,(s) = 1— stat s+1 


5 
Let AQ) = Fs) = ai sar i{it+ st sei 32} 


5 2 5 
SH tGHFI* ~ (stl) (s-+2) 


Again by partial-fraction expansion we have 
1 2 5 5 
Fels) = Sar Geni ~ spi T5422 
4 2 5 
== an + GHit * S42 


1 4 2 5 
AO =O ar ar te te] 
nee 2 
~ GH? tT GED 1 GFN 642) 


Further F,(s) can be expanded as 
’ 4 2 5 5 
A) = — Gene + Gri + GE)” GD 


but F(s) = F,(s) 
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Hence, 


5 4 2 5 


MO = SET GH t GFF — 52 


Case 3: F(s) has complex poles. 


The cases I and 2 are applicable whether the poles are real or complex. 
However, if there are complex poles then, in general, the residues are 
complex. If F(s) isa rational function with real coefficients, then the 
complex poles must appear in conjugate pair, i.e., if p: = 0, + jw, isa 
pole of F(s) then p,* = o, — ja, is also pole of F(s). (A polynomial with 


real coefficients satisfies the property that q(s*) = [q(s*)].) 


Let F(s) have a simple pole at s= p, =a+j8. Then it has another 
simple pole at s = s,* = a — j§, The partial-fraction expansion of F(s) 


has the factors 


_ K, 
A) = aap t say 


From eqn. 4.10 
K, = (6-0-8) FS) |, 4 jp 
K, = (s—a+yp) Fs) | 
Hence K, = K,* 


=0—Jp 


Let K, = k,+jk, =| K, | e/%, 


where | K, | =*/k + &,? and ¢, = tan” [ Halk | 


Then K, = | K, | et 


Now /f\()= Kye (+8) + K, eth) 
=| K,| oe { elGttg) 4 eior+9)} 


ie. f(t) = 2 | K, | e* cos (Bt+9) 
EXAMPLE 4.4 


= S74-35-+-7 
FS) = Fy GF24I9 GF2=]) 


(4.16) 


(4.17) 
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The urar eae is 
ee ee ey 
rn reser s+2—j2 
k, = (s+ 1)F(s) | = If 
s=-—l1 


ky = (s+2 HAF) 
et 72 

_ __ S®#4+3s4+7 254 

= #1) S+2—9 |s = —2—j2 ~ 4 


=}e —jr]2 


k,* = } et Jn/2 


Hence 
f(t) =e—* —$ e—* sin 2¢. 


4.4 Impulse Response and Convolution 


By solving the mesh and the node equations we can determine the currents 
and voltages in all the elements of a network. However, in many cases we 
are interested in treating the network as a single input single output 
system. The zero state response R(s) of a network can be related to the 
input E(s) by 

R(s) = H(s) Es) 


where H(s) is a rational function of s. H(s) is generally called the trans- 
fer function of the system. The transfer function of the system can be 
defined as the ratio of the Laplace transform of the output to the Laplace 
transform of the input when all initial conditions are zero. 


Hs) = aS (4.18) 


A physical interpretation of the transfer function can be given by selecting 
the input as a delta function. 


i.e. e(t) = 8(t) 
Then Es) = L [ § (t) ] =I! 
Hence H(s) = 


me) 
e(t) = 8(¢) 
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i.e. the transfer function is the Laplace transform of the response when the 
input to the network is a delta function. The inverse transform of H(s), 


be, h(t) = sl R(s) | oe (4.19) 


is called the impulse response. The impulse response is defined as the 
zero state response to a unit impulse input. Though we have resorted to 
Laplace transform technique, implying that the network is linear time- 
invariant, we can define impulse response of nonlinear and time-variant 
networks. 


EXAMPLE 4.5 


Find the impulse response for the network shown in Fig. 4.1. 
The network equation for this can be 
written as (node equations) 
dy 1 - 
Cae eT ae) 
But, i(t) = 8(¢) 


: dy 1 
1.€. Cat R >= 8(t) 


Fig. 4.1 
Laplace transforming (initial capacitor voltage set to zero) 


(sc + x) Vs) = 1 


i.e, 


The impulse response is 
sketched in Fig. 4.2. 

The relation between the 
impulse response and the step 
response (i.e., the response 
when the input is a unit step 
function) for a linear time- 
invariant network is contained 
in the following theorem, Fig. 4.2 


Time constant = RC 
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Theorem 4.1: The impulse response of a linear time-invariant network is 
the time derivative of the step response 


i.e. i) = £50 (4.20) 


where S(t) is the step response. 


-u(t-At) 


Fig. 4.3 


We prove this by approximating the impulse by a pulse function, as 
shown in Fig. 4.3. The pulse function p(t) can be represented in terms 
of two step functions. 


w= -{ uo —ua—an} 


and s(t) = Lim p(t) 
At->0 


Let the response of a network to p(t) be r(t). 
i.e. r(t) = ar{ r (u(t)] —r [u(t—Ad)] } (4.21) 


where r [u(t)] is the response of the network to an input u(t). In 
writing eqn. 4.21 we have used the principle of superposition which is 
valid as the network is linear. r [u(t)] is the step response of the 
network, 
ie. r[u()] = S(@) 
As the network is time-invariant, 

r[u(t —At)] = S(t —Ad) 


Hence from eqn. 4.21 we have 


ha ne) 
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But A(t), the impulse response, is 

A(t) = Lim r(t) 

At-0 

: . S(t)—S(t—At) _ dS(t) 
e, A(t) = Lin——_————— = — 
a ( ) At 20 7 At at 
Hence the theorem. 
From eqn. 4.20 we have 


t 
S(t) = | h(x) dt (4.22) 


OO 
EXAMPLE 4.6 
Step-response of the network of Fig. 4.1 can be obtained by solving 
the following equation 


dv(t) 


c +% v(t) = u(t) 


Carrying out the Laplace transformation and rearranging we have 
(-Lu(t) = 1/s) 
1/C 


KS 5(s+1/RC) 


By partial-fraction expansion 
Vs) = R R 
0 sy — s+1/RC 
Hence, S(t) = RO —e VRS) wt) 
dS(t) _ Re \, | .-4t/RC 
ao R8()( 1 e )+ Ge u(t) 


Since §(/) exists only for ¢ =0 ths first term vanishes and 
thus 


and h(i) = 


h(t) = = e—/RC u(t) (sce example 4.5) 


If the impulse response of a network is known, then we can find its 
response to any arbitrary input through the convolution, integral. Linearity 
and time-invariance are the two crucial properties which facilitate us to 
employ such a procedure. To this end we obtain a representation of an 
arbitrary input in terms of delta functions. Fig. 4.4 shows an arbitrary 
function of time. We can get an approximate representation of this func- 
tion e(t) by considering a number of pulse functions as shown in the figure. 
This is achieved by dividing the time axis into segments of width At. These 
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kAt  (k+ipAt 


Fig. 4.4 
pulse functions, in turn, can be represented by two unit step functions as 
shown in Fig. 4.5, 


e(kAt) 


u(t-kAt) 


~ult+k~1 AU 


0 oe a ey OD aD a an gw aw 


—e(kAt) 


Fig. 4.5 


Hence, we have 
n 
e(t)= > e(k At) } u(e—k Ath—u(t—k +1 an) 
k=0 


where n is the number of segments. The smaller the segment width the 
better is the approximation. In the limit At +> O(a —> ©) we have an 
exact representation of e(t). The preceding equation can be written as 


=>. e(k At) Meck Anu Emery ay At (4.23) 


k=0 
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Ac At—+O the summation becomes an integral (infinite sum). Also 
oGius that 


Lim = u(t)—u(t—At) 
At-+0 At == 8() 
reduces the eqn. 4.23, in the limit, to 
t 


e(t) = | e(t) 8(t—1) de (4.24) 
0 
Equation 4.24 gives the representation of a function by delta functions 
sifting property. 
Let a network N be described by its impulse response A(t). 
ie 3(t) > A(t) 


Here -> implies that A(t) is the response to §(f). If the system is time- 
invariant, then 


8(t—t) —> A(t—t) 
If in addition N is a linear network 

e(t) §(t—r1) — e(t) A(t—*) 
and consequently 


t t 


f e(2)8(t—s)de > [e(x)h(t—t)de 
0 0 
Then from eqn. 4.24 we have 
t 
e(t) > Jeconce—syas 
0 


i.e. the response r(r) to an arbitrary input e(t) is given by 
t 
ri) = | e(n)lt—) de (4.25) 
0 


This is called the convolution integral. The steps involved in this argument 
are shown in Fig. 4.6. 
The right hand side of eqn. 4.25 is generally written as 


e(t)* A(t) 
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e 
(r) 5(tor } elr )h(ter) 


t 
{Ar ) (tr )dr ‘ 
0 fer) h(t-r)dr 


t : 
fe(r )h(t-r)dr 
0 


Fig. 4.6 


where # indicates the convolution. Hence 
r(t) = e(t) * A(t) 


Equation 4.25 implies that ‘‘The response of a linear time-invariant network 
to an input e(t) is the convolution of the input with h(t), the impulse response 


of the network.” 
Figure 4.7 shows the graphical development of convolution. Let 


S(t) = e-* u(t) and f,(t) = u(t). The convolution f,() * f,(t) is given by 


t 
f= [Ac-o.4@ ds 
0 


t 
= | et) u(x)dr 


Figures 4.7 (a) and (5) ‘show f,(t) and f,(t), while (c) shows f,(—*), 
(d) f,(t—7) for a prescribed value of t = t, and (e) shows f,(t,—*) fe (7). 


The area under the curve f,(t—t) f,(t) gives the value of convolution 
integral for ¢ = t,. Figure 4.7 (e) shows the convolution of /,(¢) and /,(¢). 


It can be easily shown that the convolution is symmetric (Problem 4.8). 
ie. e(t) * A(t) = h(t) * e(t) 
It can also be shown that the Laplace transform of equation 4.25 yields 
R(s) = H(s) E(s) (Problem 4.9). 
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f(r) 


f(r 


(a) (b) 


fy(ty=r ) 


tc) 


(d) 


Kt) (t) ol, 
eM 


(e) 


f(t) f(t) 
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EXAMPLE 4,7 
Consider the network shown in Fig. 4.1 with R = 2 and C = 1. 


The impulse response A(t) from example 4.5 is et u(t). (Here we have 
multiplied the response by u(t) to indicate that the response exists for 
t 20. Recall that u(t) = 0 for t < 0 and u(t) = 1 for t > 0.) 

Let i,(¢) = u(t). Then the response yz is 


t 
v9 (1) = | h(x)u(t—1) de 
0 


t 
= | el? u(s)u(t—r)de 
0 


t 


ea t/2 
~ =1/2 10 
i.e. y(t) = 2 (1 —e—4/2) u(r). (see example 4.6) 


45 Linear Time-Invariant Networks 


We have so far discussed some of the properties of linear time-invariant 
systems. In this section we restate the properties with pertinent 
comments. 

(i) For any linear time-invariant network the Laplace transform of the 
complete response is the sum of the Laplace transforms of the zero input 
response and the zero state response, i.e. 


Complete Response = ZIR + ZSR 


Because of the linearity of the Laplace transforms, the complete time 
response is also the sum of the ZI and ZS time responses. 

(ii) The network function or transfer function is the ratio of the Laplace 
transform of the ZSR and the Laplace transform of the input 


: _ Rs) 
1.¢. H(s) = E(s) | initial conditions = 0 


For a lumped network the network function is a rational function of s 
with real coefficients. __ 

(iii) The initial conditions for the network are completely specified by 
the initial voltages of the capacitors and the initial currents of the 


. inductors. 
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(iv) For any linear time-invariant network the network function is 
the Laplace transform of the inpulse response; 
i.e. H(s) = L [A()] 
where A(t) is the impulse response. 

(v) For any linear time-invariant network the response to any 
arbitrary input is given by the convolution of the input and the impulse 
response. 

t 


ie: r(t) = | h(t—)e(s) de 
0 


(vi) For any linear time-invariant network the impulse response is the 
time derivative of the step response. 
dS(t) 
dt 
(vii) A linear time-invariant network with positive resistances, capaci- 


tances and inductances has a unique solution for any given initial 
conditions and any set of:inputs. 


ie. A(t) = 


4.6 Evaluation of Initial Conditions 


The time domain mesh and node equations of a general RLC network 
are integral-differential equations. To obtain the general solution for 
such a set of equations we need to evaluate one or more arbitrary 
constants. To evaluate these constants some additional information must 
either be given with the equations or determined from the physical net- 
work itself. In the previous sections we have tacitly assumed that this 
information, the initial conditions, are ‘somehow’ specified. In this section 
we evaluate these initial conditions. 

If a network does not contain any energy storage elements, then the 
question of evaluating any initial conditions does not arise at all. The 
initial condition that need to be evaluated, for an RLC network, are the 
initial capacitor voltages and initial inductor currents. The initial condi- 
tions indeed depend on the history of the system. Let us suppose that 
the network is connected to an energy source through a switch (or 
switches) and let the switch (or switches) be closed at the instant of: time 
t= 0. We designate ¢ = 0—and¢ = 0+ as the instant of time just 
before and just after the operation of the switch, respectively. The values 
of the capacitor voltages and inductor currents at t = 0+, designated as 
v-(0 + ) and i 0 +), respectively, are called the initial conditions of the 
network. (In the previous sections and Chapter 3 wherever we have v<(0) 
and id 0) we should interpret them as v.(0+) and i(0+), respectively.) 
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Of course the values of v-(0—) and i(O0—) at t = O0— are closely related to 
the corresponding values att = 0+. The values at ¢ = 0+ (i.e. ¢ > 0) 
depend on both the past history of the network and configuration 
for t > 0. 


The terminal relationship for a capacitor can be written as 
: = dy-(t) 
ic(t) C a 
t 
I 
or v(t) == rou | ic(x) dx 
00 

Hence we have 


o— 
v(O—) = a | ic(x)dx 


. 0+ 

and v(0-+) = + | i(x)dx 

1 oF 

= Ve (O—) + ¢$ j ic(x)dx (4.26) 
0-— 
For an inductor we can write the terminal relation as 
v(t) = p S00) 
t 

or i(t) = vi(x)dx 


Hence we have 


o— 
i(0) = + { vi(x)dx 


0+ 
and (0+) = i(0-) + | vixdex (4.27) 
o— 


In eqns..4.26 and 4.27 the integrals are evaluated over an infinite- 
smally small interval and are lways zero unless ic(x) and v(x) are impulses at 
x=0, respectively. This will only happen if the given network is degenerate. 
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A network is said to be degenerate if there exist all capacitor circuits when 
voltage sources are shorted or all inductor cut-sets when current sources 
are opened, or both. 

Consider an inductor-current source node (Fig. 4.8) in a network. The 
Kirchhoff’s current law at t = 0+ is 


i40-+) = i,,(0-+) + 1,,(0-+) 


Fig. 4.8 


i,,(O—) and i,, (O—) are, in general, independent of each other. Hence, 
in order to satisfy the constraint imposed by KCL the currents through 
the inductors must change instantaneously. An instantaneous change 
of current through an inductor implies impulse voltage across it. 

In the case of a degenerate circuit (circuit of capacitors) the voltage 
across the capacitor must change instantaneously in order to satisfy the 
constraint imposed by the KVL att = 0+. This requires an impulse 
current through the capacitors. 

If the network is non-degenerate then, from equations 4.26 and 4.27, 


v(O+) = ve(O—) 
(4.28) 
i,(0+) = i,(0—) 

i.e. the initial conditions are continuous att = 0. Of course, if the 
network is degenerate then the continuity condition no longer holds good. 
In a physical network the inductances and capacitances do not appear 

as the idealized clements as we have represented them. The exact 
inductor (or capacitor) model needs a series and/or shunt resistor in 
addition to the inductor (capacitor). As such the inductor currents and 
capacitor voltages are always continuous. Then why evaluate i(0+) and 
v(0+)? We have already said that ‘modelling’ involves certain ideali- 
zation. Though ideal elements do not exist in physical world, a great 
many practical networks are designed on the idealized basis. If not, a 
simple network with only a few elements will become very complicated. 
‘Hence we are stuck with ideal elements and degenerate networks. To 
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evaluate the discontinuous initial condition we have to use two physical 
principles—conservation of charge and conservation of flux linkages, 
which cannot be derived from Kirchhoff’s laws. 


4.6.1 NETWORK WITH DEGENERATE CIRCUITS 


We have seen that the voltage across a capacitor is discontinuous if the 
network has a circuit of capacitors only or capacitors and voltage 
sources. As we need to compute the discontinuities only, we can remove 
(open) all the resistors, inductors, current sources and capacitors not 
in the degenerate circuit and obtain a reduced network. The reduced 
network has only capacitors and voltage sources. To this network we 
‘apply KVL and equation of conservation of charge. To obtain the 
latter we apply the principle of conservation of charge to the reduced 
network. _ 

The principle of conservation of charge states that the total charge 
transferred to a node of a network at any time is zero. 


i.e. 5 qx = 0 at a node (4.29) 
The charge transferred by the kth element from t = 0— to t = 0+ is 
0+ 
Ag. = | ix(t)dt (4.30) 
o— 


This charge transfer is zero except for a capacitor in a degenerate 
circuit (i.e., a capacitor in the reduced network). From eqns. 4.26 
and 4.30 


r0-+) =v{0—) + St (4.31) 


The value of y.(0+) can be determined from equations 4.29, 4.31 and 
KVL. 


EXAMPLE 4.8 

We are required to find the initial condition in the network shown in 
Fig. 4.9. 

The network has degenerate circuits and the reduced network is 
obtained by opening all elements which donot have charge transfer 
capability at t= 0, i.e. elements R,, R,, Ry. The reduced network is shown 
in Fig. 4.10. 

(i) For all the capacitors the initial conditions are discontinuous at 
t= 0. 

(ii) Let Ag, Ag, and Ag, be ne three loop charges. Then from 
eqn. 4.29 
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Age, = Ags, Age, = Ags—Ads 


Ago, = —Aq, 
(iii) The KVL applied to the three circuits at ¢ = 0+ yields 
Ey — Ve O+)-+ Ve(0+) 


0= V,,(0+) + V-. (0+) - V- (0+) 
E, = V,,(0+) + Ve,(0+) 
(iv) From eqn. 4.31 and (ii) and (iii) we have 


1 eo ) f da 
[ate C, : | | 
1 1 1 1 1 | | 
— tate A 
G G'*GtG G | | dae | 
| en oe a } [a | 
i ° C Ge see he 


(E, = Vo, (0—) Ve, (0—) 
= | Ve, O-) Ve, (O—) —Ve, (0-) 


| —ExtVeq(0—)+V cg O—) J 
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i.e. CAg = Eq 
Hence we have 


Aq, 
Aq = A@ = (Om 1 Eg 
Ags 
Let 
2; 
CEq =] Q, |, then 
A 


Aq =Q,, Ag. = Qs, Ags = 03 
(v) Hence from (i) 
Ad, =Q,, Ag, =0,— Qo Aq, = Q; 


Age, = 0,—Q,, Aqc, = —-Q, 
(vi) Finally from (v) and eqn. 4.31 


Ve Ot) = Ve(0-)-- al Ve, 0+) = Ve (0—-) +o 
Ve, (0+) = Ve, (O-) + Zh, Ve, (0) = Ve, (0-) + C=O 
Ve, (O-+) = Ve, —) — 2 


4.6.2 NETWORK WITH DEGENERATE CUuT-SET 


We have seen that the current through an inductor is discontinuous if the 
network has a cut-set of inductors only or inductors and current sources. 
As we need to compute the discontinuities, we can remove (short) all the 
resistors, capacitors, voltage sources and inductors not in the degenerate 
cut-set and obtain a reduced network. The reduced network has only 
inductors and current sources. To this network we apply KCL and 
equation of continuity of flux linkages. To obtain the latter we apply 
the principle of continuity of flux linkages to the reduced network. 

The principle of continuity of flux linkages states that the summation 
of all the flux linkages at any time over any circuit (closed loop) of a net- 


work is continuous. 
i.e. 3 L, i(t) = 0 in a loop (4.32) 
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L; i; is the flux linkage associated with an inductance LZ, carrying a current 
i(t). Let Ad, be the flux linkage transfer at t = 0. 


i.e. 
Any = L, [ §(0+)—50-) ] 
which yields 
10+) = 0—) + (4.33) 


Now the sum of. AA, around a loop, from eqn. 4.32 must be zero. 
The value of i(0+) can be determined from eqn. ,4.32, 4.33 and 
KCL. 


EXAMPLE 4.9 


The network shown in Fig. 4.11(a) has degenerate cut-sets and hence 
the initial inductor currents are not continuous. 

(i) For elements with no flux transfer the initial conditions are con- 
tinuous at t = 0 


i.e. Vo, 0+) = Vo, (O—) 
(ii) The reduced network is shown in Fig. 4.11(5). Let Ad, and Adg 


Fig. 4.11 
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be the flux transferred by the current sources and AA, and Aj, those 
of inductors. Then from eqn. 4.32 with the loops as marked 

AAs = Am, Ads = — (AA + Arg) 
(iii) The KVL applied at nodes n, and n, at t = 0+4 yields 
ig = — in, (0+) + ix, 0+) 
ig = in, (0+) 
(iv) From eqn, 4.33 and (ii) and (iii) we have 


1 1 1 j ; . 
Ty Ly Ls Ana ia + it, O—)—iz, (O—) 
7 eo Ans ig — ing (O—) 
Ls Ls 
ie. LAA = jg. 


Hence we have 


P, 1 
Let L J@ = 
Py 


then Ary = P, Anz = P, 
(v) Hence from (ii) 
AAs = P,, Ads = —(P,+Pa) 
(vi) Finally from (v) and eqn. 4.33 
, P 
it, 0+) = it, (0-) + 5 
P,+P. 
ir, (0+) = iz, (0—) — fuph 


if the given network has both degenerate circuits and cut-sets, then 
there will be two separate reduced networks. The initial condition of the 
elements of these reduced networks is evaluated as in Sec. 4.5.1 and 4.5.2. 
For the elements not in either of these two reduced networks the initial 
conditions are continuous. 


. PROBLEMS 


4.1 The following matrices are supposed to be the node admittance matrices of passive 
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linear time-invariant networks. Which ones do you accept as correct, and why ? 


ee ced len aid 


—1+s —s hee —4s | 
[ -s 44s J’ —4s 543 J” 


2 2 2 

It 42s -(s+4) 2¢s¢ 5 -H 
2 3 |'1 3 2 

~(++ 5) TC era oat 


4.2 Find the inverse transforms of the following rational functions. 


my st + 10s + 16 (ii) (s+ 1) + 5) 
ee GFDCT+HCTO 
st? + 35 + 2 F s 
Gl) HCL) ) GFHGFD 
s+1 : s* +29 +1 
GED erHD ) CTD + PSTD 


4.3 Find the elemental currents and voltages in the networks shown in Fig. P.4.3. 
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4.4 Sketch the step and the impulse response of the circuits shown in Fig. P. 4.4. 


(d) 


Fig. P. 4.4 
4.5 Find the impulse response for the network shown in Fig. P. 4.5. 


R,= 0.01 R= 100 L,=1 C21 


Fig. P. 4.5 
4.6 The impulse response of a network is 
A(t) = e~46,t DO 
=0,1< 0 
Find the response to an input e(t) = u(t) —u(t— 4%). 
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4.7 Evaluate the convolution integrals 
(a) f(t) = ef 8(t—4,). (What do you conclude ?). 
(6) f(t) = A) * At) 
f(t) = e77" 
S(t) = u(t)—u(t—3) 
(ce) f() = Alt) * Alt); AM) = AW = u(t) —u(t—-T) 
4.8 Show that 
A(t)* Alt) = A(t)» A(t) 
4.9 If r(t) = h(t) * e(t), show that 
R(s) = H(s) E(s) 
4.10 Find the initial conditions in the networks shown in Fig. P. 4.10. 


Fig. P. 4.10 


4.11 Fig. P. 4.11 shows an equivalent circuit of a common base transistor amplifier. 
Find V,/V,; for the amplifier, 
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Fig. P. 4.11 


4.12 The response of a linear time-invariant network for an input x(t) is y(t). Show 
dx(t) . dyt) 
a a 


that the response of the network to the input 


5 


Sinusoidal Steady State 


The natural response of any system is, in general, an exponential or 
sum of exponential functions. If the network function of a passive 
network has complex poles, then the response is a damped sinusoid. 
For example, consider the response of a network with respect to a pair 
of complex poles, i.e. let 


ES _ Ps) 
AS) = Gay G—p*) 


If we expand F(s) into partial-fractions, we have (see Chapter 4) 


A A* 
Fs) sp, | s— Pe 


If we let p, = —o+jo and A = a+jb, then it can be shown that 


S(t) = 2a e—* cos wt+2b e—™ sin wt 


Thus a sinusoid appears naturally. Indeed the motion of a pendulum, 
a bouncing ball and the vibration of a string all display a reasonably 
sinusoidal characteristic. Also, we know that any periodic function 
can be expressed as a sum of sinusoids, the well known Fourier series. 
Hence, the response of a linear system to a periodic input can be 
expressed as a sum of the responses to a series of sinusoidal inputs. Thus 
sinusoidal waveforms play an important role in science and engineering. 
A mathematical advantage in using sinusoidal function is that their 
derivatives and integrals are also sinusoids. As such we devote this 
chapter to the study of sinusoidal response of linear time-invariant 
networks. 
In general a sinusoidal function can be represented by 


F(t) =f sin ot 
where fm is the amplitude and w is the angular frequency (rad/sec). If 
T is the period of the function, i.e. F(t+7) = F(t) 


1 Qn 
then ody Zea 
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where f is the frequency (Hz). A more general form ofthe sinusoid is 
F(t) = fm sin (wt-+ 6) . (5.1) 


where 6 is the initial phase of the function. 
5.1 Sinusoidal Steady-state Response 


The complete response of a linear time-invariant network for a sinusoidal 
input can be written as 


Ht) = y(t) +ye(t) 
where ys(t) is the solution of the homogeneous differential equation 


(ZIR) and y,(f) the particular solution (ZSR). If the poles of the network 
function are all distinct, then we can write 


pat) = 2 ki exp (pit) 
where 7p; is a pole of the network function and k; is the arbitrary constant 
determined by the initial conditions. The response of a linear network 
to a sinusoidal input being a sinusoid of the same frequency as that of the 
input y, will also be a sinusoidal function. If all the poles ofithe network 
function are restricted to the open left-half of the complex plane, the ZIR 
tends to zero as ft > oo, i.e. 


Lim y(t)=Lim y»,(t) 
lL -> a tipo 


In other words, we can state that ‘if all the poles of a network function 
are restricted to the open-left half of the complex plane, then irrespective 
of the initial conditions, the response of a linear system to a sinusoidal 
input will become sinusoidal as ¢-> 0’. This sinusoidal response is 
called the sinusoidal steady-state response. 


EXAMPLE 5.1 

Consider a series RL circuit as 
shown in Fig. 5.1. The loop equation, 
in the time domain, is 


Db ode 
L Gti =O 


Laplace transforming this yields V(t) = V,,cos wt 
Vis) + LiO+) Fig. 5.1 
Ks) = ~"GL-FR) 
her Wis) = L [ Vin COS wt SV 
where m =" 3 + 2 


Hence we have 


Vins _4 Li0+) 
Ks) = GEER Fa) | SLER 
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The time response is then given by 


VinR e Vin 
i) = { 10+) | + eon 


X COs ( wt—tan™ x) 
Hence the sinusoidal steady-state response is 


. Vn _, wL 
in(t) = Vier (o1—tan 1 x) 

If the network function of a linear time-invariant network has all its 
poles in the open left-half plane, then we say that the network is 
asymptotically stable. If any of the poles are in the right-half plane, 
then the network is unstable. An asymptotically stable network implies 
that the ZIR of this network tends to zero as ¢-» oo. Obviously for an 
unstable network ZIR tends to oo as t-» oo. For an asymptotically 
stable network driven by a sinusoidal source, the response of the network 
tends to its sinusoidal state independent of the initial conditions. 


EXAMPLE 5.2 


Consider the network shown in Fig. 5.2. The node equation of this 
network is 


i(t) = Iq Sin wt 


Fig. 5.2 


The voltage v(t) across the capacitor is given by 


Im oL Im oL 1 
W(t) = (—eL) cos °f-q—aLO) cos V Le t+V¥o cos Fara t 
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where v, is the initial capacitor voltage. Hence the sinusoidal steady-state 
response is 


Im oL 


Tate 8 


Vss(t) = 


On the other hand if o? = se , then [by applying L Hospital’s rule 
to v(t) ], 


v(t) = se t sin wt+Vo COS wt 


and no sinusoidal steady state exists. 

From this example we can conclude that if the network function has 
an imaginary pole and if the angular frequency of the input is equal to the 
pole frequency (1/4/ LC in the example), then no sinusoidal steady-state 
response exists. 

If we are interested only in the sinusoidal steady-state response, we 
need not resort to Laplace transform method at all. Instead we can 
represent the sinusoid by a phasor and obtain the phasor of the output 
quite easily. 


5.2 Phasor Representation of Sinusoids 


A sinusoidal function (sine or cosine) can be characterized by its 
‘amplitude, the angular frequency and the phase (see eqn. 5.1), i.e. a 
sinusoid of angular frequency w is completely characterized by its 
amplitude and phase. This being the case we can represent the sinusoid 
by a complex number. 


Let x(t) = Xm cos (@t+6) 
be the sinusoid under consideration. If we let 
X = Xne/®, (5.2) 


then we have 

x(t) = Re [ Xei®*] 
where Re[ ]isthe real part. In eqn. 5.2 Xn = | Xi| is the magnitude 
of the complex number and 6 = | X is its phase. The complex number 
X. which represents the sinusoid Xm cos (wf+6) is called the phasor 
representing the sinusoid. The phasor representing a sinusoid determines 
the amplitude and phase of the sinusoid but not its frequency. 


If the sinusoid is represented by 
y(t) = Xm sin (wt-+4), 
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then y(t) == Im[ Xe! *] 
where Im[ Jis the imaginary part. 


The phasor X can be considered as a vector rotating in counter- 
clockwise direction with an angular velocity of w rad/sec with an initial 
displacement of @ rad/sec, as shown in Fig. 5.3. Then x(t) is the 


Fig. 5.3 


projection of XY on the x-axis and y(t) is the projection of X on the 
y-axis. In obtaining the sinusoid steady-state response the input sinusoid 
is represented by its phasor and after simple algebra the phasor of the 
output or response can be easily obtained, as demonstrated in the following 
examples. 


Examp.e 5.3 


Figure 5.4 shows a simple RC network. Let i(t) = J e/®!, where J is 


i(t) 


Fig. 5.4 


the corresponding phasor. The voltage response for this network will be 
of the form v(t) = V e/®', where V is the output phasor. If we determine 
¥, then we can find the response for any time ¢. 

The node equation in differential form is 


i(t) = Gu)+C wit 
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With the phasor representation of i and vy we have 


Tela! — G+jo C) V emt 
i.e. 
es ‘ | 
V= a.” less SS - —j 
G+jo C ~ \7G@taic © $ 
where — ¢ = tan 0 C/G. 
Hence 
I 
t) eee 0! ¢ jot 
"On" Terao’ *° 
i.e. 
1 
1) = —— 2”. eit + 9-9) 
mo / G?+ w*C? : 

"since 
I= In el 

Finally, 

Im I, : 
v(t) = V Grate °° (wt+0—¢)+ yok sin (wf-+0—d¢) 
EXAMPLE 5.4 
Consider the network of Fig. 5.1. The loop equation is 
yt # 
La +--+ Ri = v(t) 
and v(t) = Vm Cos ot = Re[Vme  ]. 


Here the input phasor is Vm e/°. Let the output (current) phasor J be 
Im e/# . Then we have 


(R+-joL) I el! = Vin ef! 


Hence 
[= Rar = In eit 
where 
= tan-2 22 ne Vn 
¢ = tan R? and Im VRLOL 
Finally, 


i(t) = Re[ Im J@t+9)] 
= I, cos (wi—¢) 
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i.e. 


Vin _) oL 
i(t) = V Re 2. cos ( or—tan 1 =) 


From the preceding two examples the method of finding the sinusoidal 
steady-state response can be summarized as: 


(i) Determine the input phasor: X¥ = X,, e/®. 

(ii) Let the output phasor be Y.= Y,, e/# . 

(iii) Write the differential (or integro-differential) equation for the 
system. 

(iv) From (i) to (iii) find Y. 

(v) The response is Ye/', where w is the frequency of the input 
sinusoid. 


Step (iii) can be modified if we can determine the required network 
transfer function, H(w). In this case step (iv) becomes Y.= H(w) X. 
In order to determine H(w) we introduce the concept of impedance and 
admittance. 


5.3 Impedance and Admittance 


For a linear time-invariant network the determination of sinusoidal 
steady-state response can be further simplified by avoiding the formulation 
of the differential equations of the network. 

Consider a _ linear time-invariant resistor of resistance RQ 


(conductance + v) . The v—i relation is 


wt) = Ri(t) or i(t) = Gwe) 
Let v(t) = Vm cos wt, i.e, the voltage phasor is V = Vme/#, The current 
phasor can be obtained from 
I = In el# -+ Vin ef? 
i.e. 


Vin 
In maar i and ¢ = 0 


Hence the current and voltage in the resistor are given by 
v(t) = Vin COS wt 
i(t) = Im cos wt 


and we say that the current and voltage of a resistor are in phase, i.e. 
they reach the maximum and minimum simultaneously. 
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Consider a linear time-invariant inductor L. The v—i relationship is 


vii po 


Let i(t) = Im cos wt, then the current phasor is I = Im e/®. The voltage 
phasor V is obtained from 


V eat oa L a (Tel) 


os joL Tefot 
i.e. 
V = joLl 
or 
V 
ee Sar. 


This equation can also be rewritten as 
V=olfel2 or 1 = ein 
oL 


Hence the current and voltage in an inductor are given by 

i(t) = In COS wt 

W(t) = Vn COS (wt-+7/2) (5.3) 
where Vn = @L Im. Alternately we have 

v(t) = Vm COs wt 

i(t) = Im cos (wt—7/2) (5.4) 


where 


airy 
From eqns. 5.3 and 5.4 two conclusions can be drawn. In an inductor 
the voltage leads the current by 2/2 radians (or the current lags the 
voltage by 7/2 radians). Also, the relation Between the current and 
voltage phasors depends on the frequency of the sinusoid (compare it 
with the resistor). 
A capacitor is characterized by the y—i relation 


i()=C oO) 


It can be shown, as in the case of an inductor, that the voltage current 
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relationship for a capacitor is given by 

v(t) = Vm COS wt 

i(t) = In Cos (wt+7/2) 
where Im = w CVm, or alternately 

i(t) = im Cos wt 

v(t) = Vm cos (wt—n/2) 
where Vm = I'/w C Im. The current leads the voltage (or the voltage lags 
the current) by 2/2 radians. (Note the duality of the relations of inductors 
and capacitors.) The phasor relationship depénds on the frequency of the 
sinusoid. 

The quantities R, wZ and 1/wC are called the impedances of a resistor, 
inductor and capacitor, respectively; while G, 1/oZ and C are called 
the respective admittances. 

Now consider a series RLC network shown in Fig. 5.5. The relation 
between the voltage and current phasors can be shown to be 


V = { R+j (wL—1/wC) } 7. (5.5) 


Fig. 5.5 


Let 
R+j (oL—1/wC) = Z(jo) 


Z(jw), the impedance of the series RLC circuit, being a complex number 
can be written as 


Z(j) = 
where | Z| = vate is the magnitude of the impedance 


and ¢ = tan“! (SES); is the argument (angle) of the impedance. 
In terms of the impedance, eqn. 5.5 can be written as 
V=|Z| leit (5.6) 
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The voltage and current of the series circuit are then 
i(t) = Im cos at 

and v(t) = Vm cos (wt+¢) 

where Vm = | Z| Im. The phase relationship between i and v depends 
on the frequency and relative values of Z and C. If the circuit is 
inductive, i.e.,aZ > 1/aC then the voltage leads the current: on the 
other hand, if the circuit is capacitive, i.e. 1/auC > wL, then the voltage 
lags the current. In fact, we call a network inductive if the voltage leads 


the current and capacitive if it lags the current. - 
From eqn. 5.6 we can formally define an impedance as 


[Z| <1 g= cya (5.7) 


where |_| indicates the magnitude and 7 the angle. Similarly, we can 
define the admittance as 


Y¥=|¥[e@=—s 


jy} = oe =-g= vi-zv (5.8) 
The following examples show the use of these concepts in evaluating the 
sinusoidal steady state. 
EXAMPLE 53.5 
Consider the network of Fig. 5.4. Let i(t) = Im cos of. 


(i) Input phasor is J = Im e/?, and i(t) = Re [I eJ'] 
(ii) The admittance of the circuit is 


¥(jo) = G+joC 


2 : 1 

1.¢. Z( jw) = GFjoC 
(iii) Output phasor V is 

ios fo __ ing 
Vea Z(j) [= G+joC In ef? = VJ Gpwtca e 
Cc 

where ¢ = tan-! = 

(iv) Output v(t) = Re[ Veli ] 
Im__ cos (ot—4) 


~ [YI 
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The admittance Y(j#) can be represented by the admittance triangle, 
as shown in Fig. 5.6. 


Iv! 


EXAMPLE 5.6 


Consider the network of Fig. 5.1. 


(i) The input phasor V = Vm e/? and v(t) = Re [V e/* }. 
(ii) Impedance Z(jw) = R+joL 


lz =V Bren 
ZZ=¢= tant “2 : 


Vn 
| Z| 


(iii) Output phasor J = + = cos (wf—d). 


Figure 5.7 shows the impedance triangle. 


(2} 
wl 


R 
Fig. 5.7 
In the two preceding examples we considered either parallel or series 


networks. For a general network we can write either node or mesh 
equations and then find the required sinusoidal steady state. 
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EXAMPLE 5.7 


The network shown in Fig. 5.8 is in the sinusoidal steady state and 
we wish to find the current through the 2-ohm resistor. 


Vy= 2 8in 2t 


V,= 3 sin (2t+ 7/4) 
Fig. 5.8 

(a) The phasors of v, and v, are V; = 2e/? and V, = 3e/"/4 and w = 2. 

(b) Let the phasors of the two mesh currents be J, and jj. 

(c) The mesh impedance of mesh 1 is (1—j1) and that of two is 
2+j (6—1). Hence the mesh equations are 

1 aagts J 1 + -j 1 I, 2 Vi- V 
+jl 24,5 Il, Ve 


(d) Solving for J, by Cramers rule 


i-jl Vi—Ve 
I, — jl Ve 
where A = (1—jl) 24+/5)—GV) Gi) 
= 8+3/ 
i.e. A= V 73 tan- (2). 
sae 1, = Oi GV 


— (1—fl) 3e/7/4 —f1 (2—3 e/®/4) 
V 73| tan & 
Jf 2e—Frl4 Zehr/4 — j7 [2Q—(2.121 +12.121)] 
A793 [2056 =~C~*~*S 
_ 3 A 2-j(-0.121—2.121) 
ea 73 120.56 0—~—~COS 
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3 V 2 —2.121)4/0.121 
4/73 |.20.56 


2120+ j0.121 2.125 | 3.275 


V 73 |.20.36 ~ 8.544 | 20.56 
i.e. I, = 0.249 |—17.29 
(e) Finally 
“ig = 0.249 sin (2t—0.096n). 


5.4 Power in Sinusoidal Steady State 
The instantaneous power entering a network N (a one-port) is 
P(t) = v(t) i(t) 
where v(t) and i(¢) are the instantaneous voltage and current at the 


terminals of the network. The energy delivered to N in the interval 
(to, t) is (see Chapter 1) 


t 
Wlo, t) = | W(t) i(7) dr 
fo 


Let v(t) = Vn Cos Wt 
and i(t) = Im cos (wt + $) 
Then P(t) = Vm cos wt Im cos (wt + $) 


= 4 Vnlm { cos (2at + $) + cos $} 
The power has a component at twice the frequency of the input signal. 


‘lhe average power over one period T ( T= =) is 


1 T 
Puy = T | D()d= 
0 


it can be shown thar: 
Pav =4Vmlm cos 


Expressing the voltage and current of the sinusoid in terms of the effec- 


tive or RMS values, i.e. 1 = — and V= 
Fi JE ? 


Por = VI C08 4 (5.9) 


Sinusoidal Steady State 127 


Here cos ¢ (¢ is the phase angle between voltage and current) is the 
power factor of the circuit. In eqn. (5.9) J cos ¢ is the inphase com- 
ponent of the current, i.e., the component of J which is inphase with the 
voltage. The quadrature component i.e. the component at 90° to the 
voltage, I sin ¢ of 7 yields reactive power which is given by 
Q =VIsin ¢ (5.10) 
Hence the total complex power delivered to the one-port is 
P.= Pav+jQ = VI cos ¢+-jVI sin ¢ 
The average power can also be expressed in terms of the impedance 
or the admittance of the one-port (driving point immittance—Chapter 7). 
Pay == I* Re [Z(jo)] 
or 
Pay = V* Re [Y(jw)] 
(Compare it with P = J? Ror VG). If we are considering a passive 
network (i.e. Pav > 0), then the driving point impedance and admittance 
satisfy the conditions 
Re Z(jw) p> 0 
for all w (5.11) 
Re Y(jw) > 0 
These conditions form the cornerstone of passive network synthesis (see 
Chapter 12). 


5.5 Resonance 


Resonance is a phenomenon encountered in circuits with both capacitors 
and inductors. Resonant frequency can be defined as “‘the frequency at 
which an RLC network behaves like a purely resistive network’’ or ‘‘the 
frequency at which the current and voltage at the terminals of the circuit 


are in phase’’. 


5.5.1 PARALLEL RESONANCE 


Consider the parallel RLC circuit 
shown in Fig. 5.9. The circuit is 
driven by a sinusoidal current source 
of frequency w. The terminal rela~ |! 
tionship of the circuit can be 
written as 


I= Y(jo)V. b= 4, sin wt 
where Fig. 5.9 


Y(je) = x +j(oc-=- (5.12) 
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The current and voltage will be in phase when 
1 


aC = — 


oL 


Designating the resonant frequency as w, we have 


1 1 
= —— or a  —— 5.13) 
OTe" tee ( 
The admittance and susceptance variations are plotted in Figs. 5.10(a) 
and (b), respectively. It can be observed from the figure and equation 


Fig. 5.10 


5.12 that for w < w, the circuit is inductive and for w > wp it is capaci- 
tive. At low frequencies most of the current flows through the inductor 
and at high frequencies through the capacitor. At resonance all the 
current goes through the resistor and the loop formed by the inductor and 
capacitor has a local circulating current (and hence the name tank 
circuit). Fig. 5.11 shows the locus of the impedance of the parallel circuit, 


Fig. 5.11 


The locus is a circle with radius R/2 and the centre at (R/2, 0). If the 
parallel circuit consists of only capacitor and inductor, then at the 
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resonance it will be an open circuit and thus a parallel circuit has maximum 
impedance at resonance. 

The resonant frequency can also be found from the pole zero plot of 
the admittance function. The admittance of the parallel circuit, in the 
s-domain, is 


Y(s) = x + sCt > 


—. s*+5/RC +1/LC © 
Ss 
The zeros of the function are at 
Sy = —2 + jod 
Sg = —a— jod 
where a = and wa = r/o - a? (5.14) 


Figure 5.12 shows the pole zero plot of 
the admittance. Here « is called the 
damping factor and wa the damped na- 
tural frequency. 


The voltage response of the parallel 
circuit is shown in Fig. 5 13. The maxi- 
mum value of the response depends 
only on R, but the width and the steep- 
ness of the response depends on other 
elements also. The width of the res- 
ponse is usually measured at the half 
power points (or 3 dB points) and this 
width is called the Bandwidth of the 


Band width 


Fig. 5.13 
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circuit. The bandwidth of the circuit depends on the quality factor of 
the circuit. The quality factor Q is defind as 


Max. energy stored at resonance 
Total energy lost/cycle at resonance 


= dq Wit We ]max 
PR 


where W, and W¢ are the energy stored in the inductor and the capacitors, 
and Px the energy dissipated per cycle by the resistor, respectively. 
Let i(t) = Im cos @t; then the voltage response at resonance is 


Q =27 


V(t) = Rim Cos ot. 


Hence We = 43 CR* I? cos? ot 


We = 3CR® I* sin* wt 


P PR 
an Pr =} —— 
R 3 Io 
Thus finally, 
T2 R*C/2 
Q = 2#a————_- = , RC (5.15) 
Ti, R/2f 


From equations 5.13 and 5.15 we have 


(5.16) 


L ~ @L 


Equation 5.16 gives the Q of the parallel resonant circuit, and together 
with 5.14, it yields 


O= 52, ws = u A/1- (so) (5.17) 


indicating that the Q-factor is inversely proportional to the damping a. 
From eqns. 5.12 and 5.16 it can be shown that the two half-power 
frequencies w, and w, (see Fig. 5.13) are given by (Problem 5.9) 


Le 
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and 


= 1 1~ 
2, = Wo [fa+ 402 +39 ] : (5.18) 


For high Q circuits we can approximate the expressions further 


oy, “(1 3 ake (5.19) 


I 
WO, SS (1+ 30 ) 
For a high Q circuit, #, = wg, Equation 5.18 (or 5.19) yields the 3dB band- 


width as BW = 0, — 0, = oO (5.20) 
Now we are'in a position to draw some conclusions from the response 
curve of Fig. 5. 13. Ifthe circuit Q is small, the BW is large, the response 
curve is flat and the frequency selectivity of the circuit is poor. On the 
other hand, a high Q circuit has a low bandwidth, the response curve is 
-high peaked and hence the circuit is highly selective. The parallel reso- 
nant circuit behaves like a band-pass filter (i.e. a network which. transmits 
signals with frequencies between , and , with very little attenuation and 
signals at other frequencies with large attenuation). 
a stated earlier, at resonance alY the current flows through | the resis- 
' The capacitor and inductor currents do not affect the overall current 
ipa to the circuit. However, these currents can ‘be, much larger than 
the input current, depending upon the @ of the circuit. At resonance the 
voltage ‘across the parallel combination is given by 


V, = IR. 
The currents through the capacitor and inductor are 


Te = jm CV, = jQI, 
(5.24) 


VY __, 


Thus we see that Jc and J, can be much larger than /, the ‘overall circuit 
current. 

The relationship between Q and the damping @ is an interesting one to 
study and is shown in Fig. 5.14. @Q is inversely proportional to damping. 
When the damping is zero, the Q is infinity indicating a loss-less circuit. 
At the critical damping, i.e. a = 9, Q is i. (The two roots are coincident 
at O = }). | 
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Q=xla=0) 


/ 
/ Decreasing a 
Increasing a / increasing a 
——— -—s 


Q<1/2 


Q= 1/2 


5.5.2 SeR1ES RESONANCE 


Consider the series RLC circuit shown in 
Fig. 5.15. This circuit is the dual of the one 
+ . Shown in Fig. 5.9. The impedance of the cir- 
v cuit is 

ts c 


Bales p . _ I 
Fig. 5.15 AGS) SIE (1 sa) 


The resonance occurs at the frequency (the resonance frequencies of 
parallel and series circuits are the same) 


= VLC (5.22) 
_ We can draw figures similar to the ones shown in Figs. 5.10 to 5.13. From 
a knowledge of dual networks we can write (Problem 5.10) 


my uke eH 
R R c¢ (5.23) 
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At resonance the voltage drop across the resistor is the supply voltage. 
The voltage drops across the capacitor and inductor are equal and 
Opposite, and are given by 

Vo = —j QV 
2 (5.24) 

Vi =j QV 
The voltage across L or C can be considerably larger than the supply 
voltage, depending upon the @Q of the circuit. If the series circuit consists 
of only capacitor and inductor, then at resonance it will be a short 
circuit. The series resonant circuit has maximum admittance at 
resonance. 

In the design of frequency selective electric filters (low-pass, high-pass, 

band-pass and band elimination) the specifications are generally given in 
the frequency domain. i.e. the frequency response (the response of the 
network to a unit sinusoid of varying frequency) of the filter is specified. 
Highly selective filters have a large Q-factor. The Q-factor of an RLC 
network to a great extent depends on the quality of coils used in the 
design. The Q-factor of a coil, with an inductance of Z henries and a 
resistance of r Q at a frequency » is given by #L/r. 


5.6 Frequency and Impedance Scaling 


In most of the examples we have considered the values of the elements 
R, L and C have been of the order of unity. It is very difficult, if not 
impossible, to build a capacitor of 1 farad. Beside, the practical value of 
capacitors available in electronic circuit is of the order of microfarads. 
The circuits considered so far have normalized element values. There are 
mainly two reasons for resorting to normalized designs. The first reason 
is simplicity in numerical computation. It is earier to manipulate numbers 
of the order of unity. The round-off erors that occur in normalized 
designs is less severe. The second reason is that if we have a normalized 
design of, say. a band-pass filter, then it is easy to generate band-pass 
filters of similar characteristics, of varying centre frequencies and imped- 
ance levels without re-designing the whole circuit. To obtain the element 
values of the required band-pass filter we amplitude (impedance). and 
frequency scale the normalized design. 
Consider the series resonant circuit of sec. 5.5.2 


Impedance level = Z, = R 
1 
Resonance frequency = ) = a 
a, a/ LC 


o 


R 
t i = = 9 
Bandwidth = Ae OL 
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Hence we have 


1- £0 
. (5.25) 
C= 1 __A# a | 


Lu* Rv? Wo Q 


Let the normalized impedance be 1 Q and the normolized resonant fre- 
quency be 1 rad/sec. Then the normalized elemental values of the 
resonant circuit are 


Ra = 1 


ie Oe (5.26) 
® 


Cr = > 
The values of R, L and C are different, but the value of Q is unaffected by 
normalization. To obtain the actual or de-normalized values we have to 
change the impedance level to Z, and the frequency to ). The actual 
values of the elements are obtained as follows : 


- Let ys and Q, be the impedance and frequency normalizing factors. 


desired impedance level 


Yn = ‘normalized impedance level 


0, = desired frequency 
” “normalized frequency 


(It is not always necessary to work with a normalized impedance and 
frequency level of 1 Q and 1 Hz, respectively.) 


R= yn Rn 


L- PSs ia (5.27) 


It is easy to verify these results. In so far as the impedance level changes 
are concerned, the capacitor gets divided by yn as the impedance of the 
capacitor is f/(j#)C. Let ZL, and L, be the normalized and denormalized 
inductances, respectively. Let wn(X,) and ,(X,) be the normalized and 
denormalized frequencies (reactances), respectively. In order not to 
change the property of the circuit we must have 


Xn = X, 
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i.e. wn Ln = 041, 

HM ow, Ln Ln 

1.€. L=—— = ; 
1 @y On 


Similarly we can show that the transformation for the capacitance is as 
given by equation 5.27. Of course, the resistance is not affected by the 
frequency normalization. 


EXAMPLE 5.8 


The circuit shown in Fig. 5.16 is to be scaled to an impedance level 
of 5 kQ and a resonant frequency of 5 M rad/sec. 


Fig. 5.16 


For the given circuit 


wo = Rar = I rad/sec 


on m/E = 


BW = + = 0.5 rad/sec 


The impedance and frequency normalizing factors are 


3 

yn = I = 2x 108; 
Q, = ox 
= 5x10 


Hence the value of the elements of the denormalized network use 
R= yn Ry = 2X10°X2.5 =5kQ 


— i" oe 
ae Ln = 0.2 mH 
Cn 
= = 200 pF 
Yn Qn P 


Observe that the @ is the same as before. The bandwidth of the 


denormalized circuit is 
BW = Sx = 10° rad/sec. 
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PROBLEMS 


5.1 Determine the phasors which represent the following functions : 
(a) 25 cos (3t + 2/4) 
(6) 25 sin (3¢ + 7/4) 
(c) 10 cos (wt +- 7/4) + sin (wt + 7/6) 
(d) sin wt + Cos (wt + 2/3) + cos (eof + 7/4) 
5.2 Determine the current through R, L and C and the source in the network of 
Fig. P.5.2 
R= 10k2,L = 1mH, C =1+4F, V = 10sin wt, w = 4k rad/sec. 


Fig. P.5.2 
5.3 Determine the currents 7; and 7, (Fig. P.5.3). 


Fig. P.5.3 
5.4 Find the impedances of the netwoks shown in Fig. P.5.4. 


(a) 


1007 Smh 0.1k 3mh 


0.47 pf 1048 2k 


f= 2kHz f = 2kHz 


Fig. P.5.4 


Sinusoidal Steady State 137 


5.5 Determfne the instantaneous and average power absorbed by the networks of 
Fig. P.5.5. 


30 


Fig. P.5.5 
5.6 Determine the loop currents J, and J, (Fig. P.5.6). V=2 sin ¢, Ve=3 sin (¢ + 1/4). 


Fig. P.5.6 


5.7 A parallel resonant circuithas R = 10kQ, L = 150 mH and C = 0.47 pF. Find 
its resonant frequency, Q and bandwidth. 


5.8 A parallel resonant circuit driven by a current source of 0.12 sin wfshows a 
maximum voltage response amplitude of 100 V at wo = 5 krad/sec and the response 
at w = 4k rad/sec is 60 volts. Find the parameters of the resonant circuit 


What is its Q ? 
5.9 Show that for a parallel resonant circuit the upper and lower cut-off frequencies 


are given by 
1 1 
a= oe[ af 1 Pa ag | 


woelal i+ ara |] 


5.10 Show that for a series resonant circuit the Q-factors is 


— 


Design a parallel resonant circuit to resonate at 1 rad/sec with a Q of 5 and a 


resistance of 1 &. 
Frequency and impedance scale it to have an impedance of 10kQ and a band- 


width of 500 Hz. 


§.12 Determine the Q of the circuit shown in Fig. P.5.12 when 
(a) g = 0, (b) g = 35X10, and (c) g = —-4x 10-*. 


5.1 
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Fig. P.5.12 


5.1% Determine w, and Q of the circuit shown in Fig. P.5.13 when 
(a) r = 0, (6) r = 6X 10° and (c) r = —99. What can you conclude? 


Fig. P.5.13 


5.14 Aparallel resonant circuit (Ry, L and C) and a series resonant circuit (Rs, ZL and 
C) have the same Q. Find the relation between R, and Rs. 


5.15 Figure P.5.15 shows a parallel resonant circuit using a physical inductor. What is 
its resonant frequency ? 
If L = 10 mH, Ry = 0.12, C = 0.11 uF and Re = 1 MQ find the resonant fre- 
quency, impedance at resonance, the maximum impedance and the frequency at 
which it occurs and the Q of the circuit. 


Fig. P.5.15 


6 


Network Theorems 


The loop and node equations completely characterize a network. On 
solving these equations, we can determine the current and the voltage of 
any element of the network. Many times we are interested in the 
current through and voltage across a particular element of the network. 
In this case we can replace the rest of the network by an equivalent 
source and an impedance. This leads to the familiar Thevenin or 
Norton equivalent networks. In this chapter we study Thevenin- 
Norton’s, Tellegen’s and other network theorems which are applicable 
to a large class of networks. A study of these theorems places. in 
evidence many general properties of the network response and helps us 
gain insight into many of the network problems. 


6.1 Tellegen’s Theorem 


This theorem, introduced by B.D.H. Tellegen, is extremely general and 
is applicable to any lumped network. The only restriction on the 
application of the theorem is that the voltagesand theicurrents of the 
elements of the network satisfy the constraints imposed by the Kirchhoff’s 
laws. As such, the nature of the elements is irrelevant. 


Theorem 6.1: Consider an arbitrary network N whose graph G has v 
nodes and e edges. Let ix and vx represent the voltage and the current of 
kth edge. Ifthe edge voltages vz, kK = 1,2...e and edge currents ix, 
k = 1, 2...e satisfy KVL and KCL respectively, then 
e 
= yi =O (6.1) 
The theorem can be proved in two ways : 
(i) Without loss of generality we assume that Gis connected and has 
no parallel edges. Let the nodes be num- r 
bered I,.2, ...v and node numbered 1 be * Se 
selected as the reference node. Let eg and “* “2 B 
eg be the voltages of nodes @ and # w.r.t. Fig. 6,1 
node 1 (e, = 0). Let kth edge connect node a and B (Fig. 6.1). Let 
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the current flow from the node a to the node 8. Then 
vk ik = (€2 — ep ) iap 

In fact, we can write this relation as 

: ve ix = (ep — ea ) fa 
if the current flows from 8 toe. Adding the two equations yields 

Vp ik = 4 [(€a — ep ) iop + (eB — ea ) ipa] 

We can write one such equation for every edge. Summing over all the 
edges of G we have 


e yv—1 y—l 
S wi=t = (ea — ep )iap 
= <e= 1 => 1 
ie. 
e y—1 y—l y—1 y—1 
SX vwik =4$[ 3S C2 ( 3S ip)— SX ep( Z iag)] 
= a=1 a=1 B =1 a=1 


In this equation ¥ jag and X jag are identically zero as these represent 
e 8 


KCL at nodes a and , respectively. Hence the theorem. 
(ii) The second proof is based on using node and chord transforma- 
tions (ch. 3). We can write the left hand side of eqn. 6.1 as the product 


of two vectors, 
i.e. 
£ t 
Suk=V iI 
= 1 © 
where V- is the column vector of the edge voltages and I. the column 
vector of the edge currents. Form eqns. 3.7 and 3.9 we have 


t 
e= t e= e 
V A YV,, 1 BY I 


Hence we have 
<4 


Vk ik = (A! V,) (By ‘Te) 


t t 
= Vi (AB f ) Ie 
= 0 
Hence the theorem. 
We now discuss some of the implications of Tellegen’s theorem. 


(i) In proving the Tellegen’s Theorem only two laws were used, 
namely, KCL and KVL which depend only on the topology of the network. 
The characteristics of individual elements were not used and as such are 
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not important. Hence, Tellegen’s Theorem is applicable to any network— 
linear or non-linear, active or passive, time-varying or invariant, as long 
as Kirchhoff’s laws are not violated. 

(ii) Since vx ix is the power delivered to the network at any time the 
theorem may be interpreted as: the sum of the power delivered to each 
edge of the network is zero which is a re-statement of the law of conser- 
vation of energy. Hence we conclude that Kirchhoff’s laws imply law of 
conservation of energy. 

(iii) Since the element characteristics were not used in deriving 
Tellegen’s Theorem, it is applicable even if the set of voltages and 
currents were evaluated at two different instants of time, 


i.e. 


|| 14 


Ve (1) ik (te) = 0 (6.2) 
k 1 


where vx (t,), & = 1, 2, ... e and iz (t,), K = 1, 2, ... are the edge voltages 
and currents of the network at time 7, and f,, respectively. This result is 
obvious as all that we need in proving the theorem is that ¥ ing is zero. 
(iv) We can further generalize the results of (iii). Let NM, and Nz be 
two different networks having the same oriented graph G. Let vw, and 


ix, k = 1, 2, ... e be the edge voltages and currents of N, and vk and 
i, be those of N,. Then it is easy to show that 


e ae ; 
S Vk (ty) be (to) = XS Vk (t,) ik (4h) = 0 (6.3) 
k=1 k=1 


Though Tellegen’s theorem holds good, the relationship expressed in 


eqn. 6.3 does not directly imply conservation of energy as vx f% or ix Te is 
not the energy of the edge & in either N, or Np. 


EXAMPLE 6.1 


Consider a linear time-invariant RLC three-port network N shown in 
Fig. 6.2. Let the sinusoidal steady state of the terminal variables, Vj, 
j =1, 2,3 and Jj, j7=1, 2, 3 be measured for two sets of different voltages 
at the same frequency w. Let the first set of measurements be represented 


by V, Land the second set by v, I, respectively. Let the network N have 
n elements. Then frem Tellegen’s theorem we have 


n-+-3 n4+-3 : 
X Vil) I(w) = 3 Vo) Io) 
= 1 = 
This equation can be written in the expanded form as 

3 Bo oy nt+3  , 

Vidw) Tw) = & F Vio) (wo) + % Vil @) Ie) 
4 . 


a m=" 64) 


3 n+ 
_& Vio) h@) + 5 
j=1 k 
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Fig. 6.2 


In the last equation the first summation on both sides of the equation 
is with respect to the terminal variables and second summation is with 
respect to the elements of N. For the rth element of N we have 


Vio) Iw) = Zw) f(w) Tew) 
and V,(w) Ie(w) = Ze(w) fe(w) Iw) 
where Z,(@) is the impedance of the rth element at the frequency . 
Hence we have 
Vw) fw) = Vw) bo) 
Combining this with eqn. 6.4 we have 


3 a 
Vie) Ho) = Filo) Ie) 


Il tA we 


j 
which can be written as 


Vy Avs 14V_ fh, = y, i+ V, In+Vaol 


where the index is dropped for convenience. The last equation contains 
only the terminal variables. 


Tellegen’s Theorem is used in developing the sensitivity coefficients 
for a network from the concept of adjoint networks. It is beyond our 
scope to discuss adjoint networks or sensitivity. 


6.2 Superposition Theorem 


A linear system can be defined as a system which satisfies the iprinciple of 
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superposition. The only requirement for the application of the super- 
position theorem is that the system or network be linear. The network 
can be either time-invariant or time-varying. 
Theorem 6.2: At any point in a linear network the response to a number 
of excitations acting simultaneously is equal to the algebraic sum of the 
responses at that point due to each excitation acting alone in the network. 
We prove the theorem for a time-invariant network. A linear time- 
invariant network can be characterized by a set of equations in the 
Laplace domain as 


MX=N 
where M is a matrix and X and N are vectors (ch. 3). Without loss of 
generality, let us consider the node equations. For this case 
M = Yn, X = Va, N = —AJq 
where Yn is the node-admittance matrix, V,, a set of node voltages ( (v—1) 


in number), A the incidence matrix of the network graph and J, the 
equivalent current source, i.e. 


Yn V, = —AJq 


-from which 
V, = -Y, AJa (6.5) 


If we further consider the ZSR only, then 
Ja = [jak+-jeat] = Je—YeEe (6.6) 


where Je is the current source vector, Ee the voltage source vector, Ye the 
edge admittance matrix and jqx and jeg: are the equivalent current sources 
at the kth node due to independent current sources and independent 


—I1 
voltage sources, respectively, of the network. If we let Ys = [By], then 


from eqns. 6.5 and 6.6 we have 


v—l e ; ; 
mi = Kg = ; Bik axt [jattjegi] 


where V,i is the ith node voltage and ax, is the (k, j)th entry of A (eis the 
number of elements in the network). The right hand side of this equation 
is obviously the sum of responses due to each source acting alone in the 
network. Hence the node voltage responses satisfy the superposition 
theorem. We already know that 


Ve = AP Va 
I. = Ye Ve 
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where V- and I. are the edge voltage and current vectors, respectively. 
Hence the theorem. 

Notice that the theorem is true even if we include the equivalent 
sources due to initial conditions. We have omitted them here due to 
notational simplicity. 

Theorem 6.2 is true for any general input. Let f(x) be a complex 
periodic input to a linear network. f(x) can be expanded into Fourier 
series as 


fo] 
I(x) = s ais > {o cos nx+6b,, sin nx} 
n=] 
Let the response of the network to dc input > be y, and to sinusoidal 
input cos nx and sin nx be y (cos nx) and y (sin nx), respectively. Then 
the response y(x) to the input f(x) from superposition theorem is 


Y(x) = Uyt 5 A (cos nx)+yY(sin nx)} 
n= 


This demonstrates the usefulness of superposition theorem in the analysis 
of linear networks when the input is a complex function. 


6.3 Substitution Theorem 


The substitution theorem allows us to replace any particular edge or 
element of a network by a suitably chosen independent source without 
changing any voltage or current in the network. This method is some- 
times useful in solving complicated networks. 

Consider an arbitrary edge of a network, say the Ath edge. Let this 
edge be connected between the nodes a and b and the edge voltage be ex 
(Fig. 6.3(a)). Let us connect a voltage source E; of value ex to node a 


Fig. 6.3 
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(Fig. 6.3(a)). Now the nodes b and ¢ can be shorted as they are at the 
same potential (Fig. 6.3(6)). The Ath element is in parallel with a voltage 
source and hence can be removed without affecting the rest of: the 
network (Fig. 6.3(c)). Thus we have replaced the edge by an independent 
voltage source without affecting the reminder of the network. The edge 
can also be replaced by.a current source. Let the edge current be ix 
(Fig. 6.4(a)). Let us connect a current source is between b and ¢ (Fig. 
6.4(b)), the value of is being equal to the edge current iz. The current 
through the short-circuit be is zero and hence the short circuit can be 
removed. Now the kth element is in series with a current source and 
hence this element can be removed so far as the rest of the network is 
concerned (Fig. 6.4 (c)). Thus we have replaced the edge by¥a current 
source. 


(b) 


Fig. 6.4 


In the foregoing discussion we have made two assumptions. First, 
the kth element is not coupled to any other element of the network, i.e. 
kth element is neither an arm of a coupled inductor nor an element of a 
dependent source. Secondly, the network prior to and after the replace- 
ment of the &th clement has unique solutions. We can summarize these 
discussions in the form of a theorem. 


Theorem 6.3: Let an arbitrary network N have a unique solution. Let ix 
and ex be the current and voltage of a particular element k. Let a new 
network N’ be formed by replacing the Ath element of N by a current 
source & or a voltage source ex. If N’ has a unique solution, then the 
element currents and voltages of N’ are identical with those of N. 

Substitution theorem is particularly useful in the analysis of networks 
which contain a single non-Jinear or a time-varying element.. 
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EXAMPLE 6.2 


The network of Fig. 6.5 is initially at rest. At t= 0 the switch is 
suddenly closed. We will determine the voltage across ab by using 
substitution theorem. The network has a degenerate circuit and hence 
the initial voltage of the capacitors are not continuous. The conditions 
at t = 0— are 


V,,(0—) = V,,(0—) = 0 


Cy=Cg=C 


Fig. 6.5 
It is easy to see that for this network 
E 
Vey O+) = Ve,(0+) = > 


The transform network of the network under consideration is shown in 
Fig. 6.6. 


Fig. 6.6 


“The impedance of the network to the right of «a’ is 


_p  R2R _ 5 
A~R+R R= G 


Hence the network can be rewritten as shown in Fig. 6.7, 


R 
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Fig. 6.7 
The mesh equations are 
2 —1 
sC ‘sC Ih : 
rort,s . 
Solving this for J, yieids 
| ea ee 
2 “s(i/sC+ 10R/3) 
Hence £,, the voltage across Z,, is 
E 5 


£, = R 


“s(l/sC + 10R/3) 3 
The network to the left of ea’ can now be substituted by the equivalent 

voltage source E, as shown in Fig. 6.8. (Here.we have used a more 

general form of the substitution theorem in that we have replaced* ‘the 

entire network to the left of ae’ by an equivalent voltage source. The: 
current drawn by the part of the network to the right of ae’ is independent’ 
of the current to the left of a«’ and only depends on the voltage across 

C,. Hence we are justified in replacing the network to the left of aa’ by 

a voltage source as we are only interested in the current through ab.) 


Fig. 6.8 
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Hence 
a= "33R R+2R 5 
and Ew = E,/2 = E,}5 


On substituting for E, we have 


a SER tS. POOR tag Sig E 
2 3s(I/sC+R/3) S$ 3+10RCs 10( s+ one) 


ees (1) = ( a) e310 RC 


6.4 Thevenin-Norton Theorem 


Consider a linear network N and let Z; be an arbitrary element connected 
between the terminals 1 and 1’ (Fig. 6.9). Let us assume that Zz is not 
coupled to any element of the network i.e. the only interaction between 
N and Z, comes from the current through the terminals 1 and 1’.* 
Thevenin-Norton theorem asserts that the current and voltage, i(t) and v(t), 
will not be affected if N is replaced by either a ‘“‘Thevenin equivalent 
network”? or a ‘* Norton equivalent network”. 


Fig. 6.9 


The Thevenin equivalent network is shown in Fig. 6.10. It consists of 
a network JN, in series with a voltage source Voc. Voe is the open circuit 
voltage across 11’, i.¢e., the voltage across the terminals 11’ when Zz is 
disconnected. N, is obtained from N by removing all independent 
sources, i.e. shorting all independent voltage sources and opening all 
independent current sources, and sctting all initial condition to zero. 


*This implies that Z, is neither coupled magnetically to N nor a part of a controlled 
source. 
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Fig. 6.10 


The Norton equivalent network, shown in Fig. 6.11, consists of the 
network N> in parallel with a current source Isc. Ise is the current through 
a short circuit placed across the terminals 11’. 


Fig. 6.11 


Theorem 6.4: Let a linear network N be connected by two of fts termi- 
nals 1 and 1’ to an arbitrary load and let N have a unique solution. Let 
N, be the network obtained from N by setting all independent sources 
and the initial conditions to zero. Let ve and ise be the open circuit 
voltage and the short-circuit current at 11’. Then the voltage and 
current at the terminals remain unchanged when N is replaced by its 
Thevenin or Norton equivalent networks. 

In the network N, let us replace all initial conditions. by tadepeadent 
sources. The initial capacitor voltage is replaced by a voltage source in 
series with the capacitor and the initial inductor current is replaced by .a- 
current source in parallel with the inductor. 

Let us replace the load by a current source i(t) (Fig. 6.12). From 
substitution theorem we are assured (the assumption that the nerwork 
has unique solution is essential for this) that current and voltage distri- 
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Fig. 6,12 


bution in N is unchanged. In particular, the voltage v(t) at 11’ is 
unchanged. 

Now the network N is driven by the load current source i(t) and all 
the independent sources of N. Thus +(¢) is the zero state response. 

Let v,(t) be the ZSR of N due to i(t) acting alone, i.e., we set all the 
independent sources of N to zero, This results in network Ny. Hence 
we can write 


v(t) = { h(t, =) i(s) de 


where h(t, t) represents the impulse response of Ny. (If we assume the 
network to be time-invariant the equation reduces to the familiar convo- 
lution integral. This assumption is not necessary for Thevenin-Norton 
theorem). 

Let ve- be the ZSR due to the independent sources of N only, i.e, the 
response obtained by setting i(t) to zero. From the superposition theorem 
(the network is assumed to be linear) we have 


Ore ero [me 1) i(s) de 


Now consider the Thevenin equivalent network shown in Fig. 6.13. 


Fig. 6.13 
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Writing the KVL for the mesh we have 
t 
W(t) = v,(t)+¥ec(t) = Volt)+ d h(t, +) i(e) dx 


Hence the theorem 


The proof for the Norton-equivalent theorem can be easily developed, 
on dual lines (prob. 6.10). 

Thevenin-Norton theorem is extremely general. The only restriction 
on the network is that it should be linear and the restriction on the load 
is that it should not be coupled to the network. From this theorem we 
can conclude that so far as one of its terminal pairs is concerned the 
network can be replaced by a voltage source in series with a relaxed 
network or a current source in parallel with a relaxed network. 

If the network N is time-invarient, then the equivalent network N. 
can be replaced by an impedance or admittance. The Thevenin-equivalent 
when WN. is time-invariant is shown in Fig. 6.14(a), where zeq is the impe- 
dance looking into N. at the terminals I1’.. Of course, in the equivalent 
network all quantities are expressed in Laplace domain. The Norton 
equivalent is shown in Fig. 6.14(b), where Yeq is the admittance of 
N, at the terminals 11’. Obviously Zeg = 1/Yeg. From Fig. 6.14 it can 
be easily seen that 


Voc = Zeq Tse 
Tse = Yeq Vi oc 


and 


(b) 


Fig. 6.14 


Thevenin equivalent is sometimes referred to as the voltage source 
equivalent and the Norton equivalent as the current source equivalent. 
We have already used this concept in Chapter 3 in formulating the 
network equations. 
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We now demonstrate one application of Theveuin theorem. Fig. 
6.15(a) show a linear time-invariant network, and we wish to determine 
the change of current in the kth element due to a small change in the Ath 
element impedance. Such problems are designated as ‘sensitivity studies’ 
and play an important role in practical circuit design. Let the network 
N to the left of the terminal kk’ be replaced by its Thevenin equivalent, 


Fig. 6.15 


as shown in Fig, 6.15(6). Let us also assume that the network is in 
sinusoidal steady state. The phasor of the current in the element Zx is 
given by 
W(Zeqg-+Zk) == Voe (6.7) 

Let the Ath element impedance change by a small amount to Z+AZx 
and the current change to J’ = J+AJ. Then we have 

U+ AD) (Zeat-Ze + AZ) = Vor (6.8) 
From eqns. 6.7 and 6.8, neylecting the second order term AI - AZ, 
we get 


TAZ, 4+ AlN Zeg+ ZR 0 
which reduce to 
IAZE 
Al = —~— —-~-- 
LeatZ 


This leads to a simple interpretation of AJ. AJ is the current that 
would flow ina circuit with impedanee (Z-2+Z,) driven by a voltage 
source of JAZ, (Fig. 6.16). 
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EXAMPLE 6.3. Determine the current through the resistor R, of the 
network shown in Fig. 6.17 by replacing the rest of the network by its 


Fig. 6.17 


Thevenin equivalent. The circuit to determine i, is shown in Fig. 6.18, 
where Vap is the open circuit voltage at ab and Zeq is the Thevenin 
equivalent impedance. 

(a) To find Vas remove R, and solve the network. The network with 
R, removed is rewritten in Fig. 6.19. 


Fig. 6.18 


7 ii, 

Vab = Vi = rol 
and i(R, +R.) = V1 +a) 
Solving for i, in terms of i, we have 

es ae 
a (L+a)+sC(R, +R.) 
= RitR, 
pai = Cr Fa+sC (RR) 
which gives Vea. 
(b) To determine Zeg, open R, and the’independent current source ij, 
and apply a voltage V, as shown in Fig. 6.20. As before 


ie 


Van V, = 


The mesh equation for the A mesh is 
V, == (R,+R,) Ig—aV. 


Rit+R, 


Solving for V/I we have ' 
Zeb = “T= Cl FaypsC (Rit) 
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Fig. 6.20 


(c) Thevenin equivalent voltage and impedance are given by Vab and 
Zeq. Hence 


ae Van 
a Za Rs 
i.e. 
7 (R,+Rs) f 
's = (R+ Ry (1 +sCRa)+(1 +4) Ry 


6.5 Reciprocity Theorem 


Reciprocity is a useful property of linear time-invariant passive networks. 
Intuitively reciprocity implies that the input and output can be inter- 
changed without altering the response of the network to a prescribed 
input. The property of reciprocity is not only helpful in the analysis of 
networks but also in measurement techniques. It can be defined as: 
‘The ratio of the response observed at a point to the excitation at another 
point is invariant to a change of position of observation and excitation 
as long as the topology of the network is unaltered’. Any network 
which satisfies this property is called a reciprocal network. In particular 
linear time-invariant passive networks are reciprocal. 
Theorem 6.8: A linear time-invariant passive network satisfies the 
conditions of reciprocity. 

‘Consider the linear time-invariant passive’ network N shown in 
Fig. 6.21(a). Let the point of observation and excitation be j and k, 
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respectively. Let a voltage source be connected at the kth element as 
shown in the figure. Let the response be the current J, through the 
element j. The mesh equation for the network can be written as 


Zm(s) In(s) = E(s) (6.9) 
where 
f 071 
| 0 | 2 
[ . | 
B Ase «if 
Po 
E(s)= | O | k-1 
| Ex | 
0 | k+I 
0 | 
| 


ed 
oJ . 
Let | Zm(s) | = A(s) and the cofactor of the (k,j)th entry of Zm(s) be 
Ax;(s). Then solving eqn. 6.9 by Cramers rule we have 
Akj(s 
Us) = A Bx) 


Hence the ratio of the response to excitation is 

T(s) ___ Aw(s) 

| Ex(s) ~ AG) , 

Now let us place a source £; in the jth element and observe the response 

Ix, the current through the Ath element (see Fig. 6.21(b)). Then in 
eqn. 6.9 we have 


(6.10) 


0 }1 


E(s) = 


On eee 
oO e 
i, 
+ 
— 
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The response J, is, by Cramers rule, given by 


h(s) = a E\(s) 


AL(s) Ants) 
Ej(s) A(s) 


The network N being linear time-invariant and passive we know, from 
ch. 4, that Z,(s) is a symmetric matrix and 


Aja(s) = Axs(s) 
Then eqns. 6.10 and 6.11 imply the theorem. 


Hence (6.11) 


When the excitation is a voltage and the response a current, then 
short circuit conditions are implied at both ends (an ideal voltage 
source has zero internal impedances). 

We can also prove the theorem by applying the current source at one 
point and measuring the open circuit voltage at the other point. In this 
case, open circuit conditions are implied at both ends; an ideal current 
source has infinite impedance. Wecan apply a current source at j and 
measure the current through & and then apply a voltage source at k and 
measure the voltage at j. In this case, we have open circuit at one end 
and short circuit at the other during the two measurements. In all the 
three different combinations of sources we have maintained the topology 
of the network, whichis one of the conditions. Also, the network N 
does not have any dependent or independent sources, and we are only 
interested in the ZSR. 

Theorem 6.5 implies that all linear time-invariant passive networks 
are reciprocal. Some active networks may also be reciprocal, i.e. they 
may satisfy the property or reciprocity. The reciprocity theorem can also 
be proved using Tellegen’s theorem (prob. 6.8). _ 


EXAMPLE 6.4 


Two sets of measurements are made on a linear passive resistive two- 
port network, as shown in Fig. 6.22(a) and (b). Our object is to find 


SA ag 80 
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current through the 2Q resistor. We solve this problem by finding the 
Norton equivaient at ab. To find the Norton equivalent at ab of 
Fig. 6.22(5) we place a short circuit at ab (Fig. 6.23). Now from reci- 
procity theorem (N is a linear passive network and topology of the 
network is the same for Fig. 6.22(a) and Fig. 6.23). 


E 7 
yo fs 
2 
e , I, , y) 
1¢ Seat Fs = 59° 30 = 34 


lt DO TOU EIS OS om. 


Fig. 6.23 


To find Zee for the Norton equivalent of Fig. 6.22(b) we short £ and 
measure the impendace at ab. 


Hence 


Finally the Norton equivalent to determine the current through 2 Q 
resistor is shown in Fig. 6.24. 
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Hence 
’ 4.2 
I, 3 442 ° $ = 2A 


i.e. current through the 2 Q resistor is 2A. 


\6.6 Maximum Power Transfer Theorem 


A problem that arises in the design of circuits is to match the impedance 
of the load and the source so that maximum power transfer takes place. 
In the network shown in Fig. 6.25 V; is the rms value of the sinusoidal 


Fig. 6.25 


voltage source at an angular frequeney », Z, is the given passive impe- 
dance and Z, is the passive load impedance. The problem is to select Zz, 
such that the power entering load is maximum. The condition for such a 
power transfer is contained in the following theorem. 


Theorem 6.6: The optimum load impedance for maximum power 
transfer is equal to the complex conjugate of Zs. 


. * 
ie. Zi = Z* (6.12) 
Let Z: = Rs-+jxs and Z, = Ry+jx, be the source and load impedance 


at the frequency ». Let J be the rms current through the load. Then 
the average power delivered to the load is 


Py =| |? Ry 
since T= Vt 
Z:+Zz 
P, Vs |? Rr 


* (R-FRD + (Xa-F XD 


In this equation Vs, Rs and X, are known. Rz and Xz, are chosen to 
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maximize P. Let Rz be constant and X;, varying. Then to maximize P 


oPr 
OXL ° 


i.e. 
—2 | Vs|* Rr (Xs+Xz) =0 
{(Rs-+ Rx)? +(Xs-+Xz)* 3 


which yields X;, = —Xs. 
Under this condition the average power is 


|V.\? Re 


i= (Rs +R1)? 


Now if Rr is varying, to maximize P, we have 


i.e. 


which yields Rs = Rr 


Hence the theo. -.0. 
The power absorbed by the load is maximum when the load impedance 


is conjugately matched to the source impedance. Under matched condi- 
tion the power absorbed is 


= | Vs : 
Pass “3- e (6.13) 


The average power delivered by the source is 
P; =a } fae (Rs +R) 


Under matched conditions 


_ vel 
2 
Hence P, = Oe (6.14) 


We may define the efficiency of the circuit as the ratio of the average 
power delivered to the load and the average power delivered by the 
source. From eqns. 6.13 and 6.14 the efficiency of the conjugately 


matched circuit is 50 per cent. 
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PROBLEMS 


6.1 Let N bea linear passive network. Suppose the network is in the sinusoidal 
steady state. Show that 


e * 
> 3h. t, =0 
k=1 
where Vz, is phasor of the edge voltage and /; is the phasor of the edge current 


and * indicates complex conjugate. 
6.2 Two sets of measurements are taken on a resistive network (see Fig. P. 6.2). 
Find Ve. (a) Re = 1Q, V1 = SV, i; = 2A, Vo = 1V; (6) Ra = 10Q, Vi=6V, 


i, = 6A. 


Fig. P. 6.2 


6.3 Determine the current through Ry and the voltage across Ry, in Fig. P. 6.3 by 
superposition theorem. 


Fig. P. 6.3 


6.4 A set of measurements is made on a linear time-invariant passive network, as 
shown in Fig. P. 6.4(a). The network is then reconnected as shown in 
Fig. P. 6.4(b). Find the current through the 5 Q resistor. 


Fig. P. 6.4 
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6.5 The terminal currents and voltages of a resistor network are shown in 
Fig. P. 6.5(a). The network is reconnected, as shown in Fig. P. 6.5(b). If 
Iq = 0, find /;. L 


2A 


13 


(a) (b) 
Fig. P. 6.5 


6.6 Fig. P. 6.6 shows the equivalent circuit of a common emitter transistor ampli- 
fier driving a resistive load. Find the Thevenin equivalent network at the load 
terminals and determine the load voltage. 


100 '» 


Fig. P. 6.6 


6.7 Two sets of measurements are made on a linear time-invariant resistive network 
(Fig. P. 6.7). Find the value of R;. 


Fig. P. 6.7 


6.8 Show that a linear time-invariant passive RLC twoport network is reciprocal 
by using Tellegen’s theorem. (Show this fer all combinations of sources at 


the ports.) 
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6 Find the current through the two ohm resistor in Fig. P. 6.9 by applying super- 
position theorem. 


Fig. P. 6.9 


6.10 Prove Norton equivalent theorem. 
6.11 A linear-invariant passive one-port network is driven by a current source 


whose phasor is J}. Show that 


. 2 Pant 4 io [Em— Eg] 
Zip( jo) = eer 


where J; is the peak amplitude of the sinusoidal input current, Po», Ey and 
Ex, are the average power dissipated, the average magnetic energy stored and 
the average electric energy stored over one period, respectively. 


7 


Natural Frequencies and Network Functions 


The: response of a linear network is made up of two components—the 
zero input response (Z/R) and the zero state response (ch. 4). The ZIR 
of the network gives its natural response. If a series or parallel LC 
network is driven by a sinusoidal source of frequency o, = I/4/LC, then 
we observe the phenomenon of resonance. This frequency », (the 
resonant frequency) is called the natural frequency of the LC network. 
The natural frequencies of a network are closely related to the poles and 
zeros of certain network functions. In this chapter we shall discuss the 
concept and the determination of natural frequencies. We shall also 
discuss network functions and frequency response. 


7.1 Natural Frequency 


Let a linear network be characterized by the set of equations, 
MX=N 


where M is a network matrix, X a vector of certain network variables and 
N an equivalent source vector (see chs, 3 and 4). We set all the indepen- 
dent sources to zero (i.e. open current sources and short voltage sources) 
and determine the jth network variable (for example jth mesh current or 
jth node voltage). The jth network variable is given by 


X= > A Ns (7:1) 
k 


where Xj; and N, are the jh and kth elements of the vectors Xi and N, 
respectively, A is the determinant and Aj the (j, k)th cofactor of M. 
N, consist of initial capacitor voltages and inductor currents. The 
determinant of M, being a polynomial in the Laplace variable s, can be 


written as 


A(s) = — nt (s—pi) 
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Inverse transforming eqn. 7.1 by partial fractions we have 
an 
x(t) = a hier! 
i = 


where k; are constants determined by the initial conditions. We can in 
general write the Z/R of a network variable x(t), either a current or a 
voltage, as 


x(t) = 3 Ra eh t (7.2) 


i = 

The constant p: depends on the network elements and the topology, and 
the constants k; depend, in addition, on the initial conditions. The con- 
stants pi, which may be complex, determine the natural response of the 
network and are called the natural frequencies of the network variable 
x(t). 

EXAMPLE 7.1 

Consider the network shown in Fig. 7.1. The differential equation for 


iis 


di = 
La +Ri = 0 


If i(0) is the initial current through the induc- 
tor, then 


Fig. 7.1 


i(t) = i(0) e—* RIL 
The natural frequency is —R/L. 
In eqn. 7.2 we have assumed that all the roots are simple. This need. 


not be the case. If the natural frequency pi is repeated m times and there 
are r distinct roots, then we can rewrite eqn. 7.2 as 


r ny; 
x(t)= & > ki th! epst (7.3) 
i=1 j=1 


and we say that p: is a natural frequency of order m of the network variable 
x. (There is one further assumption we have made in the foregoing 
discussion that Aj, and A have no common factors. If such a situation 
occurs, the network has some degenerate circuits and cut-sets. In most 
cases we have to find the minimum order differential equation satisfied by 
the network variable before we determine the natural frequencies. We do 
not discuss this point here, but we elaborate this point when we discuss 
the state-models of the networks.) 

We can extend the concept of natural frequency to the entire network. 
We say that py is a natural frequency of the netwerk if pis a natural 
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frequency of some voltage or current in the network. If pi(p; + 0) is a 
natural frequency of the current of a network element, then it is also the 
natural frequency of the voltage of that element and vice versa.. Asa 
consequence, in order to find the nonzero natural frequencies we may 
resort to any method of network analysis. For example consider the mesh 
equations. The mesh currents are given by 


In = Zm1Eg 
: _ AdjZm 
i.e. In = | Zm | E, 


Hence the nonzero natural frequencies of the network are given by the 
zeros (roots) of | Zm(s) |, (see eqn. 7.1). Itcan be shown that, but for 
the zeros at the origin, the zeros of the determinant A(s) are same for other 
methods of analysis. Hence we conclude that ‘the nonzero natural frequen- 
cies of a linear time invariant network are given by the nonzero roots of A(s), 
where A(s) is the determinant of the matrix of any of the network 
equations. 

Natural frequencies of simple networks can be written by inspection. 
For example, the natural frequency of networks shown in Fig. 7.1 is —R/L. 
It can be easily seen that the natural frequency of the networks in 
Fig. 7.2 (a), (b), (c) and (d) are —1/RC+j 1/V LC, —R/2L4+V/ R402— 
i/LC and —3 RCLV/ tR®C*—1/LC), respectively. It can be shown that 
the natural frequencies of RC and RL networks are all negative real and 
those of LC networks are imaginary. 


R L 
c c 
(a) (Dd) 


Fig. 7.2 
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A natural frequency p: = 0 of a network variable indicates that ZIR 
may contain a constant term. This situation may arise in two cases. 

Consider the network shown in Fig. 7.3. Let the network have a 
cut-set of capacitors as shown. In a network a particular distribution of 
: current and voltage can exist as long 
as the elemental voltages and currents 
satisfy KVL and KCL, respectively, 
and the voltage across and current 
through an element satisfy the termi- 
nal relation of the particular element. 
We claim that the network of Fig. 7.3 
has the following current and voltage 
distribution 


Fig. 7.3 ix = 0, k=1,2,...7 


where we have assumed that the network has 2 elements including the 
three capacitors in the cut-set. To justify our assertion we have to check 
terminal relations, KCL and KVL. All the currents in the network being 
zero, KCL is obviously satisfied. Since Vi = 0, k = 4, 5,...n, we have 
onlo to check elements 1, 2, 3 for terminal relations. The current through 
the capacitor C; is given by 


OE es 


Crh = Cr = 0 


at dt 


in accordance with the assertion. To check KVL we are only to see that 
any circuit of the network includes two of the capacitors C,, C, and C, or 
none at all. In the latter case KVL is obviously satisfied as all voltages 
are zero. In the former case, the two capacitor voltages are opposing 
each other in a circuit and hence KVL is satisfied. Thus we conclude 
that in a source-free network containing a cut-set of capacitors, there is 
a natural frequency p; = 0. Similarly, it can be shown that in a source- 
free network containing a circuit of inductors (Fig. 7.4) there is a natural 
frequency p; = 0 (prob. 7.2). 

The number of natural frequencies of a network is called the “Order 
of Complexity” of the network. The order of complexity of a network 
cannot exceed the number of energy storage elements in the network. The 
order of complexity is alsd equal to the number of independent initial 
conditions needed to determine uniquely all the voltages and currents in 
the network. The natural frequencies specify the general form of the ZIR 
of the network variables, i.e. the general form of the time-domain 
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Fig. 7.4 


behaviour of the network variable when excited by initial conditions. 
Thus the addition or deletion of independent sources to a network will 
not change its natural frequencies if the sources are so added as not to 
change the topology of the resultant network. (How can this be done?) 

The concept of natural frequency is fundamental to the understanding 
of the behaviour of a network. The excitation and the measurement of a 
natural frequency depend on its topology and the elemental values. If it 
has an internal natural frequency which cannot be measured at the 
external terminals of the network then we can conclude that there must be 
a cancellation of a factor, corresponding to this natural frequency, in the 
network function (i.e. Aj, and A have a common factor). This will be 
treated in detail in Appendix C. 


7.2 Network Functions 


A network function is defined as the ratio of the zero-state response to the 
input, both the response and the input expressed in Laplace domain. 
P R(s) 
i.e. H(s) = EG) 
Where s the Laplace variable (see Appendix B) is the complex frequency 
variable. 

$= o+jo 
and w is the real frequency in radians per second. The network function 
is the same as the transfer function defined in sec. 5.5. Here we reserve 
the name transfer function for a particular network function. We define 
two different sets of network functions. 


(i) Driving point function 


If the excitation and the response are measured at the same set of 
terminals, then the network function is called a driving point (DP) 
function. There are two DP functions: impedance and admittance. 
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Z4(s) = ol (DP impedance) 


i,(s) : 
‘Ydo(s) = —— (DP admittance 
Yap(s) V(s) ‘ ) 
From the definition of DP impedance and admittance it can be seen 


that 


1 
ease (7.4 
Yap(s) Zdp(S) ) 
i.e. the reciprocal of a DP function is another DP function. 
(ii) Transfer functions 


If the excitationand response are measured at different sets of terminals, 
then the corresponding network function is called a transfer function. 


Z2(s) = ae — Transfer impedance 


= 1,(s) ‘ 
Yals) = VAs) — Transfer admittance 


Vs) 
Vi(s) 


G(s) = ras —» Transfer current ratio 


G2(s) = 


— Transfer voltage ratio 


In the preceding relations we have used the second set ofiterminals as the 
terminals at which the response is measured and the first set as the excita- 
tion point. It can be observed from the definition of DP and transfer 
functions that for an impedance function excitation is a current source and 
response a voltage, and for an admittance function excitation a voltage 
source and response a current. 

For simple networks DP functions can be obtained by inspection. For 
example, consider the ladder network shown in Fig. 7.5. The DP impe- 
dance of the network is 


Fig. 7.5 
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1 
Zu(s) = 2,(s)+ 


yas)+ 


2,(s)+ 


y(s8)-+ ——_— 


i.e. the DP impedance of'a ladder can be written in the form ofia continued 
fraction expansion. Such an expansion is very useful in network synthesis 
(see ch. 12). 

For more complicated networks we haveto resort to the standard 
method of network analysis in order to find the network functions. (We 
elaborate on this when we discuss two-port parameters and indefinite 
admittance matrices.) 


EXAMPLE 7.2 


Find the voltage transfer ratio of the active network shown in Fig. 7.6. 
We solve this problem by writing node equations at nodes n, and Ag. 


At n;: NN 4 Vee, Va“ sc 0 
R R I 
i.e. V(2+sCR)—V,—V.—sCRV, = 0 


Fig. 7.6 
V.— 
At my: a5" +sC V,=0 
i.e. V, (14sCR)—V,=0 


The constraint imposed by the active element (voltage-controlled voltage 
source) is 
V2 = KY, 4 
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Combining this with the two node equations we have 


(V,/K) (1+sCR) (2+sCR)—V,—(V./K)—sCR V, = 0 
which yield 


Va hore oe St 
TV, ~ stC?R?+sCR G—K)+1 (7.5) 


7.3 Poles and Zeros 


Consider a linear time-invariant network. Let x(t) be the excitation and 
y(t) the response. Then, in general, we can express the relationship 
between the variables x(t) and y(t) in the form of a differential equation, 


~ (@np" +an-,p" + ...--aypt+ao) W(t) (7.6) 
= (bmp™ + bm_,p"1+...+b,p+59)x(t) 
i 
where pf() = & f 


The coefficients in this differential equation depend on the elements and 
the topology of network. Laplace transforming and rearranging (with 
all initial conditions assumed to be zero) we have 


Y(s) as bms" + bm_,s™} + ies +b,s+bp 


AG “X(s) Ans" + An—,$"-! +... +a,5+4d 
ie. Hy) = 2 (7.7) 


where p and q are polynomials in the complex frequency variable s. Thus 
we conclude that a network function is a rational function of s with real 
coefficients (see sec. 4.4). Alternatively, we can write eqn. 7.7 as 

m 

ma (s—zi) 

i=1 

H(s)=k = (7.8) 

. (s—pi) 


i= 


where k = bw/an is the scale factor, zi the complex frequency at which 
H(s) becomes zero, is called a zero of H(s) and p; the complex frequency at 
which H(s) becomes infinity is called a pole of H(s). The poles and zeros 
of a network function need not be distinct. The coefficients ofi the 
polynomials p(s) and q(s) being real any complex zeros and poles must 
appear in conjugate pairs. From eqn. 7.8 it is clear that any network 
function is completely specified by its poles and zeros and the scale 
factor. 
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EXAMPLE 7.3 
Consider the network shown in Fig. 7.7. Let x(t) be the input and 


y(t) (mesh current of the mesh IT) be the output. The mesh equations 


(the currents are assumed to be in clockwise direction) in integro- 
differential equation form are 


Ry Ly Ra 


Fig. 7.7 


a 


Mesh I x)= Ritl + a J G—y) at 


Mesh IT 0 = Ry+- as ydt+ = - J (y—i,) at 


where i, is the currentof mesh I. The second equation, after differentia- 
tion, can be written as 


Cc 
i= Rc, 2 y s(1+ rom \y 
Hence we have 
di, ay 
ar abi at aa 3 ortit+ @ 1) dt" 
di” _ ro, 4 (4+-@ 4) 
— ae a = dt? 
Differentiating the equation for mesh I, we have 
dx di, Mi, 1, 1 
ae ge et ae eG 
ituti ,, i and eh and rearranging we have, 
Substituting for 4, 7 ai 
d®y Cot } [ee + I \% 
dee tL RCC.t Ly, it ae tLRLCG tLG Sat 
] dx 


T RLGC RCE? = RG dt 
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which is of the form of eqn. 7.6. The transfer function (assuming 
L,= Rk, = C, = C, = 1, and R, = 2) is 

Ss 

MG) = Sy aseSspi 


s 
~ (S+0.2451)(s?+3.7549s+4.0797) 


The poles and zeros of a network function can be represented by a 
pole-zero plot. For example the pole-zero plot of the network function of 
example 7.3 is shown in Fig. 7.8. In the figure X represents a pole and 0 
a zero. 


Fig. 7.8 


If x(t) and y(t) are measured at the same set of terminals in eqn. 7.6 
then H(s).in eqn. 7.7 would be a driving point function. Without loss of 
generality we assume that x(t) is current, and the response y(t) is voltage. 


Then 


i.e. qs) Vis) = p(s) Ks) 


If we make the current x(t) go to zero, i.e. the network is being tested 
under open circuit conditions, then the zero input voltage response is 


governed by the equation 


qs) Vis) = 0 
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Hence the natural frequencies of the voltage response are determined by 
the roots of the equation, 


as) = 0 


Thus the roots of g(s) are the natural frequencies of the network under 
open circuit conditions and are called the open-circuit natural Srequencies 
(OCNF). On the other hand if we make the voltage y(t) go to zero, i.e. 
the network is being tested under short circuit conditions, then the zero 
input current response is governed by the equation 


Ps) Ks) = 0 


and the natural frequencies of the current response are determined by the 
roots of the equation 


p(s) =0 


Hence the roots of p(s) are called the short-circuit natural frequencies 
(SCNF). Of course, we could have carried out the discussion starting 
from an admittance function. Thus we conclude: ‘The poles (zeros) of 
an impedance (admittances) function are the open-circuit natural frequen- 
cies and the zeros (poles) of the impedance (admittance) are the short- 
circuit natural frequencies of the network.’ 

For simple networks open- and short-circuit natural frequencies can be 
determined by inspection and then the input impedance or admittance can 
be determined. The following examples illustrate the method. 


EXAMPLE 7.4 


We are required to find the OCNF, SCNF and the input impedance of 
the network shown in Fig. 7.9(a). 


Fig. 7.9 


Under open eireuit condition the inductor of 1 H does not come into 
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the calculation of the natural frequency. The LC parallel combination 
yields two natural frequencies s, and s, given by 


j . it 

Jix4 V8 
Under short-circuit condition the network reduces to the one shown in 
Fig. 7.9 (b). There is a circuit of inductors yielding a natural frequency 


Pi = 0. The short-circuited network reduces to the one shown in 
Fig. 7.9 (e) yielding two natural frequencies p,, ps; 


Py P= + po = tI VSB 
($2 


51, Sg = 


j 
OCNF: 5), 55 = + ——= 
4/8 
SCNF: p, = 0, po, Ps = + iV'5/8 


Hence Zi = ik (s—p,) (s—pz) (S— Ps) 
(s—s,) (s—s2) 
= 5(s44+-5/8) 
(s?-+1/8) 

where k is a constant we have to determine. Zi, tends to 5ks ass > 0. 
As s -> 0 the network of Fig. 7.9 (a) tends to the one shown in Fig. 7.9 (d) 
as the capacitor acts like an open circuit and the impedance of network is 
5s. Hencek = 1. The input impedance is, 
s(s? +5/8) 


ae (s?+1/8) | 


EXAMPLE 7.5 


We are required to find the input admittance of the network shown in 
Fig. 7.10. 


aay 


Fig. 7.10 
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Under open-circuit condition, there exists a cut-set of capacitors yields 
ing a natural frequency s, = 0. On combining the two series capacitors 
we get the network in Fig. 7.10(b). The natural frequencies are 


1 1 I 
a st ae — te = Tt sit. 
Under short-circuit conditions the first capacitor does not contribute to 


the natural frequency of the network. The reduced network is shown in 
Fig. 7.10 (c). The natural frequencies are 


Pi Pp = —t4tj ee 
OCNF: s, = 0, 5,55 = -—lL4jl 
SCNF: px, Py = 4 + jV3/2 


1 6-5) (s— 89) (5— 54) 
(s—p,) (s—p3) 
5(s?-+25+2) 
(s*+s+1) 


Hence Yin = 


aa k 


yin tends to 2ks as s > 0. 


As s -» 0 the network of Fig. 7.10(a) tends to the one shown in 
Fig. 7.10(d) whose admittance is 2s. Hence k = 1 


__ S(s*+2s+2) 
Yn = St s+1) 


Since the natural response of a passive network must decrease to zero 
with time as the energy initially stored in the network dissipates gradually 
through the resistors in the form of heat, the poles and zeros of a DP func- 
tion of such a network must have negative real parts. However, in the 
case of lossless (i.e. LC) networks the stored energy is conserved and the 
poles and zeros are on the imaginery axis. Hence we conclude that: ‘The 
poles and zeros of a passive DP function are restricted to the left half of 
the complex frequency plane (LHP).’ . 

If the poles of the impedance function (the open-circuit natural 
frequencies) are restricted to the LHP but the zeros (the short circuit 
natural frequencies) are not, the natural response (current response) of the 
network will not die out when the network is under short-circuit condition. 
We say that such a network is open-circuit stable but short-circuit unstable. 
Such networks should not be driven by a voltage source as it has low 
internal impedance, On the other hand if the zeros of impedance func- 
tions are restricted to the LHP but not the poles, the network is short- 
circuit stable but open-circuit unstable. Such networks should not be 
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driven by a current source as it has a large internal impedance. Of course, 
a passive immittance is both open circuit and short circuit stable. 

If in eqn. 7.6 x(t) and y(t) are measured at different sets of terminals 
then H(s) in eqn. 7.7 will be the transfer function. Without loss of 
generality if we assume that both x(t) and y(t) are voltages, then 


H(s) = G(s) = p(s)/q(s) 


If the excitation x(t) is set to zero, then the natural response of the network 
is given by 


n 
y(t) = & ci erst 
jal 


where pi are the poles of H(s) and ci are constants determined by the 
initial conditions. For a stable network the poles must be restricted to 
the left half plane. Hence we conclude that ‘The poles of the transfer 
function of a stable network are restricted to the left half of the s-plane’. 
In particular the poles of the transfer function of passive networks are 
restricted to the left half plane, as passive networks are always stable. On 
the other hand active networks are not always stable, which can be 
demonstrated by studying eqn. 7.5. In eqn. 7.5, if K>3 _ the 
network is unstable. Also the natural frequencies, the poles of the 
network function, depend on the active parameter K. 

Now that the reciprocal of a transfer function is not, in general, a 
network function there is no restriction on the zeros of the transfer 
function. The zeros can be anywhere in the complex plane. The zeros 
of a transfer function are called the transmission zeros. 

Consider the ladder network shown in Fig. 7.5. Let the impedance 
Zo-, have a pole at the freqnency si. At this frequency the series arm 
corresponding to 2,i-; is open and thus creates a transmission zero at 
s = si. Let the admittance yy have a pole at the frequency pi. At this 
frequency the shunt arm corresponding to y, is a short and thus creates 
a transmission zero at s = pi. Hence we conclude: ‘The transmission 
zeros Of a ladder network can only exist at the pole frequencies of the 
series impedances and the shunt admittances.’ If we have a passive ladder 
then all the transmission zeros are restricted to the left half plane. There 
is one restriction on the creation of transmission zeros by the poles of 
Zqi-, and y,i. -If the impedance looking to the right of zy_,, i.e. to the 
output end, has a pole ats = sj, then the pole s; of zy_, is not a trans- 
mission zero. Similarly, if the admittance looking to the right of y,i_,, 
i.e. to the output end, has a pole at s = pj, then the pole p, of yazis not a 
transmission zero (prob. 7.12). 
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Filter networks can be classified by the location of their transmission 
zeros, If all the transmission zeros are at infinity, then the network is a 
low-pass network and if the transmission zeros are at the origin, then the 
network is a high-pass network. A band-pass network has some of its 
transmission zeros at the origin and others at infinity, A ladder network 
with series inductors’ and shunt capacitors is a low-pass network and a 
ladder network with series capacitors and shunt inductors is a high-pass 
network. 


7.4 Time Response 


Consider the network shown in Fig. 7.11. The current response in 
Laplace domain is given by 


_ _Us) 
KS) = TERI 
The pole of the admittance function is at 
s = —R/L 


and the response to a unit impulse voltage 
input is 


Fig. 7.11 


i(t) = + e—RtUL 


The response to a unit step input is 
i(t) = = [ T—e—RUL | u(t) 


But for a constant multiplier the impulse and step responses of the network 


are 
e—RiLand t—e—RI/L 


respectively. This illustrates that the impulse and step responses can be 
correlated with the location of the poles of the network function. 

Figure 7.12 and Table 7.1 give the impulse and the step responses for 
several pole locations. Response curves of Fig. 7.12 (a), (b), (c) and (d) 
correspond to stable networks and those of (f) and (g) unstable networks. 
The response of Fig. (e) is that of an oscillatory (LC) network and is 
marginally stable. The pole locations of Fig. 7.12 (a) is for an overdamped 
network) (Q < 1/2) and that of Fig. (c) corresponds to a critically damped 
system (Q = 1/2). The network corresponding to Fig. (d) is an under- 
damped (Q > 1/2, ringing circuit) network. Of course Q for the network 
corresponding to Fig. (e) is infinity (zero damping). 

The presence of finite zeros will change the time response. (The zeros 
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for the networks corresponding to Fig. 7.12 are all assumed to be at 


‘infinity.’) 
hit) S(t) 
t t 
(a) 
n(t) Sit) 
ate 
-@ 
o 
. 6 ‘ 
Jw w(t) S(t) 
-a Ls 
t (©) : t 


nt) 
S(t) 
t CS 2 
(d) 
t 
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hit) Sit) 
{#) 


(fF) 


4 hit) Sit) 


Fig. 7.12 
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Table 7.1 
Poles A(t) s(t) 
s= —-@, 28 1 —pt_ —at ie | 1 
Fig. 7-12(a) T—8) [ F . |uo ae (+ ay 
en! ad) 
x [ A u(t) 
Fig. 7.12(b) eT u(t) ral 1-e7* |udty 
= —h, — al = 
Fig. 7.13 © te ult) ant e ae acre 
x u(t) 
s = —a, +6 1 eosin Br u(t 1 —at 
Fig. 7.12 (4) 5 Br u(s) aig tt) — oe 
x [ cos @r+ - Sin Bt ico) 
§ = + jog carers t u(t) ify t | u(t) 
Fig. 7.12 (e) ® 0 ot [ —COS 9 |e 
Fig. ati D — e@ sin Bt u(t) 1 () — ext 
x [ cos pr — $ sin Bt | u(t) 
Fig. 7.12 (g) e* u(t) a [ ef 1 | u(t) 


7.5 Frequency Response 


Consider the network shown in Fig. 7.13. The transfer function - of: the 
R network is 


+ + A(s) = 1/(1+s) 
? : Let s = jo, where w = 2nf and f the 
1 


\. frequency in Hz. Then 


H(jo) = = | H(a) | eM) 


a 
I+jo! 
Fig. 7.13. The magnitude | H(«) | is 


| He) | = a] eae 


and the phase is 
(o) = —tano. 
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Figure 7.14 shows the plot of the magnitude and phase as function of the 
radian frequency ». These curves give the frequency response of the 
network. As can be observed from the figure the network passes lower 
frequency signals with little attenuation and high frequency signals with 
a. large attenuation (low-pass filter) and the phase becomes progressively 
__ more lagging. 


Let A(s) = nae 


$ &) 


et aed 


Fig. 7.14 
be any network function. Then 
, P( jw) 
H(jo) = ey 7.9 
Ge) gj) (7.9) 


is the frequency response of the network. The frequency response jof the 
network is the value of the network function evaluated on the imaginary 
axis (real frequency axis) of the complex s-plane. The frequency response 
is in general complex and hence can be written as 


H(jo) = | H(jo) | d(+) (7.10) 


Most often the frequency response curves are plotted with frequency (» or 
f) represented on logarithmic scale. To this end we define 


H(w) = 20 log | H(je) | 
and $() = Zp(jw)— Lg ju) (7.11) 


The units for H(w) are the decibels (dB). The plots of (H») and ¢() or 
equivalently H(f) and ¢(f) vs. log w or log fare called the Bode plots 
(Appendix D). There are other methods of representing the frequency 


response (polar plots Nyquist plots). 
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Figure 7.15 shows typical Bode magnitude plots for LP and HP 
networks. 


18) 
log w lag w 
H(o) 
indb nae 
Fig. 7.15 


Most of the filter specifications are generally given in the frequency 
domain, i.e. a filter is specified by its frequency response. Indeed, the 
classification of filters is based on their frequency response. From sec. 7.4 
and 7.5 it is obvious that the time and frequency responses are correlated 
with the pole-zero pattern. The main concern of the approximation 
problem, which is a prelude to network synthesis and filter design, is to 
obtain the poles and zeros of a network function which satisfy the specified 
frequency or time response. This problem will be discussed in ch. 13. 


PROBLEMS 


7.1. Find the natural frequencies of the network shown in Fig. P .7.1. 


Bod) 


(a) (b) 
Fig. P. 7.1 


7.2 Show that a network containing a circuit of inductors can support a natural 
frequency at p; = 0. 
7.3 The natural frequencies of a linear time-invariant network are given by: 
(a) sy = —2, 5. = —3 
(6) 8; = Sg = —2 
() 8 = 2j, sg = —2) 
(d) 8, = —24j3, Sg = —2—j3 
Give expressions for the zero input response in terms of real time functions. 
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7.4 Calculate the driving point impedance of the networks shown in Fig. F. 7.4 und 
plot their pole zero diagrams. 


Fig P. 7.4 
7.5 Find the voltage transfer function of the network shown in Fig. P. 7.5. 


Fig. P. 7.5 


7.6 The pole-zero plot of a voltage transfer function is shown in Fig. P. 7.6. The 
dc gain is to be 10, Find the transfer function. 


~3, ~2 154 -1 Ss 
? i 


8 | 
$.------- *------ 4-1 


Fig. P. 7.6 
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7.7 Fig. P. 7.7 shows an infinite resistive ladder. Find the input resistance of the 
ladder, 


Fig. P. 7.7 
7.8 Find the input impedance of the network shown in Fig. P. 7.8. 
1 2 2 


7.9 Which of these functions are seit caaléh short circuit stable ? 
20) = Gory? 2 ="Gaer) 
20) = Gansta 20 = era) 
ro $82, n= State 


7.10 Find the open circuit and short circuit natural frequencies of the networks 
shown in Fig. P. 7.10 and thus find their input impedances, 


(b) 


(C) 
Fig. P. 7.10 
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7.11 Find the open circuit and short circuit natural frequencies of the networks 
shown in Fig. P. 7.11 and thus find the input admittances. 


1 
1 * 
1 
' 1 
1 1 
(a) 


(b) 


7.12 Consider the network shown in Fig. P. 7.12. Show that a transmission zero 
exists at a pole frequency of z, if, and only if z, does not have the same pole 
frequency. 


zy 


Fig. P. 7.12 


7.13 Plot the impulse end step responses of networks with ,pole-zero pattern shown 
in Fig. P. 7.13. 
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Pig. P. 7.13 


7.14 Find the frequency response of the network shown in Fig. P. 7.14. 
1 


Fig. P. 7.14 


7.15 Find the magnitude and phase plots of the transfer function. 
s#42 


Ha) = —s40.is+1_ 


8 


Two-Port Networks 


In many applications of electric networks a pair of terminals is designated 
as the input terminals and another pair of terminals as the output 
terminals. If we consider an audio amplifier, we can designate the 
microphone end and the speaker end as the input and the output terminals, 
respectively. ‘The nodes internal to the amplifier itself are of secondary 
importance. In this case, the amplifier is considered as a block. Of 
course, we can think of systems which are made up of a number of such 
blocks. Each block is characterized by relationships between its terminal 
currents and voltages. 

A pair of terminals, such that the current entering one of the terminals 
is the same as the current leaving the 
other, is designated as a ‘‘port’’ (see 
ch. 1). Fig. 8.1 shows a one-port (or 
two terminal) network, which is 
characterized by its driving point 
impedance or admittance function (see 


Fig. 8.1 sec. 7.2). 
V; 1 
ca aaa Aine 


A two-port network has two accessible terminal pairs, i.e. there are two 
pairs of terminals which can be used as input and output ports. Fig. 8.2 
shows a two-port network which acts as a low-pass filter. 

The study of two-port networks is very important, as they from the 
building blocks of most of the electric systems. Fig. 8.4 shows a general 
two-port and the standard convention adopted in designation the terminal 
voltage and currents. 


8.1 Two-port Parameters 


There are a number of methods of characterizing a two-port network. Of 
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ro“ 
’ ‘atoms i 
4 
at + ~~ 
“v5 2 a gris 
a. £ 4 St, 
H Ww Ps ald T 
t 
Gi iewres eS | 
Fig. 8.2 
Vg 
1 »2 
Port 1 V2 Port2 
1 —0 2) 


Fig. 8.3 


the four variables V,, I,, V, and J,, any two can be considered as indepen- 
dent variables and the other two as dependent variables. Hence, in all 
we have 6 different methods of choosing the independent variable. 
There is a seventh set—the scattering parameters. But these parameters 
are defined analogous to a transmission line, and we will not consider 
them here (see Appendix E). 


8.1.1 IMPEDANCE PARAMETERS 


If we choose J, and J, as the independent variables, then we can charac- 
terize the network by the following set of equations, 


Pad ; 
= ° 1 
V, Zo. Zee I, oe 


71 212 
where Zoc = (8.2) 


Ze1 229 


is the impedance matrix of the two-port. From eqn. 8.1 we observe that 
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st pare 
“a” 1h -|h= 0, “? ~ hl i=0 
(8.3) 
Zz aa Zee = Vs 
a I, i, = 0, a I, I,=0 


All these parameters are measured under open-circuit conditions. Hence, 
this set of parameters is called open-circuit impedance parameters. 7, and 
Zg2 are driving point impedances, and z,, and z,, are transfer impedances. 
If the two-port under consideration is reciprocal, then 


EXAMPLE 8.1 
The equivalent circuit of Fig. 8.4 shows a common base transistor. 
The following are the open-circuit parameters: 


a= - | agree 
a 7 =p 

Za - | ee ro+are 
70 = a pag 


This clearly is not a reciprocal network. 


8.1.2 ADMITTANCE PARAMETERS 


If we choose V, and V, as independent variables, we can characterize the 
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network by 
| - " a) i (8.4) 
I, Yor Vee V, 
. Yu Sar 
where Yse = | (8.5) 
Voy YV20 
is the admittance matrix of the two-port. From eqn. 8.4 we have 
Jy shi pepe | 
Ju = Vi, Vv, = 0, Yu = Vo V,=0 


(8.6) 


VY, =0 

All the y-parameters are measured under short-circuit conditions, and 
hence these parameters are called short-cicruit admittance parameters. Yu 
and y9o are driving point admittances, and y,, and y., are transfer admit- 
tances. For a reciprocal network 


Vig = Ya 


am Js is ate 
ya = V; amr Je = V; 


EXAMPLE 8.2 


Consider the common base transistor shown in Fig. 8.4. The networks 
corresponding to eqn. (8.6) and the expressions for the y-parameters are 
shown below. 


we Je 
Yu = Vv. |\Ve=0 


- L 
~ (@re+re)—{(re+ re) (ret+r)/ro} 


te {(rot re) (rebre) (rob are)} 
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Ie: 
ya Te \Ve=0 
= 1 
_ (oret+ro)rs 
(r. c+Pb) reds 
Example 8.2 


8.1.3 TRANSMISSION PARAMETERS 


If we consider V, and J, as the independent variables, then we can write 
V; A B V2 
= (8.7) 
h C D may A 


A B 
where T= (8.8) 
C D 


is the Transmission Parameter matrix of the two-port. Note that here 
—J, is used instead of J,. From eqn. 8.7 we observe that 


re. en a 
> V3 fy = 0, 7 —Ts Vz = 0 
(8.9) 
ee) a __A 
7 Ve |, =0, Cn Sy, ly, <0 


Aand C are measured under open-circuit conditions, and Band D are 
measured under short-circuit conditions. A and D are dimensionless; B 
has the dimensions of an impedance and C that of an admittance. For a 
reciprocal network 

AD—BC = 1 


EXAMPLE 8.3 


We will find the transmission parameter of the common base transistor. 
The circuits for the evaluation of parameters are shown along with. 


Avs Ve = re+-rp 
Ve Te = 0 Ore+rs 
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Ve 
i= —I, Ve = 0 
= (re+ro) (retro) 
ret (arc+re) 
I. 
c = Ve. I; = 0 
Leas ae 
 Oc-Ere 
I. 
oe |e 
 Jctlo 
Orc+To 
Example 8.3 


If we consider V, and J, as independent variables, we can define a new set 


of parameters as 
Va A’ B' Vi, 
= (8.10) 
I, Cc’ D' —I, 


A , B’ 
where T’ = (8.11) 
Cc’ Dp 


is the reverse transmission matrix of the two-port. From eqn. 8.10 we 
have 


’ Ve ro i, 
a Vy i = 0, is —T, V;, = 0 
(8.12) 
Ca uf | 
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As before A’ and D’ are dimensionless, B’ is an impedance and C’ an 
admittance. 


8.1.4 Hysrip PARAMETERS 


Let J, and V, be the independent variables. Then the network is 


characterised by 
I; hay Ita Ve 


where 
hy kh 
H= 2 ‘| (8.14) 
ha Age 
is the hybrid matrix of the network. Equation 8.13 yields 
a mele | 
u= 7 |,=0, "KH 1h=0 
(8.15) 
I, —_ 2 | 
m= |y,=0, "7, [n= 


hy, and hg, are measured under short circuit conditions, hy, and hye are 
measured under open circuit conditions fy, and hy, are dimensionless 
parameters, whereas f,, is an impedance and fy, an admittance. 
For a reciprocal network 


hy = —hyy 
EXAMPLE 8.4 


Consider the same common base transistor of Fig. 8.4. 


Ve 
hu Fi i Ve = 0 
ere+lo 
Skee maar =o 
Ve 
has ~ ¢ Ie = 0 
i 


Tet+Tlo 
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lia = + Ve = 
_ lobare 
re+Tro 
hea = -~-| Ie = 0 
1 
re+lb 


Example 8.4 


The hybrid parameters are the most commonly used ones in transistor 
circuit theory. The notations generally employed are different from the 
ones used here. For the common base configuration the notations used, 
h» (input impedance) h,5 (reverse transmission), fy (forward trans- 
mission) and fos (output admittance) correspond to /y1, Aya, Ao and hee, 
respectively. Inthe former notation the second subscript corresponds 
to the configuration under consideration. Similarly, the parameters for 
a common emitter configuration are hie, hre, hfe and hoe. respectively. 


By selecting V, and J, as independent parameters we can define the 
sixth set of parameters as 


J-[e]th] a 
Ve 8a, 822 I; 


&. 
where G= nite tae (8.17) 
8a S22 


is the inverse hybrid or g-parameters of the network 


1.1.5 INTERRELATIONSHIP AMONG PARAMETERS 


Though we have defined six different sets of parameters, these parameters 
are all interrelated. From eqns. 8.1 and 8.4 it is seen that 


Zoe = Y,> 


i.e. Zy = a +23, = ie 
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21 = ae Ja = Ay 


where Ay is the determinant of Y;:. Observe that Vy F U/zy. 


Consider eqn. 8.7. This can be rewritten as 


fete J-[e2) 15. J 


; 0 —A a Vy 
or 
0 tf -—cC D I, 
Vs =0 
I; 
On rearranging the matrix we have 
1 —A 0 B Vy 
k —C 1 a Ve | 
I, 
I; 


en ceed aa ees 
*  [Ay-b Pla 2) 


On simplifying this we have 


[ A  AD—BC 
mn) tee is 
V; wen Wel I; 
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D 
229 = rom (8.19) 


which gives the relationship between impedance and transmission para- 
meters; similarly the relationship between the other sets of parameters 
can be derived. Table 8.1 gives these relationships. 

If we are considering a finite lumped linear network, then all the 
parameters are real rational functions of the complex frequency 


variable s. 


EXAMPLE 8.5 
Figure 8.5 shows a passive RLC 1 
network. We are required to find Z, os : 
Y, T and H parameters. ‘ F V2 
We find y parameters directly , 
and then use the table to find the 


other parameters. Fig. 8.5 
_ A = T __ss8+2s 
sea 79 (ea ala a ES aia 7 


a 2 +3s+1 
S(s+1) 
i oe tt Ate eae s 
eB Val A= O07 7 T+ ifs SF 


Yar = Vy. (the network is reciprocal) 


s?*+42s __s 
Hence Y = stl s+ 
Ry 357+-35-+-1 


s+1 s(s+T) 


Now we can find Z, T and H matrices from Table 8.1. 
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TABLE 8.1 
z y T H Reciprocity 
° Yee yu | A Ar An fis 
x 211 13 Ay y Cc Cc hee hes z z. 
32 = Zar 
aya Yu 1 DPD | man ] 
22 7 | Ay Cc C | hee hee 
Zen i148 D _AT) 1 thus 
Y Az Az | 7 wa) oe B hu Au 
Jig = Yur 
ie ae ml Af fn | AH 
Az Az Jar 22 B B Iyy Ay 
211 Az —Y22 —1 A B aA shu 
Zu —e h 
Tr Za Za 22 Jer fin ” AD—BC =1 
I. zog | ~Av —yu Cc D ahaa me 
Zon 231 yu yar au 7 
ae ee | ee 
H 293 Z23 vu Ju D Iys = Igy 
—zn 1] yn Ay 1 iS h hea | 
Z22 Z22 Ju Vu D D = 
3s?-+-5s+2 
os cee ad 
— 2a _ G8t3stl) _ (stl) __ 
7a = “Ay Ss+1)  — 3s*+5s+2 
_ _3s*4+3s+1 
~ s(3s?+5s+2) 
oe J, (8°25) _ 
“22 Ay 3s?-++-5s+2 
_ pL CS 
71a = 701 "Ky 359+ 5s-+2 
s*+3stl) ss 
8(3s?-+5s+2) 3s*+5s4+2 
Hence r = s (s?-+-2s) 


3°4+5s+2 — 3s*4-5s+2 
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Similarly, 
3s°7+3s+1 s+] 
oS 
3s? test? s42 
Stl sail 
242 2 
and H= ies aes 
1 = 3s? 5s+2 


~"s+2  (s?+2s) 


8.1.6 LADDER NETWORKS 


From the previous example it is clear that the evaluation of the two-port 
parameters is rather involved, especially when the network is complicated. 
Sometimes it may be advantageous to use the special property of network 
structure in evaluating the parameters. For example, consider the 
ladder network shown in Fig. 8.6. The driving point impedance of the 


Fig. 8.6 


ladder is given by the continued fraction expansions (see sec. 7.2) The 
transmission parameters for this ladder are: 


A = 142,(¥2tYat Ve) + 23(¥a +6) + 25¥ e+ 2128) at Ye) 


+242 Va tet 2azsVavet2120%5 (V2 Ya Je) (8.20) 
aA 
B = OYe = “1 +2, + 75 + 773)’ +7, (4a) + =975V4 23747 5VeVe 
0A 
C= az, Vet Vet Vot 3 Vet Ie) +26(atI) Yat 07a We 
oB 


| 


== 1423 Vet2s(VotYe) +23 25 Vo Ve 
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For an n-section ladder in general 
se 5 7 C= a DS (8.21) 


From eqn. 8.21 it is clear that once we write A parameter for a ladder 
we can determine B, C, D and all the Z, Y and H parameters by mere 
inspection. Based on eqn. 8.20 certain simple rules to write A parameters 
can be formulated (see prob. 8.8). Another well-known method to write 
A parameter is the so-called unit voltage method introduced by Guillemin. 
We illustrate the method by considering the ladder ofi Fig. 8.7. 


Fig. 8.7 


Let Vz = I-volt 
Ty = Va = Yor Ty = I 
Va = Vet2Z5ls = 1+25Ye 
Ig = Ya Va = VetZ5 Yo Vn Ie = Lets 
Vo = Vat Zg = 1+25Ye+Za(VatZVeVat Ye) 
= 1429(YetVe)t25YetZa25Ve 
Tq = Ya Vo = VatZ(Ve + Ye) VatZsVoVetZs25VoVae 
i, = 1,+/s 
V, = Voth 2, 
= 142, ygt+¥o) +25 VotZsZ5VeVat 21 (YatZs (VatYe) VotZsVere 
+2525 VoVVat VetYet2sVoVe} 


Hence 


is o = Vi = 1425¥etza(Yet Ye) +21 Vat Vat Ye) +2570VIe 
2 


+25 2\(VatYe) YotZaZVa (Vat Ve) +212575VaVeVe 
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Many of the active filter structures are obtained by embedding an 
operational amplifier in a pseudo ladder structure. The transfer function 
(1/A) of the active network can also be derived by the unit voltage 
method. To illustrate this we consider the structure of Fig. 8.2 which is 
repeated here for convenience. 


Let Vz = 1 volt. The voltage at point a, Va, is V,/K, i.e. 1/K. The 
current entering the operational amplifier is zero (ideally it has infinite 
input impedance). 


Hence 


Ia = Va sC, = 5. 


The voltage at b is 
Ve = Va +Ja R, 


1 1 1 
= Kx + K SC, R, = K (l+scC, Ry) 


The current Jp is 


Ip = (Vo—V,) sC, 


= lx (t+sC, R,)—1 |sc 


= UG RINK 5c 


From Kirchhoff’s Law at node b, 
i, = In+TIo 


C. I+sC, R,)—-K 
= Hp + Mes Re J sc, 


Two-Port Networks 201 
— Sat[(+sC,'R,)—K] sc, 
K 
Finally, 
V, = Vet, Ry 
ee x (1+sC, Ry) + Soret sGy RE) SC R, 


or 


V, = (1+sC, Re) +sC, Aut sCs R, [1+sC, R.—K] 


Hence we have 


ies K/C,CoR,R 
Vin le Jt e)-cE 7 | 1 
stl]? (z +R) GR “-) |'+Gerr, 


If R,= R, = Rand C, = C, = C, we have (see example 7.2) 


ML es we I ts 
V; SCR? +(3—K) s+1 


8.2 Interconnection of Two-ports 


From elementary circuit theory we know that the overall resistance (con- 
ductance) of a series (parallel) connection of resistors is the sum of the 
individual resistances (conductances). Indeed, we can generalize this 
result to one-port impedances 


where Z is the equivalent impedance of a series connection of impedances 
z,,i = 1, , and 


where Y is the equivalent admittance of a parallel connection of admit- 
tances y,, i = 1,7. In this section we study the interconnection of two- 


ports. 
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8.2.1 Series CONNECTION 


in the series connection of two-ports the inputs andthe outputs of the two- 
ports are connected in series individually, as shown in Fig. 8.8. 


Fig. 8.8 


The constraints imposed by the interconnection are: 
= Ie= Tp, Vi =Vyat Vp 
I, = Ta 1 Typ, Ve = VootVio (8.22) 
Hence, we have 


Z = ZatZp (8.23) 
where Z is the open-circuit impedance matrix of the interconnected two- 
ports, and Z, and Z» are the impedance matrices of the individual two- 
ports Na and Np, respectively. For eqn. 8.23 to hold good the constraints 
imposed by eqn. 8.22 must be satisfied. For these conditions to be 
satisfied, V2, and Vea in Fig. 8.9 must be identically zero. 


Fig. 8.9 


8.2.2 PARALLEL CONNECTION 


If the inputs and outputs of the individual two-ports are connected in 
in parallel, the overall connection is called the parallel connection of two- 
ports (Fig. 8.10). 
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Fig. 8.10 


The constraints imposed by the interconnection are: 
V,; = Vira = Vib, i, = Tatty» 
Ve = Voa = Veo, Ip = That Top 
Then the overall admittance matrix of the interconnected two-ports (Y) 


is the sum of the two admittance matrices Ya and Ys of Na and Nb, 
respectively, i.e. 


(8.24) 


Y= YatYo (8.25) 


To check the validity of the constraints in eqn. 8.25, which must be 
satisfied for equation to be true, consider Fig. 8.11. Here Vas and Vea 
must be zero. 


Fig. 8.11 


8.2.3. CASCADE CONNECTIONS 


If the connection of the two-ports is such that the output of one is the 
input to the other (Fig. 8.12) then it is known as the cascade connection. 


lta Naa Nb _, '2b 


vy Vab Va 
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The constraints imposed by the interconnection are: 
Vi = Via, Ta id h, Tea SS mn hy 
Vz = Vop, Tp = Tq, Via = Vip 


It can be easily shown that the transmission matrix of the overall network 
is the product of the transmission matrices of the individual networks. 


i.e. T=T,.Ts (8.26) 
Of course, there are other possible interconnections of two-ports, also. 
(a) Inputs in series—outputs in parallel, 
Hi = Hat+Ho 


where H, and Hp are the hybrid matrices of Na and No, respectively, 
and His the hybrid matrix of the combination. 


(b) Inputs in parallel—outputs in series, 
G = Ga+Gp 
where G, and G» are the inverse hybrid matrices of N, and Ns, 
respectively, and G that of the combination. 
8.3 Equivalent Networks 
Consider the network shown in Fig. 8.13 and 8.14. The driving point 


4 
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impedance of the two networks Nz and Ny shown in Fig., 8.13 are both 
given by 


Zin = 10 


As a consequesice the impedance matrix of the two networks Na and Ne 
of Fig. 8.14 is given by 


R,+1 1 
Z= 
1 R,+1 


In both cases the network N, is equivalent to No. 


Two one-port networks are said to be equivalent if they have the 
same driving point impedance or admittance. Two two-port networks 
are said to be equivalent if their two-port parameters are identical. In 
this section we drive a few equivalent circuits for two ports. 


From eqn. 8.1 we have 
Vi = 2 I, +212 I, 
Vz = 231 T,+292 i, (8.27) 


A two-controlled source equivallent of this two-port is shown in Fig 8.15. 
If the two-port network has a common terminal (i.e. port 1 and port 2 
have a common terminal), then in the equivalent circuit also port 1 and 
port 2 have a common terminal (broken line in Fig. 8.15). We can 


Fig. 8.15 


rewrite eqn. 8.27 as 
Vy = (211—-19) h+Zy (4, +/2) 
Vs == (Ze2—2Zy2) 12+(Z21—Z12) A+ 212 (+/,) 


which yields the equivalent circuit shown in Fig. 8.16. This is a single- 
controlled source model of a two-port. If, in addition, the two-port is 
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Za2- 2120 (Zay- Za) hy 


Fig. 8.16 


reciprocal (2,3 = Z,1), the equivalent network reduces to the one shown 


in Fig. 8.17, which is the T-equivalent of a common ground (or terminal) 
two-port. 


Fig. 8.17 


We can obtain another set of equivalent networks starting from the 
y parameter. Fig. 8.18 shows these equivalent networks—(a) the general 
equivalent, (b) the single controlled source model for a common ground 


~Yoa 


| 
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network, and (c) the z-equivalent of a reciprocal two-port network. 

If we consider an electronic component like operational amplifier it 
is generally made up of a cascade of a number of individual components 
and the actual analysis of the overall network is rather involved. A 
common method employed is to generate equivalent ‘networks for the 
individual components and analyse them as two (or three) ports and then 
find the overall network terminal relations by applying the principles of 
interconnections developed in this chapter. 

The concept of equivalent network is basic to the analysis and synthe- 
sis of electric networks, In the analysis of electronic circuits, the active 
components are replaced by their equivalent circuits and the resulting 
network is then analysed. In ch. 15 we develop the equivalent network 
of an operational amplifier. 


PROBLEMS 


8.1 Find the impedance, admittance, hybrid and transmission matrices for the 
network shown in Fig. P. 8.1. 


(a) 


Fig. P. 8.1 


8.2 Derive the relationship between the admitance and transmission parameters. 
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8.3 Show that the input impedance of a two-port terminated in a load Z, is bilinear 
in Zi. 


8.4 A simplified linear 4-parametcr equivalent circuit of a common emitter transistor 
is shown in Fig. P. 8.4. Two such transistors are connected in cascade and 
the combination is terminated in aload of 10 &Q. Find the voltage transfer 
ratio. 


hy,= 10° 9 r) ha,=107 ’ hax 10° 
Fig. P. 8.4 


8.5 A two-port network is terminated in an impedaoce Z,. Show that 


(this is called Vratsanov's theorem). Also show that 


A Zin ses 9C (2 \ 
az; : 


8.6 Fig. P. 8.6 shows a terminated two-port network. Obtain the Thevenin equiva- 
lent as viewed from the load terminals. 


Fig. P. 8.6 


8.7 A network Nis formed by the cascade connection of N, and N,. Show that 


Zoy att 28th nee Vo _ Yaa 2126 
Zaeat+Z1b VY 14-Yooa Zh 


8.8 Find the 4, B, C and D parameters for the network of Fig. P. 8.8, 
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Fig. P. 8.8 
8.9 Find the voltage transfer function of the network shown in Fig. P. 8.9 


Fig. P. 8.9 
8.10 Two two-ports networks N, and Nz are interconnected such that their input 
ports are series connected and output ports are parallel connected. If H, and 
Hy are the hybrid parameter matrices of N, and Ng, respectively, show shat 
the hybrid parameter matrix of the interconnection is 
H = H,4+H, . 
8.11 Two networks N, and N, are interconnected as shown in Fig. P. 8.11. Find 
the over all impedance matrix. 
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8.12 Find the overallimpedance matrix of two interconnected two-ports N, and 
N, shown in Fig. P. 8.12. Compare this with prob. P. 8.11. 


ee aaa AES | 
CS SSeS see -7 


owe @ wee ee | 


Fig. P. 8.12 


9 


Indefinite Admittance Matrix 


In the last chapter we considered the characterization of networks on a 
port basis. Often it may be more convenient to characterize the network 
on a terminal basis. To this end an external terminal is selected as the 
reference node and a set of y parameters are defined for the network. 

Let a network have n terminals numbered 1 ton. Let the voltage of 
terminal k, with reference to the external reference node, be V; and the 
current entering the terminal k be . Then we can write 


n 
Ik = 2 yaV;,k =1,2,...,7 


i= 
or I=Y;V (9.1) 
where I= [/, I, ... In‘, V = [Vy Vy... Vol! 
| (Yu Yi yo ) 
Ya Yaz Ven | 


| | 
and Y= | | 
| | 
L Yat Yao Yan J 


The matrix defined in eqn. 9.1 is called the indefinite admittance 
matrix (IAM) of the network. The word indefinite indicates that the 
reference node is outside the network. The y parameters, y,, are defined 


by 


I 
Y= Tlv_ = Ok AQ ke! 


The y parameters here are defined in the same way as in ch. 8. 
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For example, consider the three-terminal network shown in Fig. 9.1. 


‘ @) 1/2 lo 


Fig. 9.1 


If V, = I and V = Vs; = 0, then Vu = h, Ja = I, and Ju = Ty. iL, and 
I, leave the network and hence y,, and ys, are negative. Fig. 9.2 shows 
the circuits required to evaluate the various yy’s. The indefinite admittance 


matrix of Fig. 9.1 is 


a a a 758 WE the eg 
1 2 ot 
un fa a 
R R - 
Fig. 9.2 
1 Z 3 
1 5/7 —4/7 —1/7 
V0 | 47 6/72/77 (9.2) 


3L{—-1/7 —2/7 3/7 
When all the nodes of the network are accessible IAM can be determined 
by mere inspection. 
yu = sum of all the admittances connected to node i 


yy = se ae of the admittance connected between nodes i 
and j. 


If the network is reciprocal, then obviously 
Vy = Yu 


The network of Fig. 9.1 can be considered as a four node network. In 
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this case the IAM is 


I 2 3 4 
1 [ t 0 | } 
2 | 0 2 0 -2 | 
Yy;= | | (9.3) 
3} 0 O ft 1/2 | 
4 [-~t -2 -12 7/2 


In sec. 9.1 we show how to obtain eqn. 9.2 from 9.3. 


9.1 Properties of IAM 


IAM has some interesting properties given below, which can be easily 
proved. 

(i) The sum of the elements in any column is zero. 

In eqn. 9.1 assume that V; = I and all other voltages are zero. Then 
summing all the equations we have 


n n 
ZT hkh= & ns 
k=1 k=1 
The sum on L.H.S. is the total current input to the network or the current 
at the reference node and hence must be zero. 

(ii) The sum of all the elements in any row is zero. 

In eqn. 9.1 assume that all the voltages V; are equal to 1 volt. Then 
the kth equation is 


The potential difference between any pair of terminals being zero, the 
current J, drawn by the kth terminal is zero. 

Equations 9.2 and 9.3 satisfy these properties. 

(iii) If one of the terminals of the network is made common to all 
ports, then the short circuit admittance matrix can be obtained by remov- 
ing the row and column corresponding to the common terminal. 

If terminal k is identified with the reference terminal, then Vz = 0, 
and Jz is the sum of all the currents and hence zero. Setting Vk and i 
to zero is equivalent to removing the kth column and the kth row. 

In Fig. 9.1 if terminal 3 is chosen as the reference, the short circuit 
admittance matrix of the resulting two ports (terminal pairs 13 and 23 
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constitute the two ports) is obtained by deleting row 3 and column 3 of 
eqn. 9.2. 

(iv) If two terminals of the network are coalesced, then the entries of 
the row and the column corresponding to the new terminal is obtained by 
summing the entries of the row and the column, corresponding to the two 
terminals being coalesced. 

Let k and / be the two terminals being coalesced. Then from eqn. 
9.1 we have 


Ty = Vey Vat oe Hk Viet oe HVE Ho. 
Th = yn Vit... tym Vit . HU VI... 
Let the new terminal be m. Then 
Vn = Ve = Viand Im = kth 
Hence 
Tin = (Yat b yy) Vite oe +e Yb YA YU) Vine 
and the property immediately follows. 


In the network of Fig. 9.1 if terminals 2 and 3 are coalesced (say, the 
new terminal is 2’), then the IAM of the resulting network is 


I 2 
; 1 5/7 —S5/7 
I = 
2'L —S5/7 5/7 
(vy) If a terminal of the network is suppressed (say, kth terminal), then 
the IAM of the resulting network can be obtained by pivotal condensation 
of the original IAM with yxx as the pivot. (The order of the new IAM is 
one less than that of the original IAM.) 


Let the new LAM be designated as ¥;’, and its elements as yy’. Then 
we have 


Sik Vey 
vik (9.4) 


Suppression of a terminal implics that the current input at that terminal 
is zero. From eqn. 9.1 we have 


Vis i = Vii — 


n 
x Je Vityew Vy 

ic 

ixtk 

If we want to suppress the Ath terminal then Jk = 0. This yields 
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n 
—=— we 
Ms Peale Ykk us 
ipéik 


The new IAM is obtained by substituting for V; in the other current 
equations of eqn. 9.t. Consider current at the ith terminal 


n 
vf mye 7% Vityex Ve 
jk 


On substituting for Vi; from eqn. 9.5. 


n 
= & yyVi-ye 2 
J = 1 J = 1 
Tek Jk 
i.e. 


n 
a: — 4) 
u j= 1 da! kk Y 
i Ak 
and hence the property. 


In the example considered earlier the IAM shown in eqn. 9.2 should 
be the IAM obtained after supressing terminal 4 or pivotal condensing the 
IAM of eqn. 9.3 about the (4, 4)th element. Hence from eqn. 9.4 we have 
(k = 4) 


yy! = Yy— a 


{= Ot 1) os 12/7 = 5/7 


ee ae 


Yu 


jets ae = —4/7 


jit ODIs iy 


yal 2 CBD 2 2-8/7 = 6/7 


—2) (—1/2 
yi = 0- PACD 2 op 
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Yan" yo te) = 1/2—1/14 = 3/7 


which checks with eqn, 9.2. 


(vi) All first cofactors of the matrix are equal. (We will not. prove 
this property, as we have no use for it here.) 

If'a network is formed by interconnecting a number of sub-networks, 
then the overall IAM can be easily obtained from the IAM’s of the sub- 
networks. Let N be the network formed by the interconnection of the 
sub-networks Ni, i = 1, 2, .... The nodes of Nare either the terminal 
nodes of some N; or a node obtained by merging a terminal of some Ni 
with the terminal node of some Nj, Nx, ... Nr (ji Fi,k Fi, ... rH i). 
Then the entry yp¢q of the IAM of N is given by 


n 
You SB yes (NM) (9.6) 
i= 


where 8 = I only if node p of N is the same as the ai of the sub-network 
Ni and node g of N is the same as node B; of Ni. Otherwise 6 = 0. 
ya; 8; (Ni) corresponds to the (ai, Bi)th entry in the IAM of M. Also 
observe that there is no interconnection permitted between the internal 
nodes of Ni and Nj (i + j). 

Consider the interconnection of 4 sub-networks as shown in Fig. 9.3. 
Two nodes of N are shown. 


P O1N 


Then eqn. 9.6 impiles that 
Yo) = Vasa, (Ni) +Vagag(N2)-+Yagay (No) 
YoaN) = Yard, (Ni) +Yagbg(Na) 
Ya) = Yo,b, (Ni) +Yb465(Na) +9 0,5, (Ne) 
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EXAMPLE 9.1 


Consider the interconnection of two two-ports shown in Fig. 9.4. The 
nodes of N, and Ny are a,, by, c, and ay, by, cg, respectively. The nodes 
of N. are p,, Ps, ps and p,. The IAM of N, and N, are 


»” 


a b, Cy 
a, 5/7 —4/7 —-1/7 
Yy,=b,) —4/7 6/7 —2/7 
4 L—-1/7 —2/7 3/7 


ay Ds Cs 
ay 6/7 —2/7 —4/7 
and Yn, = bz —2/7 3/7 —1/7 


ce |_—4/7 —1/7 5/7 


The elements of Y, the IAM of N, can now be evaluated from eqn. 
9.6. For example, 


Ypi pi ~ Yaya, + Vasa, 5/7+6/7 = 11/7 
Ypi ps = Yarey + Vagcg = —1/7—4/7 = —5/7 
Ypi ps = Yah, = 4/7 


Yps pg = Vagdg= —2/7 
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The IAM of N is 
Pr Ps Ps IZ) 
Pr [ 1/7 —5/7 —4/7 —2/7 


va | 5/7 8/7 —2/7 —1/7 
- Pz | —4/7 —2/7 6/7 0 
A Se O° SR 


9.2 Network Functions 


The prime function of network analysis is to find the response of the 
given network to certain inputs. Tothis end we have defined network 
functions (ch. 7) and characterised the network in terms of the measure- 
ments at its terminals (ch. 8). These network functions can also be 
determined from the IAM of the network. 


The transfer impedance Z//, is defined as the voltage across the 


terminals i and j, i being positive, when a unit current source is applied 
at the terminals m and n, m being the terminal] of the entry of the current. 
It can be shown that 


yr" 
u 
Ze = = sgn (m—n) sgn (i—j) ay (9.7) 
i 


where re == (— ])/+/+m+n x Determinant obtained by deleting the rows 
corresponding to nodes m and n, and the columns corresponding to nodes 
iand j from the IAM of the network; Y;= cofactor of the IAM with 
respect to (i, /)th entry; and 
sgn(x) = 1, if x > 0 
= —l,ifx<0 


Consequently, the input impendance at the terminals m—n is given by 


Vie Vn Foss (9.8) 
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Similarly, it can be shown that the voltage transfer ratio ¢ is 


if in 
Vij hoi -s ¥y 
t= taal eae sgn (m—n) sgn (i—j) aor (9.9) 
Zan hoe 
EXAMPLE 9,2 


We are required to find the input impedance at a, a’ and the voltage 
transfer ratio V,/V, for the network shown in Fig. 9.5. 


The 1AM for the network is 


1 2 3 4 #5 
1f 3 -1--1 eal 
Bat 3 Oo -1 —-1] 

yas |—1 0 3 -1 an 
ie oe 3-14 
s (-1 -1 -1 —-1 a| 


From eqn. 9.8 


12 
Vie 


° Vi2 
Zin = Ze = ae = sgn (1—2) sgn : 


Y, 


Yi? == (—1)!42414# 3 -l] -I 


-1 3 -1I|=24 
= a ee 
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-1 0-1 
eer vet 
a. Fe ST 
= eo Cae | 


12 


12 34 
—H = — = sgn (1—2) sgn (3—4)— 


¥ = (—1)8 3 
—1 
0 
—1 
: 24 8 
Hence Zin = 37 Ge Qa 
From eqn. 9.9 
84 
Va Vu 
Vv, Viz Ze 
an == (—1)'t248+4 | —1 0 
0 —1 
-—i —I 
Va Oe 
V, 24 4 


9.3 Operational Amplifier Networks 


A finite gain operational amplifier (op. amp) does not possess either 
Ideally we consider the input 
impedance of the op. amp to be oo and the output impedance to be zero. 
Hence an op. amp. cannot be directly described by an IAM. 

In the network shown in Fig. 9.6(a) we have added two resistors, one 
of —1 Q and the other of I Q, in series with the output of the op. amp. 
As for as the terminal conditions are concerned, the network is equivalent 
to a regular op. amp. of Fig. 9.6b. But the addition of these resistors 
enables us to write the IAM of the op. amp. The admittance matrix of 


impedance or admittance characterization. 


Fig, 9.6 


Ys 


om 45 
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the network, considering terminals 1 and 1’ as the input port and the 
terminals x and 1’ as the output port is 


1 x 
1fo 0 
xl p —!l 
Hence the IAM of the same is 
1 x 1’ 
1 0 0 0 
x p —I I—p 


V’oe—pe 1 »p-l 
The overall IAM of the network of Fig. 9.6(a) is 
I x I 2 
1 0 0 0 0 


x B 0 l—zp —1 
Y; = (9.10) 
l'] —p —1 p-TI 0 


2 0 —1 0 I 


From eqn. 9.10 it can be seen that the terminal x cannot be suppressed as 
the (x, x)th entry is 0. Of course, the terminal x does not physically exist 
and as-such cannot be used for external connection. Also, the overall 
network being a non-reciprocal one, the IAM is not symmetric. (This 
method of using a series combination of resistors may be necessary to 
write the IAM of many of the active elements.) 


EXAMPLE 9.3 


Figure 9.7 shows an op. amp network, and we are required to find 
V,/V,. We will adopt IAM approach to solve this problem. IAM of the 
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the passive network (i.e. the network obtained by removing the op. 
amp) is 


ne 4 5 

1 f = 0 =F 0 07 

2 O: i et 0 0 | 
Y= 3 = -1 E41 -s2 0 | 
| | 

4! 0 0 = e+! | | 

5l 0 0 0 =I és 


The IAM of the amplifier is (eqn. 9.10) 


4 0 0 0 0 
x p 0 I-p —1 
Y, = Ee 2 
S| —pz 1 pI 0 
2 0 -!I 0 0 


The overall IAM obtained by adding the corresponding elements of the 
matrices is 


I 2 3 4 5 x 
if 3 o = 0 0 0} 
2 | 0 pe | 0 0 -1 | 
| | 
Y= 3 | —* = a 3 0 O | 
| | 
4 0 a Se ew 
| 0 2 I+5 ‘i 0 | 
5 0 0 0 3 2 1 | 
x Ll o -1 0 2 =| aed 
From eqn. 9.9 
6 Pad 
Vo _ Vos 


15 
ve Vs Va oe sgn (2—5) sgn (1—5) — 
so) fr 
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bons == (—1)'+5+2+5 0 —1 0 —] 
2s. 7 —s 
= ae ag x 
—s s 
0 oi 1+ > 0 | 
0 0 2 0 
—2s 
= —(-1( =) 1 0 =i 
—s s 
yet 
0 2 0 
—2s 4s ( —s —25? 
= Peal -1)-4(=)-=4 
—s 
= 0 
YUE = (—1)'+54145 2 —-! 0 —1 
Ts —s 
ay a 
—s s 
—1 0 2 0 
7s —S 
ci a a 
—s s 
0 -> P+" 
—i oO 2 | 
—s Ss Ts 8 
=(-l) |-—z 1+> +(-) |= +1 > 
—s 5 
| 0 2 5 Lf 
2 
=s-(2 41) (44 5)+ 4 
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Hence Fo ne ele ae 
V; -($4+$5+1) s?+2s+3 


This is the transfer function of a high-pass filter. Design of various 
active filters will be considered in ch. 15. 


PROBLEMS 


9.1 Find the indefinite admittance matrix of the network shown in Fig. P. 9.1. 
Suppress the terminuls 3 and 4 and obtain the ucw IAM. If terminal 5 is 
identified with the reference node, what is the short-circuit admittance matrix 
of the resulting two-port? 


Fig. P. 9.1 
9.2 Determine the IAM of the overall interconnection of the network shown in 
Fig. P. 9.2. py, 29, ps and pg are. the terminals of the interconnected network. 
: P, 
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9.3 Compute the LAM of the field effect transistor shown in Fig. P. 9.3. 


Fig. P. 9.3 


9.4 Determine the IAM of the transistor shown in Fig. P. 9.4. Find the short- 
circuit admittance matrix for the three different modes of operation. 


Fig. P. 9.4 


9.5 The common emitter hybrid parameters of transistors are given by 


he a [ hie hee ] 
: hye Noe 
Find the common collector hybrid parameters in terms of A,. Typical hybrid 
parameters are given by Aig = 2.5402, Ay, = 2.18 x 10-4, hy, = 278, 
Nog = 65-5X10-* mho. Find the corresponding common emitter parameters. 


9.6 The two-port network shown in Fig. P. 9.6 is reciprocal. Show that the twoe 
port obtained by making terminal 1 or 2 as common terminal is also reciprocal. 


Fig. P. 9.6 
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9.7 Find the input impedance at 11’ and the voltage ratio V/V; for the network 
shown in Fig. P. 9.7. 


Fig. P. 9.7 


9.8 Find the voltage transfer ratio V_/V, of the op. amp 2twork shown in Fig. 
P.9.8. From this obtain Ve/V1 as p-poo. 


Fig. P. 9.8 


10 


State Equations 


The network equations as discussed in ch. 4 are all Laplace or frequency- 
domain equations. The analysis of the network involves the solutions of. 
these algebraic equations and then inverse Laplace transforming the 
solution to obtain the time-domain functions. As opposed to this, one 
can write the equations in the time-domain itself and solve for the net- 
work variable directly in the time-domain. To this end network equations 
are written in the form of a set of first order matrix differential equations. 
Such equations are called state equations. The concept of state and state 
equations form an important part of the study of optimal control systems. 


10.1 Concept of State 


As discussed in Chapter 4, response of a network consists of two 
parts: Zero-input and zero-state responses. As we see in Sec. 10.4, the 
latter is not independent of the former and both depend on the state 
transition matrix. Once the latter is known the overall response is 
completely determined once the initial inductor currents and capacitor 
voltages are known. Hence, we call the initial capacitor voltages and 
inductor currents (initial conditions) as the initial states of the system. 
Indeed, the knowledge of the capacitor voltages and inductor currents, at 
a given time, of a given network is sufficient to calculate any of the 
network variables (currents and voltages) at that particular time. Hence 
we can call the capacitor voltages and the inductor currents at a specified 
time, as the state variables of the network. 

We formally define the state of a network as a set of real or complex 
quantities that satisfy the following conditions : 

(a) the state at any time f1, and the input from 4, to (¢ > t) uniquely 


determine the state at time #. 
(b) the state at time ¢ and the inputs at time ¢ determine uniquely the 


value at time ¢ of any network variable. = 

For example, consider the network shown in Fig. 10.1. If the capa- 
citor voltage is known at time ¢ then we can replace it by a known voltage 
source v(t) (recall Substitution Theorem—sec. 6.3) as shown in Fig, 10.2. 
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Fig. 10.2 


Now the voltages across and the currents through the resistors can be 
found by solving a set of algebraic equations (say, mesh equations). Hence 
ve(t) is the state of the network. 

States can also be considered as variables which carry sufficient infor- 
mation about the history of the systems. Obviously, a purely resistive 
network has no states at all. Only a reactive network or a network with 
energy storage elements will have states. 


10.2 State Equations 


For the network shown in Fig. 10.1 we can write a differential equation 
governing the voltage across the capacitor. To this end we replace the 
network to the left of AB by its Thevenin’s equivalent (Fig. 10.3). The 
mesh equation of this network, in time-domain, yields 


dy.(t) 


0.6 at ve(t) = 0.8 v(t) 
di c 5 4 
or _ = Ea ve(t) + i v(t) 


This equation is called the state equation of the network. 
Consider another example, the network of Fig. 10.4. Here we have 
two energy storage elements. We can write two first-order differentia} 
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Fig. 10.4 


equations, one for the current through the inductor and the other for the 


voltage across the capacitor, as 


dve : 1 . 
dt = py VM ti 
di, _ 
and 0.5 ei V—Ve 
or in matrix form 
dve - 
a —3 1 Ve 3 
di ~ - ‘ 
ip, . 
ai 2 0 in 2 


(Here we have written v for v(t). This simplifies notation.) 
Let i; and i, be the outputs. Then we have 


el iaealls lar 


(10.1) 


(10.2) 


Equations 10.1 and 10.2 are called the state and the output equations of 


the network, respectively. 


The state equations of a linear time-invarient network can be written as 


dx(t) 
oa A X (t)+-BU(t) 


(10.3) 
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and the output equations 
Y(t) = C X(t)+DU(t) (10.4) 


where X is the state vector, U(t) the input vector and Y(t) the output 
vector. A,B, Cand D are matrices of appropriate dimensions. If the 
network is time-varying, then the entries of these matrices are functions 
of time. An advantage of the state equations is that similar equations 
can be written even for a nonlinear network where the conventional 
network function technique is not applicable, in general. In writing 
eqn. 10.3 and 10.4 we have made a tacit assumption in that the network 
does not have any circuit (cut-set) of capacitors (inductors) or capacitors 
(inductors) and voltage (current) sources. If it were not the case, the 
state and output equations take the general form 

dx dU 


a AX+BU+E dt 


(10.5) 
Y= cx4+pu+R-—o 


EXAMPLE 10.1 
We are required to find the state equations “f the network shown in 
Fig. 10.5. 


Evidently, vo. = Ve, +¥ eq 


and hence there are only two state variables for the network (since there 
is a circuit of capacitors). Summing currents at nodes a and b, 


; dye, ave, ogi ta! 
at a: rie at + (%,—v) = 0 
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2dy 2dv 
at b: i a aa (v,, —v) = 0 
But 


Hence we have 


tr. 2 wes -1 0 Vey 1 
= + y 
4 oe ae Vey I 
The state equations are 
dv. 
i 3/4 1/4 Ye, 3/4 
oo + v 
wen —1/8 —1/8 Vea 1/8 


Let the output be is; then 


is = (v—v,,) + (v—v,,) 


i.e. ii=[-—2 1] Yo. 
+ 2v 
Yoo 


10.3 Formulation of State Equation 


Consider the network shown in Fig. 10.6. This network has two state 


Fig. 10.6 


variables, ¥¢, (X, and vrg (X,). To write the state equations we only 


have to see that (with X= = ) 
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C, X, = current through the capacitor = X,— R. 


Ls x, = voltage across the inductor = v—X,—R, X32 


The state equations are 


1 1 
x, RG: “C. x ” 
= + y 
. 25 R, 
xX; “Pot Ty a. Bae Xs 1/L, 


Here we have written the state equation by a mere inspection of the 
network. Obviously, this method of writing these equations (Inspection 
Method) is limited to very simple networks. For more complicated 
networks we have to resort to more formal methods. 

There are two main methods of writing the state equations. 


10.3.1 EQUIVALENT SouRCE METHOD 


In this method the capacitors and inductors are replaced by equivalent 
voltage or current sources and the current through the capacitors, and 
the voltage across the inductors are found by application of Superposition 
theorem. 

If the circuit does not contain any degenerate circuits (all capacitor 
or capacitor-voltage source circuits) or degenerate cut-set (all inductor or 
inductor-current sources cut-sets), then all the voltages across the 
capacitors and all currents through the inductors constitute the states of 
the network. The capacitors are replaced by voltage sources (v-) and the 
inductors by current sources (iz). Thus we obtain a resistive network 
with voltage and current sources. The current oe the capacitors 


(C- ie. ) and the voltage across the inductors we “h -) are found by the 


application of Superposition theorem to this aie network. The 
following examples illustrate the method. 


EXAMPLE 10,2 
The network shown in Fig. 10.7(a) does not contain any degenerate cut- 
sets or circuits. We are required to find the state equations. 

Figure 10.7(b) shows the equivalent source network obtained by replac- 
ing the capacitors by voltage sources and the inductor by a current source. 
This network is now to be analysed by superposition. To this end we 
remove all sources (short voltage sources and open current sources) except 
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one, and analyse the resulting network for the current through the 
equivalent voltage sources and the voltage across the equivalent current 
sources. The final state equations are obtained by combining the results 
of the analysis of the individual networks. 


Fig. 10.7 


Fig. 10.8 


Let us analyse the network with only the voltage source y in the 
network. The resulting network is shown in Fig. 10.8(a). It is easily 
seen that the voltage across the inductor due to the voltage source vy is 
v itself, and the currents through the capacitors are also v. Figure 10.8(5), 
(c) and (d) show the analyses with respect to the other source. From 
Fig. 10.7 and Fig. 10.8 we have the state equations as 
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X, oe ey ae | x 1 
X%, joa| —-2 —2 0 X, {+41 fv 
LX, —1 00 Xs 1 


EXAMPLE 10.3 
In Fig. 10.9(a) the required output is the source current and the 
states are X,, X, and X3.‘ Figure 10.9(b) is the equivalent source network. 


Fig. 10.10 


Let us assume that all the elements are unity valued. Figure 10.10 shows 
the four networks necessary for the application of superposition theorem. 
The state and output equations are 


ks —2 —! —1 xX, 1 
% {={-1 -2 1 X% |+) rt iy 
Xs a ae X, 0 
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is=[-1 —1 OFX 
X |+yv 
Xs 


If the network contains degenerate circuits or cut-sets, the method is 
not directly applicable. In such cases, we have to first select the state 
variables. The voltage of a capacitor is selected as a state, only if it does 
not form a circuit with a voltage source or capacitors whose voltages are 
already selected as state variables. The current of an inductor is selected 
as a state variable, only if it does not form a cut-set with a current source 
or inductors whose currents are already selected as state variables. The 
capacitors and the inductors whose voltages and currents, respectively, 
are not selected as state variables are called excess elements. The voltage 
across an excess capacitor is the algebraic sum of the state variable 
voltages and the voltage sources. Similarly, the current in an excess 
inductor is the algebraic sum of state variable currents and the current 
sources. 

In obtaining the equivalent source network, the excess capacitors are 
replaced by current sources and excess inductors by voltage sources. The 
current through the excess capacitor is expressed in terms of state variable 
voltages and voltage sources. Similarly, the voltage across an excess 
inductor is expressed in terms of state variable currents and current 
sources. On eliminating these variables, we can obtain the final state 
equations. 


EXAMPLE 10.4 

The network shown in Fig. 10.11(a) has a circuit of capacitors. Two 
of these capacitor voltages can be selected as state-variables. Here we 
choose v, and y, as state variables. Figure 10.11(b) shows the equivalent 


Fig. 10.11 


source network for this selection. Figure 10.12 shows the four networks 
we require for the application of Superposition theorem. From Fig. 
10.12 we have 
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Ys =x —2y,+-V.—is+2v 
Vg = V—Vatig—v 
But Vg = Vi—-Ve 
and i= 2 = 2 [- Va] 
Writing these equations in matrix form we have 


ai esl nla a 
' = + igt v 
Ve 1/2 —1/2 Ve 1/2 —1/2_ 
and ig = (2 —2] ‘_ 

k 


Combining the last two equations we get 


Hae wll Hl LS Heh 


i.e. 


be UT tesa ial La 
= + y 
—-1 2 al 1/2 —1/2 Ve —1/2 
bal Lato! bak bee) 
OF - or v 
Va —1/8 —1/8 Vp 1/8 
which is the required state equation for the network. 


Vv =e 


Fig. 10.12. 
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EXAMPLE 10.5 


In the network shown in Fig. 10.13(a) there is an excess inductor. Let 
L, be this excess inductor. Figure 10.13(b) shows the equivalent scurce™ 
network for this selection. Figure 10.14 shows the four networks required 
for the application of superposition theorem. 


Fig. 10.13 


Hence we have 


f —2 14 a 2 
di = + Vact I 
2 : ‘nai one 
Se r-1 fa 1 1 
But gu [Eo 1] as » (is = 4-t) 
diy 
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Combining the two equations we have 


4 =o. 4 i; 
a - {<1 is 
—1 fu-nf 2 
i 1 ey Y =) : 
dt 
i.e. 
as a —2 :* i, 2 
af) 2 as ~ b 4 is ‘ ~1 ‘ 
ss a - -1 1/3 iy 1 
a 7 0 —1/3 i, ij 0 


is the required state equation. 
In all the preceding examples the state equations are of the form 


X = AX+BU 
Ifthe network has circuits of capacitors and voltage sources and/or cut-sets 


of inductors and current sources, then, and only then, the state 
equations take the form in eqn. 10.5. 


10.3.2 GrapH THEORETIC METHOD 


The method of equivalent sources is conceptually and algebraically a 
simple procedure for writing the state equations. If the resistive network 
is a complicated one, then the analysis ofthe individual network becomes 
a major problem. Also, the method is not. strictly an algorithmic one. 
The state equations can also be formulated by using graph theoretic 
concepts. But the method is algebraically quite complicated. Many ofthe 
latest computer oriented analysis programs use this method for writing the 
state equations. We only outline the method here. 
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The formulation of network equations by graph theoretic methods 
starts with the selection of a tree. To formulate the state equations a 
Proper or modified proper tree is selected. Avproper tree is a tree. which 
includes all voltage sources and capacitors and excludes all current sources 
and inductors. A proper tree, if it exists, implies that the network does 
not have any excess elements. A modified:proper tree includes all voltage 
sources, as many capacitors as possible and excludes all current sources 
and as many inductors as possible. Obviously every network has at least 
one modified proper tree. The selection ofitree as described excludes the 
possibility of f-circuits of capacitors having resistors and/or inductors and 
f-cut-sets of inductors having resistors and/or capacitors. 

The notation to be followed in the development is that V, represents 
voltage source vector, I, the current source vector Vy and Iy are the 
element voltage and current vectors respectively. The first subscript i 
refers to the tree or chord (b or ¢, respectively) and the second subscript j 
to the element type (r, / and c). For example, Vic is the branch-capacitor 
voltage vector and I. is the chord inductor current vector. The vector 
X = [Vs- Ia] constitutes the state vector. 

‘From the Kirchhoff’s laws, and the f-circuit and /-cut-set matrices we 
can write 


Toe Vo Voc Vol Vor 
M, + M, +. Mg + M, (10.6a) 
_ Vet I, _ la Tee Ter 
for Vo Vor 
= N, + Np (10.65) 
Vee . I, Tee 
and 
To, Vo Voc ~ Vor 
= P, + P, + Ps (10.6c) 
- Ver I, Tet Ter - 


where Mi, Ni, P; are sub-matrices of By and Qs and are of appropriate 
dimensions. All these sub-matrices are ofthe form 


0 Ky | 

Kp 0 
where Ky and Kn are sub-matrices of Qsand By, respectively. In all the 
three preceding equations we can observe that the branch-currents are 
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expressed as linear combinations of chord currents; and the chord- 
voltages a linear combination of branch-voltages. (The selection of a 
modified proper tree justifies eqn. 10.6(6) and 10.6(c). If the given net- 
work has a proper tree then eqn. 10.6(b) does not exist as there are no 
branch inductors and chord capacitors.) 

The terminal equations for the elements are written as 


Cr 0- Voc Toc 
= (10.7a) 

0 Le Ter Vet 

- Var Ls 0 Tor 
= (10.75) 

Tee 0 C. Vec 

Vor Rs 0 Tor 
= (10.7c) 

Ter 0 Ge Ver 


where Co», Cc, Lo, Le and Rs, Ge are all diagonal matrices of elements, 
and the subscript indicates whether the element is in a branch or a chord. 
From eqn. 10.7c and 10.6c we have 


Vor Vo Voc 
= 0, + Qs (10.8a) 
er I, Te 
and from eqn. 10.65 and 10.7b we have 
Va Vo Voc 
= S, + S; | (10.85) 
Ice Ih Tet 
Now from eqn. 10.7a, 10.6a, 10.84 and 10.85 we have 
Cr 0 Voc Voc Vo 
= T, + “| 
L 0 Le Ic Ta I, 
Vo 
+T; (10.9) 
ih 


State Equations 241 


which can be rewritten as 
Vie Voc Vo Vo 
=: A +B +E (10.10) 


Ict Ta I, iy 


which is of the form of eqn. 10.5. If -the network does not have excess 
elements, then matrix E is a null matrix. (We can show that for an RLC 
network the operations we have done are all legitimate and a state equation 
always exists.) The entries of the matrices A, B and E are functions of the 
elements and depend upon the geometry of the network. The otuput- 
equations can also be similarly written. 

It can be observed from the outline of the method that it is algebrai- 
cally involved but an algorithmic one and hence we can write a computer- 
program to derive the state equations. 


10.4 State Equations and Transfer Function 
The solution of the state equation for an RLC network depends on 
solving the equation 

® (t) = A(t) (10.11) 
The solution to this equation is given by 

© (t) = exp [At] 


with (0) = J. This is a matrix exponential function. The matrix ®(t) 
is called the state-transition matrix. It can be shown that 


X (t) = © (t—ty) X(ty) (10.12) 
and © (t) = e4f = £-1 (sI—A)? 
Here X(t.) is the state at ¢ = f. It can also be shown that the complete 


response for the state and output equations of eqn. 10.3 and 10.4 are 
given by 


t 
X(t) = © (t—t) X(to) + | ® (t—1) B U(r) dt (10.43) 
ty 


and 


t 
¥(t) =C O1—1)X(t)+ [ COU) BUG) d+ Ut) 
ty 
with the initial condition specified as X(t.) as ¢ =f. The integrals in 
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egn. 10.13 are the familiar convolution integrals, From eqn. 10.13 


Zero Input Response = C ® (t—t,) X(t) 


t 
Zero State Response = C © (t—r) B U(*) dr+ DU(t) 
fy 
The impulse response is given by 
H(t) = C O(t) B+-D 8(t) (10.14) 
Laplace transforming eqn. 10.14, the transfer function matrix is 
H(s) = C(sI—A)"? B+D (10.15) 


Obviously D = H(0o). If H(co) = 0 (i.e. the matrix D isa null matrix) 
then 


H(s) = C(sI—A)2 B 


The natural frequencies of the network, the poles of the transfer function, 
are given by the eigenvalues of the matrix A. They are obtained by 
solving the equation det(s[—A) = 0. -Obviously the order of complexity 
of the network is given by the number of eigenvalues of A, i.e. the order of 
A which is also the number of state-variables. If the network has a 
proper tree, then the order of complexity is equal to the number of reactive 
elements in the network. If the network has excess elements, then the 
order of complexity is less than the number of reactive elements in the 
network, 


PROBLEMS 


10.1 Write the state equations for the network shown in Fig. P. 10.1. If the currents 
through the source and the resistor are the outputs, find the output equation and 
solve for the outputs when V(t) = u(s) and x(0) = 0. 


Big. P. 101 


State Equations 243 


10.2 Write the state equations and the output equation (V.is the output) for the network 
of Fig. P. 10.2. Find the input impedance by solving the state equations. 


Fig. P. 10.2 


10.3 The state equations of the network of Fig. P. 10.3, when V, and V; are selected as 
state variables, are 


A —3/4 1/4 Vy 3/4 
Be ees ee 
Vs —i/8 —1/8 V2 1/8 


Determine the state equations if V, and V3 are regarded as state variables, 


Fig. P. 10.3 


10.4 Determine the state equations of the network shown in Fig. P. 10.4 regarding Vr 
and V; as state variables. Ifinstead V,; and V3 are regarded as state variables, 
what are the state equations ? 


Fig. P. 10.4 
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10.5 Determine the state equations of the network in Fig. P. 10.5. If the output i 
taken as the voltage across the current source, determine the output equations 
Find the driving point impedance of the network. 


1 


Fig. P. 10.5 


10.6 Determine the state equations of the network in Fig. P. 10.6. 


Fig. P. 10.6 


10.7 The state equations of the network of Fig. P. 10.7(a) is 


VY --4/7 1/7 0 yes 1/7 
oe 2/7 —26/21 2/3 Ve ) +] 22 |v 
ts 0 —1/6 —5/6 Is 1/6 


From this determine the state equation of the network of Fig. P, 10,7(6). 


l 
le 


(2) (b) 
Fig. P. 10.7 
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10.8 Determine the state equations of the network shown in Fig. P. 10.8 by graph 
theoretic methods. 


Fig. P. 10.8 


I] 


Image Parameter Filter Design 


Filters can be considered as frequency selective networks. A filter is 
required to separate an unwanted signal from a mixture of unwanted and 
wanted signals. In general, the overlapping of these signals is such that 
a complete separation of these signals is not feasible, if not impossible. 
In such cases the transfer characteristic of the filter is so shaped that 
the ratio of the unwanted to wanted signal at the output of the filter is 
minimized. The filter specifications are generally given in terms of 
cut-off frequencies or pass band and stop band regions. Pass band is the 
frequency band of wanted signals and stop band is the frequency band of 
unwanted signals. An ideal filter should pass the wanted signals without 
any attenuation and provide infinite attenuation for the unwanted 
signals. 

The earliest filter design techniques were introduced by Zobel and 
Campbell. The design was based on ‘‘Image Parameter Theory”. In 
this chapter we introduce the concepts involved in constant-k and m- 
derived filters and postpone the discussion of general and modern filter 
design until ch. 13 and 14. 


11.1 Image Parameters 


In the classical filter design the filter networks are symmetric T or x 
networks. Consider the symmetric T network shown in Fig. 11.1. Let 
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the two-port be terminated inaload Z,. Then the input impedance Zin 


of the network is 
LZ 

Zz Zs - + Z) 

Zin= = + <3 

Z+4 St+Z1 


2 , ZlZ,+2Z1) | 
ie. Zin= ) TZ 402,420 (11.1) 


The image (iterative, characteristic) impedance Z, of the network is 
defined as the load or terminating impedance such that 


Zin=ZL 
Substituting Zin =Z.==Z; in eqn. 11.1 and solving for Z:, we have 


are 2 


z= / 2,2, (1+ 2) (1+ (11.2) 
or i= 1&2 2 lr @z, 
If we consider n-network as shown in Fig. 11.2 instead we have 
2ZoZL 
2% (2+ sre) 
Zin= A 
22rtZit az TH. 


(11.3) 


The image impedances, in general are irrational functions of 5. The 
image impedances can be obtained by measuring the open-circuit and 


short-circuit impedances of the network. 
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From Fig. 11.1 the open-circuit impedance (i.e. the impedance Zin 
with terminals 22’ open) Zoc is 


Zoc=Z,+ i (11.4) 


and the short-circuit admittance (i.e. the admittance yIn with terminals 
22’ short circuited) ysc is 


yec=—+— (11.5) 
z,23 
LZ, 2 
zt Za 
At 


From eqn. 11.2, 11.4 and 11.5, we see that 


hes a) 
z=/ (22) (<2) (11.6) 


For the symmetric 7 network 


ie 1 
OC 1222+ 1](Z,+2Z,) 


ae. 1 
acy PE 2 


from which it can be shown that eqn. 11.6 once again holds good. 


11.2 Pass and Stop Bands 
In general the coupling network (the symmetric T or «) is a reactive 
network (LC network) and the termination is a resistance. In this case 
let 
P Z,==jX, and Z,=jX, 
where the signs of the reactances are absorbed in X, and X,. 
Then 


2 a a | 
A a (11.7) 


The filter pass and stop bands are obtained when the image impedance 
is purely resistive or reactive, respectively. When Z; is purely resistive, 
the network accepts power from the source and delivers the same power 
to load. This is only possible because the coupling network is reactive 
and hence lossless. Thus, purely resistive Z; indicates pass band con- 
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dition. In this case, there is image matching. When Z, is purely reactive, 
no power is absorbed from the source and hence no power is delivered 
to the load. Purely reactive Z; indicates stop band conditions. There 
is no image matching in this case. 

From eqn. 11.2 and 11.7 we have 


Ce nnn REE ee ee 


Z=A/ —%,%, (1+ -) 


Xx) 
4X. 
Two possibilities exist, depending on the reactance types X, and X,. 
(i) X, and X, are of opposite reactance types: For this case —X,X; is 
positive and Z; depends on 1+(X,/4X,). If 1+(%,/4X,) is positive, 
Zi is purely real and if 1+(X,/4X,) is negative, Z; is purely 
imaginary. X, and X, being of the opposite reactance types X,/4X, 
is negative. Hence, pass band (Z; resistive) exists for those 
frequencies which satisfy the equation 


xX, 

_ em 1 . 
l< x, <0 (1 8) 
and stop band (reactive Z1) exists for those frequencies which satisfy 


(ii) X, and X, are ofthe same reactance type: Here X,/X, is positive 
and —X,X, negative making Z: always purely imaginary. Hence 
there is no possibility of a pass band. (The network acts like a 
potential divider.) 

From the foregoing discussion we can conclude that X¥, and X, must 
be of the opposite reactance types for pass band and stop band to 
exist (pass band and stop band frequencies are given by eqn. 11.8 and 
11.9, respectively). 

From Fig. 11.1 


Vy4=2Z I, Vza=—-Z I, 
. V; _ —I, ne Y 
ie. Ve TT, =€ 
where 7 the propagation constant is 
c=a-+ jp. 


Here « is the attenuation constant and £ is the phase constant. From 
simple analysis it can be shown that 


VEE) 
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- Soar ee es al ay 
fat vesin} E453. +y/ a at) } (11.10) 


Filter performance of different filter structures can be compared on the 
basis of their propagation constants. 


11.3. Constant k Filters 


From eqn. 11.8 we concluded that for a pass band to exist X, and X, 
must be opposite type reactances. When X, and X, are combinatior’ of 
inductors and capacitors, the overall reactance must be of the oppx site 
type to generate pass band frequencies. The image parameter filters 
depend on the product Z,Z,=k? and hence such filters are called constant 


k-filters. 
1 “te [we 
L,/2 L,/z 
a a 


Fig. 11.3 


Consider the T network shown in Fig. 11.3. From physical considera- 
tions we can conclude that it is a low-pass network. For this network 


Z,=sL, and Z, = I and Z,Z,= ae From eqn. 11.8 pass band 
sC, Cc. 
exist for those frequencies which satisfy the relation 
je SCs 29 
4 
; band extends fi “Obes. i the filter i 
i.e. pass band extends from w=0 to w= VLG,’ ence the er is a 


low-pass filter. The cut-off frequency of the filter is 


(11.11) 
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The ideal filter response is shown in Fig. 11.4 (hence the name low-pass). 
After simple algebra, eqn. 11.10 yields 


*=1- Ft, +2 EV 4-1 aes | (11.12) 


For pass band frequencies, i.e. f<fc, eqn. 11.12 yields 


7 =1—~2 a + j2 Li 


e 


and the attenuation is 


a=In | | <"|- In [0-24 \+ aa ee le f(r fe Ne 


indicating that attenuation in the pass band is zero. a phase B is given 
by 


B=scos“! ~7 =, Te 
where A and B the real and imaginary parts of. eqn. 11.12. On simplify- 


ing we have 
2 
B=cos-} [1 z, | 


Hence the phase changes from 0 at f=0 to x radians at f=/-. 
For stop band frequencies, i.e. f > fc, eqn. 11.12 yields 


a=In [1-4 Eee 2 t,-1)} 


and B=7 radians. The attenuation increases with frequency. 
The image impedance of the filter, from eqn. 11.2, is 


A= r/ a (i 7) (11.13) 


from which it can be observed that Z; is not constant over the pass band 
and, as such, there is image matching at only one frequency f=0. This 
is one of. the major disadvantages of the constant k filter. The design 
equations for the filter can be easily obtained from eqn. 11.11 and 11.13. 
The termination resistance Ry, is the same as Z; at f=0, i.e. 


R= af e (11.14) 


But f= ayy aR LG = RG, 
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Hence G= FE (11.145) 
and L= a (11.14c) 


If we normalize (see sec. 5.6), 

we=1 rad/sec 
and R,=1Q 
eqn. 11.14 yields 
We can denormalize this normalized filter to any desired cut-off frequency 
and termination. Here our discussion is limited to T networks. One can 
easily obtain the design equations for a 7 network. 


EXAMPLE 11.1 


We are required to realize a constant k, low-pass filter to cut-off at 
2 kHz with a terminating resistance of 600 Q. 
Let Yn and Qn be the impedance and frequency scaling factors, 


respectively. Then. 


n= 20 = 600 


ns 
On= 2 Oxi) = 40x 108 


The low-pass prototype (cut-off at 1 rad/sec and operating into a load 
resistance of 1 ()) has L,=2H, C,=2F. The parameters of the required 


filter are 


R.=600 
nly _ 600x2 _ 
L= On = Gn x 10° ==95,.493 mH 
GC 2 7 
an = 40a ~ 8004 x TOF 769 af 
47-75 mH 47-75mH 
6002 


iil 
eee [ene 


Fig. 11.5 
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The final filter is shown in Fig. 11.5. 
11.4 h-Derived Filters 


The image impedance of the low-pass constant k filter is given by 
eqn. 11.13. The load resistance of the filter is 


Ran / 


San/i- = (11.15) 


Image matching exists when this ratio is [, ie. Z3=R.. From eqn. 
11.15 it is obvious that matching exists only at f=0. As / increases 
Zi decreases and at f=fc, Z1=0. Hence the image impedance does not 
approximate a constant value very well over the pass band as is required 
by the design. 


Hence we have 


1 
Cy ALS 


Fig. 11.6 


Figure 11.6(a) shows the attenuation of a constant & filter. It can 
be seen that the attenuation does not increase rapidly beyond the cut- 
off point. This can be improved by cascading a larger number of 
sections (Fig. 11.6(6)). This procedure has the disadvantage of increasing 
the cost of filters (a large number of components). The sharpness of 
cut-off is not very much improved. Besides, the image impedance is 
still not constant over the pass band. 

In order to alleviate the problems of a constant k filter we have to 
modify the network such that the image matching occurs over a larger 
band of frequencies. The modification proposed by Zobel is to scale 
the series arm impedances of constant kK T-section and select the shunt 
arm impedance so that the modified and the original prototype have the 
same image impedance. The latter allows us to cascade the prototype 
and the modified structure. In the derivation of the modified structure 
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a new parameter m is introduced and the resulting filter is called an 
m-derived filter. 


Let Zm, (Z,) and Zmg (Z,) be the series and shunt arm impedances, 
respectively, of the m-derived (prototype) section. The series arm 
impedance is chosen as 


Zmn,=mZ, (11.16) 


In order that the two sections have the same image impedence (eqn. 11.2) 


2 2 
Z,Zq+ on =Zmy Zmat an 


2 Z 2 


Hence from eqn. 11.16 we have 


Z (11.17) 


Fig. 11.7 


The m-derived section is shown in Fig. 11.7. The one corresponding to 
the low-pass prototype of Fig. 11.3 is shown in Fig. 11.8. In order that 
all the elements be finite and positive, m must satisfy the relation 


Oo<m<il 


mi mLy 


a 


Fig, 1.8 
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The m-derived scction has a resonant shunt arm. At the resonant 
frequency of this arm the transmission from the input to the output is 
prevented and thus we have created a finite transmission zero (the constant 
k has a transmission zero at infinite frequency). The resonant frequency 
of the shunt arm is 


1 
a eee 
Co) By (me) 


= 


i.e. @r= we] V 1—m? 


If the finite transmission zero is specified, then the value of m is 


wo? 
m= / 1-25 (11.18) 


It can be observed from equ. 11.16 and 11,17 that 
Zim, Zing F k* 


and thus m-derived section is not of constant k type. The m-derived 
section is identical to the constant k type when m=!. 

The m-derived filter by itself is of no direct use in filter design, A 
cascade combination of m-derived and constant k sections is the final 
form of the filter generally used in the design. Such a filter is said to 
be of the composite type. Consider the half section m derived filter, 
as shown in Fig. 11.9. Let Zy and Zi, be the image _impedances, as 
shown. These impedances can be calculated by using eqn. 11.6. 


m2 
2 
1° 2 
2 
-m 2z 
~ 5 24a 
m m 
1 2’ 
71, 21, 
Fig, 11,9 
mZ, 1—n? 22, 
Renee Zi 
2n= ae 7, 
Jiey 2[m 1 


ey 2+ (44/4) 
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Hence Z,=Z; of the prototype. 


Zu=A | Zeek = {(1—m*/2m)Z,+(2Z,/m)}{(1—m*/2m)Z,+-2Z,/m)}mZ,/2 
Y; seg (Z,/ 2m) + (2Z;/m) 
_ U—m?/2) Z, + 2Z, Z, + 2Z, (11.19) 
v1 “V1+(4Z/Z) 
For the low-pass section Z;=jwL, and Z,= 558, . Hence eqn. 11.19 
1m? z, 2 1—m? 
Zi= ES ae C3 eC {i- 4 oe } 
L ots em 
n/ 144 = joC, jol, WEE Tee Sa : 
i.e. 
ae f, din G—m)2 (L,C,/4)} 


Cy v/i- BGs 


From eqn. 11.11 and 11.14 (a) we have 
Rif i—(1—m") f2] 
ry ser 7/7 aye (11.20) 


Figure 11.10 shows a plot of Zj, for different values of m. From the 
figure it can be observed that for m=0.6 image matching occurs for 


24 = 


70-8 


m=1:0 


fe] 
' 
J 
I 
! 
| 
t 
! 
' 
| 
' 
1 


Fig. 11.10 
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nearly 85%, of the pass band, i.e. Zi,/R. is unity over 85% of the pass 
band. Thus by selecting the parameter m we can achieve better match- 
ing, which results in sharper cut-off of the filter. 


mL, 


Constant L 
and 

m-~ Derived 

Sections 


Fig. 11.11 


Figure 11.11 shows the final form of the composite low-pass filter. 
The half sections of m-derived structure at the end gives the required 
impedance of eqn. 11.20. The sharpest cut-off is obtained by making 
m= 0.6 for the end sections. The cut-off frequency is, of course, 
determined by L, and C;. 

EXAMPLE 11.2 
A composite low-pass filter is to satisfy the following specifications : 

Cut-off frequency 20 k rad/sec 
Ri=600Q 

Infinite attenuation at 
wr, =22 k rad/sec 
Wr,=40 k rad/sec 
Wpg== 00 

The filter must have three sections. Two m-derived sections to 
produce transmission zeros at #,,; and ,, and a constant k section to 
produce the basic transmission characteristic and the transmission zero 
at @r,, The end sections are half sections of m-derived structures with 
m=0.6. 

Let the cut-off frequency be normalized to 1 rad/sec and the load 
resistance to 1Q. Then from eqn. 11.14 

L,=2h and C,=2f 


The normalized transmission zeros are 


22 x 108 Ll 
nn 20x10? 
3 
40x10 2.0 


ran 20108 
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rhe value of m for the corresponding m-derived sections are, from eqn. 
2 ¢ 


pee 1 = 
y= af i aij =0.417 
and . 
m= r/ I— ar =0.866 


The normalized filter is shown in Fig. 11.12, and 11.13 shows the final 
normalized network. To denormalize the network elements have to 
be properly scaled. 


Qn=20 x 108 
Yn=600 
06 0-417 0-417 j 1 0-866 0:866 0-6 


m=0'6 m=0:417 Constant K m=0-866 m=0-6 
Fig. 11.12 


1:017 1-417 1-866 1-466 


Fig. 11.13 


The denormalized values of inductors and capacitors are obtajned as 
(sec. 5.6) 


Yn Ln 

| oe eal 
On 
on 

C= On 


where Ly and Ca are the denormalized, and Ln and Ca the normalized 
values of inductor and capacitor, tespectively. Thedenormalized network 
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is shown in Fig. 11.14, Of course, we can obtain alternate filter structu- 


res by changing the order of cascading of m-derived and constant &-sec- 
tions. 


30:S5mh 42:5mh 56mh 44mh 


Fig. 11.14 


The design of an image-parameter low-pass filter requires the specifi- 
cation of the cut-off frequency and frequencies of infinite attenuation 
(transmission zeros). The basic filtering characteristic is provided by the 
constant k-section and the finite transmission zeros by the m-derived 
sections. The end sections, half-sections of m-derived section with m=0.6, 
provide the required image matching. As demonstrated by example 
11.2 the design of even a very high order image parameter filter is quite 
simple. 


Highpass 


Band elimination 


Fig. 11.15 
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Though we have restricted our discussion to T section, the design of 
composite filter with 7 section can be similarly developed. The design 
of lattice image parameter is little more involved and is not discussed in 
order to keep the discussion simple. The design of other types of filters 
like high-pass and band-pass depends on the frequency transformation 
technique and is discussed in the next section. 


11.5 Frequency Transformation 


In the earlier sections of this chapter we have only discussed the design of 
low pass (LP) filters. There are many other types of filters which find 
use in signal processing. Figure 11.15 shows the frequency characteris- 
tics of ideal high-pass (HP) and band-pass (BP) and band elimination (BE) 
filters. Once the low-pass prototype filter has been designed, the other 
filters can be obtained by a simple frequency transformation. The frequency 
variable of the low-pass filter is transformed by a reactance transforma- 
tion to obtain high-pass, band-pass and band elimination characteristics. 
Tn the reactance transformation the low-pass frequency variable Q is re- 
placed by a realizable, rational function X(w) of another frequency 
variable w. By a proper choice of this function we can transform the 
low-pass characteristic to other characteristics. The transformation X(w) 
is selected as a reactance function, i.e. a function that can be realized by 
inductors and capacitors only (see ch. 12). 


Fig. 11.164 
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Let Q= X(w) 


be the required transformation where 
2 
X(w) =A —~3— OOS os 
1 


and 0<w, <wWs <3  <aeargr ar 


This transformation can be graphically represented, as shown in 
Fig. 11.16. Let the low-pass cut-off frequency be —Q-and +Q,. (Here we 
have assumed that the low-pass is symmetric about the 0 frequency). The 
pass band —Q. <Q <Q. ofthe prototype is transformed to a set of pass 
bands centered at 0, sw, +o,.... Thus, we have obtained a multiple 
pass and stop-band filter by transforming a single pass-band filter. The 
elements ofi the transformed filter can be obtained by applying the trans- 
formation to the reactance ofthe elements of the prototype. An inductor 
ofithe prototype Z, is transformed to a reactance by the rule 


QLp>LpX(#) 
and a capacitance Cy by the rule 
1 1 


_—_—_—_ oS 
QCrp CX) 

By selecting the poles and zeros of X(#) properly we can transform the 
low-pass filter to other types of filter. For example, the transformation 
Q-==Aw transforms a low-pass filter to another low-pass filter whose 
frequency scale is compressed or elongated, depending ond (this is 
equivalent to frequency scaling). 

11.5.1 Low-Pass TO HIGH-Pass 
To transform a low-pass to a_ high-pass filter, select X(w) as —A/w, i.e. 
the transformation is 


A | 
iosa ies 11. 
Q= - (11.21) 


Fig. 11.17 
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This transformation is represented_in Fig. 11.17. From the figure it can be 
observed that the pass band (~Q-, Q-) of the low-pass is transformed to 
two pass bands (w,, ©) and (—-we, —%). Thus a low-pass is transformed to 
a HP. The transformation of eqn. 11.21 isa simple frequency inversion. 
‘The inductance (capacitance) of the low-pass is transformed toa capaci- 
tance (inductance) in the HP. 


; ; A 1 
JQL, > jLp (— rey) = 


JCo 
Ee eee: oer oF 
jG A\? 
ICp (-<) 
1 
where C= AL 
1 
and L= AG 
Lp Lp Cc Cc 


Fig. 11.18 


are the capacitance and inductance of the high pass. Figure 11.18 shows 
LP prototype and the transformed HP networks. 


EXAMPLE 11.3 


We are required to design to constant k high-pass network with a cut- 
off frequency 5 kHz and a load of 6009. 

The values of Z, and C, for the normalized LP are Lp=lh, C,=2f. 
The cut-off frequency is Q,=1 and R= 1Q. Let A=1. Then 

1 1 
a ae =If, L= CG =hh 
are the values of a HP with cut-off frequency ».=1 and RL=l]Q. The 
denormalizing factors are 
Yn == 600, Qn = 27 (5X 108) 

Hence the denormalized element values of HP are 


eee Sa eee 
© = 00x 2n(5X12°) O0ot et 
pus) = 9,5493 mh 


2X 2n(5 x 10°) 
Of course, we need not select A asl. Wecan directly transform the LP 
to denormalized (with respect to frequency) HP network. 
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11.5.2 Low-Pass TO BAND-PAss 


The transformation which transforms a low-pass filter to a band-pass 
filter has to be a second order function, as the band-pass filter has two cut- - 
off frequencies w, and we. The transformation is 


2.2 
Oa ay SS (14.22) 
@ 
The transformation is represented graphically in Fig. 11.19. From the 
figure it can be observed that the pass band (—Q,, Q.) of the LP is trans- 
formed to two pass bands (w,,—,) and (—«,, %,). Thus, a LP is 


Fig. 11.19 


transformed to a BP. Also, it can be seen the transformed frequencies 
corresponding to Q- are —«, and w, and those to —Q, are w, and —wy. 
If we select Q equal to Q-,then from eqn. 11.22 we have 


i. 
= me — a? (11.23) 


The roots of these equations are —a, and »,. Hence 


@1 , = Woe 


Qe 


and O,—-0,= — 
2 1 A 


We see that  , the centre frequency of the band-pass filter, is the geome- 
tric mean of the upper (w,) and the lower (w,) cut-off frequencies of the BP. 

If the LP cut-off frequency Q. is normalized to] rad/sec, then 1/A is the 
bandwidth of the BP filter. Equation 11.23 can be solved explicitly for », 
and w,, assuming Q. to be | rad/sec 
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1 ae 
1 1 
ca EP +/ Gaa + wo? 


The element of the transformed network can be found as before 


” 3 
Inductance Lp: j Q. Lp > j Lp ; A ( — “= »); 


: ; 1 
ie. J QL, +> jwALp + jes {AL pact 

An inductor gets transformed to a series connection of an inductor L} 
and a capacitor C! where 


L} = Al, 
C= (11.25) 


1 1 
JOG, CpA(w— w/w) 
: 1 
he NG, joACp + AwtGy/ joa 
A capacitor gets transformed to a parallel combination of a capacitor C? 
and an inductor L? where 

C*= AC, (11.26) 
1 
T= o4,2 
Figure 11.20 shows an LP prototype and the transformed BP network. 
1 1 


Capacitance Cp: 


2 
bp lp Alp AlpWo ALpWq ALp 
Cp u 2 ACp 
| | Cy Ca 


Fig. 11.20 
EXAMPLE 11.4 
A band-pass filter is to have the following specifications: 
Centre frequency | M rad/sec 
Bandwidth 10k rad/sec 
Load impedance 100 Q 
For a normalized constant & LP (i.e. Qc=1, Ru==1) L,=1h, C,=2f. 
From the given specifications A~=1/10*, w)=10°, Hence. 
L'=AL,=10-*=0.1mh 
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eR 


_ Le,? 
C?=AP,=0°2mfi 
1 
2a ee 
= Cia .005eh 
Now impedance scaling the elements (i.e. multiplying inductors by 

Yn and dividing capacitors by Yn, where Yn = 100), we arrive at the 
final BP network which is shown in Fig. 11.21. 


1omh —:100pf 100 pf 10mh 


/ 


0-5uh 


Fig. 11.21 
11.5.3 Low-Pass TO BAND ELIMINATOR 


Consider the transformation 
ee (11.27) 


2_ 42 
Wo Q@ 


Fig. 11.22 
Figure 11.22 gives the graphical representation of this transformation. 
The pass band (—Q-, Q-) of the LP is transformed to the pass bands 
(0, w,), (w,0) and (0, —a,), (—@,,—%). Obviously the transfor- 
med filter is a band elimination or rejection filter with the two cut-off 
frequencies w, and wa. The cut-off frequency Q. yields the two frequen- 
cies w, and—w,, and the cut-off frequency —w,. From eqn. 11.27 we have 


ot 4 ® —o,"2= 0 
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Hence 
A 
W.— = a. 
W, WO, = W,” 

(@_ — ,) is the band of frequencies that is rejected. If we are conside- 
ring a normalized LP with Q, = 1, then A specifies the rejection band. 

The elements of the transformed network can be similarly obtained. 
Here L, transforms to a parallel resonant circuit and Cp to aseries resonant 
circuit. Fig. 11.23 shows a low-pass prototype and the transformed BE 
filter. Band rejection filter can also be obtained from a frequency inver- 
sion of BP filter. 


2 
ALp/wo ALp/ Wo 


Lp Lp 
at ie 
T Co: => 1/ACp — /ALp 


TAcelws 


Fig. 11.23 
The frequency transformation discussed in this section is of funda- 
mental importance in the design of filters. Here we have restricted 
ourselves to the discussion of the basic properties of the transformation 
and their application to image parameter filters. The application of 
these transformations to general filter design will be discussed in ch. 13 


and 14. 
PROBLEMS 


11.1 Find the image impedances of the networks shown in Fig. P. 11.1. 


Fig. P. 11.1 
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11.2 Find the elemental values of the m-derived low-pass x section filter. Also find 


11.3 


11.6 


11.7 


11.9 


the two image impedances of a half x section. 


1 1 
1 
1 
1 


Fig. P. 11.3 

Design a constant k low-pass x section filter to cut-off at 1 rad/sec and a load 
load termination of 12. 

Design a constant & low pass filter with a cut-off frequency of 5k rad/sec and a 
load of 100. 

Design a constant & high pass filter with a cut-ofl frequency of 4 kHz and a 
load of 600m. Design the corresponding m-derived filter with infinite attenuation 
at 3.5 kHz. 

Design a contant k band-pass filter with the upper and lower cut-off frequencies 
of 9.5 kHz and 10.5 kHz and a load of 1002. 

Design a constant k band-pass filter for the following specifications: 

centre frequency = 1 MHz 

Q at centre frequency = 10 

load = 600Q. 

Design a composite low-pass filter for the following specifications: 


cut-off frequency = 25 k rad/sec 
frequency of infinite attenuation at 37.5 k rad/sec, 50 k rad/sec, and oo 


load = 1002. 


L,/2 b4/2 


Fig. P. 11.11 
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11.10 Design a composite low-pass filter to meet the following specifications, 


11,11 


cut-off frequency = 100 k rad/sec 
frequencies of infinite attenuation at 120 k rad/sec, 175 & rad/sec, and oo, 
load = 6002. 


The network in Fig. P. 11.11 shows a band-pass filter. Show that (a) the centre 
frequency of the filter is 


Wo=2 : 7s (6) the values of Z and C are 
R ho—hi Ri fs—fy) 
een C7»= ? Lg pT te nner a 
Li= 2G-fo’ OF Rh? 88> ae Kha 


1 f 
and Cy= RODD » where /; and f, are the upper and lower cut-off 


frequencies and R the terminating resistance. Find the corresponding »-derived 
section and show that 


Feo Fahy 


when /o is the frequency of infinite attenuation. 


11.12 Fig. shows a band elimination filter. Show that 


b/2 4/2 
2c, 2¢, 
ba 
as 
Fig. P. 11.12 
us Lo fe—h 
Pees, - ec SR 1 fh. 
2 ay 8 ER fhe 
L- Afi ! 


thefy °° GRRA—ty 


where /; and fo are the two cut-off frequencies and R the terminating resistance. 


12 


Network Synthesis 


Problems in network theory fall into two categories— analysis and synthe- 
sis. Analysis deals with the problem of determining the response when a 
prescribed input is fed into a given network. The problem of synthesis 
in contrast deals with the design and fabrication of a network that satisfies 
the prescribed response specification. The former is comparatively simple 
and if a solution exists it is generally unique. On the other hand the 
synthesis problem is not unique in the sense that we may be able to find 
more than one network which provides the prescribed response. Indeed 
the synthesis problem may not have any solution at all. 

Analysis is a prelude to synthesis and we have devoted ch. 3-10 to 
various methods of analysis of a linear passive network. In this chapter 
we consider some aspects of passive network synthesis. We are mainly 
concerned with the synthesis of driving point immittances and transfer 
functions. 


12.1 Positive Real Function 


In ch. 5 it was shown that the real part of the driving point immittance of 
a passive network is positive real for all values of the real frequency w, A 
fundamental theorem in passive network synthesis states that ‘‘a rational 
function of s is the driving point immittance of a passive network if, and 
only if, it is positive real.” 

A rational function F(s) is a positive real function (prf) if it satisfies the 
constraints 


F(s) real for real s 
Re [F(s)] > 0 forRes>0 
If F(s) is a prf then the reciprocal of F(s) (ic. 1/F(s)) is also a prf. 


If F(s) is expressed as 


Fs) = a (12.1) 


where p(s) and g(s) are polynomials in s, then these polynomials must have 
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real coefficients. This ensures that F(s) is real when s = o. p and q being 
real for s = co, complex zeros must appear in conjugate pairs. 


Theorem 12.1: A prf F(s) cannot have any poles and zeros in the right 
half (RH) s-plane. Any zeros of p(s) and q(s) on the jw-axis must be 
simple. 


Corollary 12.1: The residues of F(s) and 1/F(s) at the simple poles on 
the jw-axis must be real and positive. 

The necessary condition given in Theorem 12.1 can be restated as ‘‘the 
‘numerator and thedenominator polynomials of aprf must be Hurwitz”. A 
polynomial f(s) is a strictty Hurwitz polynomial if all its zeros are in left 
half (LH) s-plane. Tt is Hurwitz if its zeros are in LH plane or simple on 
the jw-axis. 

The analyticity of F(s) and 1/F(s) or the Hurwitz nature of p(s) and q(s) 
can be tested ina number of ways. One of the methods is to construct the 
Routh-Hurwitz array for the required polynomial, 


Let P(S) = Qn" +4n_15" + An_gs"-? +... +454, 


For p(s) to be Hurwitz all the coefficients a;, i = 0, n, must be of the same 
sign. No coefficient should be missing for a strictly Hurwitz polynomial. 
For a polynomial which has all its zeros on the jw-axis alternate coefficients 
must be zero, i.e. p(s) is either even or odd polynomial. The Routh- 
Hurwitz array is constructed as follows: 


s” an Qn-2 An] 
Gn-y Qn-3 Qn_5 


gn-8 bn ba-y ba-» 


3 Cn Cn-y 

st 
1 

s 

where 
Qn ano an Anmg 
rt an~3 Qn-, An 
— = 5 
ba = 2 bn-4 aa a 
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bn—» = ng ees 


Cr = nes aca o1 >= b 
nt 
and so on, 


The array is a triangular one and for a strictly Hurwitz polynomial there 
should not be any change of sign in the coefficients of the first column, 
1.€. Qn, Qn, By, Cn, ..... A vanishing row in the array indicates that the 
polynomial cannot be strictly Hurwitz. In this case, the vanishing row is 
replaced by an auxiliary polynomial. Let the kth row, the row correspond- 
ing to s‘, be the row prior to the vanishing row. Form the polynomial 


P(s) = apSk--ax_psk-8-+.... +0 


where a; are the coefficients of the Ath row. The polynomial px(s) will 
always be an even polynomial. A vanishing row shows the presence of 
equal and opposite roots and the order of the polynomial p:(s) indicates 
the number of equal but opposite roots. The auxiliary polynomial is 


' d 
Pe = a = kapsk—1+ (kK—2)ap—25* 3+... 


The coefficients of (k+1)th row are replaced by the coefficients of the 
auxiliary polynomial and the array is now continued. If there is a change 
of sign in the first column then the polynomial p(s) is not Hurwitz. If 
there are no changes of sign in the first column then the polynomial px(s) 
is tested for its zeros and if the zeros are simple on the jw-axis then p(s) is 


Hurwitz. 
EXAMPLE 12.1 


Let p(s) = s*+16s? +86s?+ 1765+ 105 
st 1 86 105 
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Hence p(s) is strictly Hurwitz and 

P(S) = (s+1) (s +3) (s+5) (s +7) 
EXAMPLE 12.2 


P(s) = s§+12s4+4553 + 60s2+445+-48 
g5 1 45 44 
s4 12 60 48 


s 40 40 

se 48 48 Pr(s) = 4852+48 

st 0 (vanishing row) P, (s) = 96s 

s? 48 48 p(s) = 48(s?+1) 

Ka 96 The roots are s = +l. 
s° 48 


Hence the polynomial is Hurwitz with 
P(s) = (s+2) (s-+4) (s+6) (s?-+1) 


The other special cases which may arise while constructing the Rouths 
array can be found in any book on control systems.* 

A second method of testing for the Hurwitz polynomial is by continued 
fraction expansion. Let p(s) = m(s)+n(s) where m and # are the even 
and odd parts of p(s). . Form a rational function p,(s) given by 


pis) = 9 (12.2) 


The rational function of (12.2) is expressed in continued fractions as 


where (8, may be zero. 


*Nagrath, I.J. and M. Gopal, Control Systems Engineering, New Delhi: Wiley 
Eastern, 1975. 
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A necessary and sufficient condition for the Hurwitz nature of P(s) is that 
the coefficients 8; be real and positive. 


EXAMPLE 12.3 
‘Let p(s) = s*+ 165° +86s*+1765s+105 


Then m(s) = s*486s*+105 
and n(s) = 16s?+176s 


—_ /m 55+ 865?+-105 
PAS) = - = “6841765 — 
1 t 
= T6 't+ 6 i 


| 75° + 7ssf153.6 + 1146 
Hence p(s) is Hurwitz. 
Sometimes the continued fraction expansion may end ‘prematurely. 
For example consider 


p(s) = s§-+12s4-+45s?-+605*+44s-+48 


Here m(s) = 12s*+60s°+48 
and n(s) = s°+45s*+44s 
m(s) 12s4+60s*+48 
Then PS) = TG) = Spas pads 
1 
re 1 


Ss 
12 + 3s 1 
TO + S516 GFT) 

Because of the cancellation of factor (s?+1) the expansion ends prema- 
turely. A premature termination indicates common factors between m 
and a. This common factors is an even polynomial and has either roots 
on the jw-axis or roots with quadrantal symmetry (equal and opposite real 
roots are ruled out as this would result in a negative coefficient in the 
original polynomial). In this particular case the common factor is due to 
a pair of, jw-axis roots at + jl. Hence the polynomial is Hurwitz. In 
this example 


m(s) = 12 (s?+1) (s?+4) 
n(s) = s (s*+1) (s?+-44) 
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ue P(s) = (s*-+1) (s*-+ 12524445 +48) 


= (s?+1) (s +2) (s-+4) (s +6) 


The prf F(s), in addition to having p(s) and q(s) as Hurwitz polynomial 
must satisfy the Cor. 12.1. 

The conditions of the Theorem and Corollary 12.1 are necessary con- 
ditions for the positive realness of F(s). The conditions of the theorem 
imply that F(s) and its reciprocal are analytic in RH s-plane. With this 
we can restate the condition for a prf in the form of a theorem. 


Theorem 12.2: A rational function F(s) with real coefficients is a prf if, 
and only if, 


F(s) is analytic in RH s-plane 
The residues at any poles on the jw-axis are real and positive 
Re [F(s)] > 0 for all Res 3 0 


The direct testing of the last condition is rather complicated. In view 
of the first two conditions the last condition can be replaced by 


Re [Fj »)] > 0 for all w 


m+n 
Let F(s) = ee where ™,, Mm, , and 7m, are the even and the odd parts 


of the numerator and the denominator, respectively. It canbe easily shown 
that on the jw-axis the Re F(j w) is the even part of F( jo). The even 
part of F(j w) is 


Ev, FG 6) a | 


a 


On the jw-axis both mj and — nj being positive, the Re F(j w) > 0 for 
allw if, and only if, 


A (") = (m, my-—N, Ne) <a 9a > 0 for all w (12.3) 
If all the coefficients of A(x) where x = «? are positive then A(x) is posi- 
tive for all values of x between 0 and 0. When all the coefficients of A(x) 
are not positive we can resort to Sturm’s test. From A(x) a set of funce 
tions (Ag, Aj, Ay,. . .An) are formed such that Ay = A(x), A\(s) = dA(x){dx. 
The subsequent functions are formed as follows. The ratio Ai(x) and 
Ai-,(x) is expressed as ae 
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Ai-2(x) 
ei = (a, X¥+0))— 3 (12.4) 


where a, and 4, are constants. This procedure is continued till An is a 
constant. Then Sturm’s theorem states that : 


Theorem 12.3: The number of zeros of A(x) in the internala qx <b 
is equal to Ss—S.z, where Sz and S, are the number of sign changes in the 
set (Ay, 41, Ag. . .An) evaluated at x = aand x = B, respectively. 

By selecting a = 0 and b = 0 we can find the number of zeros of 
A(x) from 0 to oo. Every time A(x) goes through a zero, the sign of A(x) 
changes. If there are no zeros of A(x) in the interval 0 & x < © then 
condition (12.3) is satisfied. 


EXAMPLE 12.4 


? ie ee 
Then m, = 9s?-+15, n, = s?+235 
Mm, = S*+8 Mg = 65 
Hence A(e*) = m, m,—n, Ny 
= 30+51w?+120. 


Obviously A(w*) > 0 for all. Since F(s) has all its poles in the LH and 
A(w*) > 0 for all w, F(s) is a prf. 


EXAMPLE 12.5 


ey = MHRA 
Then m, = 2s*+115s?+4, n, = 7s°+12s 
m, = 34+9s?+6, ny = 58°+115 
and A(w*) = 2u°+608§—2204+30w?-+ 24 
Now Ag(x) = 2x4+6x3—22x7+30x+24 


A(x) = ss = 8x3+18x?—44x+-30 


A(x) _ 2x4#4+6x8—22x2+30x+424 
A,(x) 


8x84 18x9—44x+30 - 


1 r+33)- 115x*—246x—147 
-(4 16 8 A(x) 


i.e, A(x) == 115x9—=246x—-147 
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A(x) _ 8x2 +18x*—44x430 
Ax) ~~ 115x*—246x—147 


8 —x—1.81 
= (ts x-+0.305)~41.34 ae 


ie. A(x) = —x—1.81 


Agfx) _ 115x®—246x—-147 _ _—675_ 
Fey TTT TONS 454.2) —= 


As 

i.e. A(x) = —675, 
Sturm’s functions are 

Ay = 2x4+6x8—22x*+ 30x+4+24 

A, = 8x°+ 18x*—44x+30 

Ay = 115x*—246x—147 

As = —x—1.81 
and Ag = —675 


Ay Ay As As Ag No of changes 
of sign 


en  , Sy 


+ + = = _ So = 
+ + _ _ Sp =1 


Sa—S»p = 0 


Hence Re F(j ») > 0 for all w. 


Let F(s) = Ps) Then the continued fraction expansion of p,(s) 


qs)” 
and q,(s) are 
m, I 
p(s) = ee 0.29s+ 7 
: 0.935 + 5 
and q,(s) = = = 0.25 + : 
a 0.745 + u , 


1s 
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Hence p and gq are strictly Hurwitz and F(s) is a positive real function. 

The condition of positive reality is necessary and sufficient for the 
realization of a rational function as the immittance of a passive one-part 
network. The method of testing the function itself suggests a method of 
realization (continued fraction expansion leads to a ladder structure). 

If the passive network is further restricted to have only two types of 
elements (LC, RC or RL) then we can specify the immittance functions of 
such two element nciworks as special pr functions. 


12.2 Reactance Functions 


If a network contains only L’s and C’s then the network is called a 
reactance or lossless network. If we form the loop or node equations for 
such a network the elements of the corresponding network matrix will be 
of the form 


as + & (12.5) 
The natural frequencies of LC-network lie on the j w-axis. Hence we can 
state that 

‘The poles and zeros of the driving point immittance function of an 
LC-network lie on the j -axis.”’ 

The real part of the immittance function F(s) on the j w-axis is zero. 
The poles and zeros being on the imaginary axis the polynomials p(s) and 
as), where F(s) = ee , must be either even or odd. Since the behavior 
of the immittance function of an LC network must approach that of an 
inductor or a capacitor as s—>0 ors -» oo, we can conclude that F(s) 
must have a zero or a pole at the origin and at s = oo. Further it can be 
shown that the poles and the zeros must alternate on the imaginary axis to 
satisfy the condition that the residues at the jw-axis poles be positive 
real. This forces the slope of a reactance function to be strictly positive 
for all frequencies. Figure 12.1 shows the plot of a reactance-function as 


a function of o. 
The preceding discussions are summarized in the following theorem. 


Theorem 12.4: Necessary and sufficient conditions for a real rational 
function F(s) to be the driving point immittance of an LC-network are : 


(a) poles and zeros are simple and interlacing on the j w-axis 


(b) at the origin and at infinity, F(s) must have a pole or a zero. 


The properties of the LC driving point function are : 
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F( jw) 


ee ee ee oe ae oe 


Fig. 12.1 


(i) poles and zeros are simple on the imaginary axis. 
(ii) poles and zeros are interlacing. 
(iii) at the origin there is a pole or a zero. 
(iv) at infinity there is a pole or a zero. 
(v) Re F(j w) = 0 for all w. 
(vi) the slope of F(j a) is strictly positive. 
(vii) F(s) is a ratio of even to odd polynomial or vice versa. 
(viii) the residues at the imaginary axis poles are positive and real. 
There are a number of methods of realizing a reactance network. We 
only consider the four basic forms—Foster I, Foster II, Cauer I and 
Cauer II. The Foster forms are obtained by a partial fraction expansion 
of F(s) and the Cauer forms by a continued fraction expansion of F(s). 
If we combine the terms corresponding to a pair of conjugate poles, 
the partial fraction expansion of F(s) can be written as 
P(s) ky 2k: s 


= = —— +k 6 
F(s) qs) . + 3! bat + Koo $ (12.6) 
on i 


where ko, ki and k,. are the residues of F(s) at the poles at the origin, at 
jo: and at infinity, respectively. These residues are given by 


ko = 5 F)| 


ki = (s+j wi) F(s) | = 


s= —joj 2s . 
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If there is a zero at the origin (at infinity) then ky = 0 (kg = 0). 

If F(s) in eqn. 12.6 is an impedance function then it is the series con- 
nection of the elemental impedance (Fig. 12.2) and the realized network is 
shown in Fig. 12.3. If F(s) has a zero at the origin then C, will be 


IMPEDANCE FUNCTION NETWORK 
Co 


Fig. 12.2 


Co 
on—| oom --- 


Cy Cy. 
Loo 


F(s)=2Z(S) 


Fig. 12.3 


missing and if it has a zero at infinity Loo will be missing. The structure 
shown in Fig. 12.3 is called Foster form I. 

If F(s) in eqn. 12.6 is an admittance function, then it is the parallel 
combination of the elemental admittances (Fig. 12.4) and the realization 
is shown in Fig. 12.5. If F(s) has a zero at the origin, Z» will be missing, 
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and if it has a zero at infinity, C.. be missing. The network of Fig. 12.5 
is called Foster form II. 


ar 


Fig. 12.4 
[~ Ly : Lj c | ; 
oo 
F(S)=y(s) Cy C, 


Fig. 12.5 


The continued fraction expansion of F(s) is given by 


F(s) = a, s+ 1 
as 8+ ————__; (12.8) 


as + ———,— 
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Here F(s) is assumed to have a pole at infinity. The removal of this pole 
by the factor «,s leaves a function with zero at infinity and hence its 
reciprocal has a pole at infinity which can be removed and the procedure 
repeated. If F(s) is an impedance function then the realization is shown 
in Fig. 12.6 and is called Cauer form J. If the impedance has no pole at 
infinity (then the admittance has a pole at infinity) the inductance a, will 
be missing. Ifthe impedance has a zero at the origin the last shunt 
capacitance will be missing. 


a, Xs 


Fig. 12.6 


The Cauer form II is obtained by removing the pole of F(s) at the 
origin. In this case the continued fraction expansion is given by 


Fs) = ee Oa (12.9) 


If F(s) isan impedance the realization is shown in Fig. 12.7. If the 
impedance has no pole at infinity the last inductance will be missing. 


——— 
B, P3 


Ba 


Fig. 12.7 


We have shown that a given reactance function F(s) can be realized in 
four.different forms. All these forms have the same number of elements 
and the number is equal to the degree of the highest power of s in F(s). 
We cannot realize an LC network with lesser number of element and as 
such these forms are called canonic forms. 
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‘AMPLE 12.6 
2 
3 Rj (S8+5s4+6.75s?+2.25 

: s°43s9+25 
F(s) can be written as 

FIs) (s?+0.5) (s?-+1.5) (s?+3) 

~ s(s?-+1) (s?+2) 

Poles: 0, +j1, +j-V 2, 0 
Zeros: +jV0.5, £jV 1.5, tiv/3 
F(s) satisfies the conditions of Theorem 12.4 and hence is a reactance 
function. Let F(s) be an impedance function. 


Foster I 
The partial fraction ee of F(s) corresponding to eqn. 12.6 is 
2ks | 2k,s 
FG) = s+] +49 +keo s 


From eqn, 12.7 
k, = sF(s) | ano 


(1) (2) 
=(e41) ) | = SO Et? = 0 0.25 
k= (+2) | = ee SO a8 2+3) _ 0.1875 
c. - 
AY S—> CO 


The network is given in Fig. 12.8. 


05 01875 


F(s)=2(S) 


Fig. 12.8 
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Foster II 
The admittance function corresponding to F(s) is 


___ 8(s?-+1) (s?+2) 
(s?-+0.5) (s?+ 1.5) (s?+3) 


The partial fraction expansion is given by 


Fs) = 


-~ hh ks 
A() = Syos + sys t+ 3 
where 
= FAs) (0.541) (—0.542) _ 
Ky = (840.5) 9 | oe 0.5 = 320.5415) (0543) 721 
= F,(s) — —(—154+) (—1.54+2) 
Ae = (8415) S| ot we 1.5 = 1540.5) (1.5.3) 7 9-983 


Ke= (843) “3 | gp 3 = (30.5) (—3 41.5) 


The network is given in Fig. 12.9. 


Cauer I 

F(s) has a pole at infinity, which 3-333 6-024 1-873 
can be removed by long hand 
division 

s°4554-46.7552-+2.25 of T ou T aes | 
Ms) = ——" "54358425 
Fig. 12.9 
254 +4.75s?+2.25 
= Sr ~~ s$35*+28 
= s+F,(s) 


F,(s) has a zero at infinity and hence 1/F,(s) has a pole at infinity which 
can be removed. 


al. S+38S428 9.5 54 —0:6258 40.8755. 
Fis) 2st 4 758-205 ~ OST Qt p 4 755842.25 
= 0.59+F;(s) 


1/F,(s) has a pole at infinity 


1 2st+4.75s94+2.25 _ 49, 4 _1.95s8+2.25 
Fs) 0.625s8-+0.875s 0.625s*+0.875s 


= 3.2s+F,(s) 
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Similarly, 
1 __-0.625s8+0.875s _ 0.1535 
Fay ~~ 1.95st43.25  ~ 932Ist+ Toss 775 
= 0.3215+F,(s) 
1 1.95s842.25 _ 2.25 
Fi = Oss A oss, 
= 12.745s+F,(s) 
I 
———— = 0.068s 
F,(s) 


Hence the continued fraction expansion for F(s) (eq. 12.8) is 


0.321s-+———-————,_ 
12.7458 + — a — 


The coefficients of the continued fraction expansion can be obtained in a 
straightforward manner by Euclid’s algorithm which employs synthetic 
division, The algorithm is shown in Table 12.1. 


Table 12.1 
Numerator F(s) Denominator F(s) 
1 s | s*45s*4.6.75524-2.25 58358425 05s |2 
5*+3s4+ 258 5§4.2,2375s8+- 1.1255 
3 3.2s 2s*-|-4.75s2 +2.25 0.625s*-|-0.875s 0.321s | 4 
2s*+2.8 s* 0.625s?+-0.722s 
5 12.75s 1.95s*-+ 2.25 0.153s 0.068s | 6 
1.95s2 0.1535 


SE icuuihimnmmmmemteenenenn cna nee 


2.25 0 
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The first coefficient is obtained by dividing the numerator by the denomi- 
nator. This step is indicated by 1. The second coefficient is obtained b 
dividing the denominator by the remainder of the numerator obtained in 
step 1. This step is indicated by 2. This procedure of dividing the 
numerator by the denominator and then the denominator by the numerator 
is continued till the remainder becomes 0, and steps 3, 4, 5 and 6 are 
obtained. The coefficient of the continued fraction expansion are given by 
the corresponding quotients. 


1 8:2 12-745 * 


0:5 0-321 0:068 


Fig. 12.10 
The Cauer I network is given in Fig. 12.10. 
Cauer IT 


In Cauer I the poles at infinity were removed. This is equivalent to 
dividing the numerator by the denominator to eliminate the highest power 
in the numerator. In Cauer II we have to remove the poles at the origin 
which is equivalent to dividing the numerator by the denominator to 
eliminate the lowest power in the numerator. The division is given in 
Table 12.2. 


Table 12.2 
Numerator F(s) Denominator F(s) 

1 2.25+6.75 s%+ 5s¢+-5° 254-353 4-55 1 
0.8885 | 2.2543.375s?41.125s¢ 2s+2 0075+ 0.59355 1.686s 

1 3.3755°+.3 875s*+ 56 0.9935" +.0.407s* 1 

sacs eee ||4 

0.2945 3.375s?+ 1.38354 0.9935? -+0.398s* 2.5138 

1 2.4925*+ 58 0.009s* 1 

3-6x10-s 1.11 x 108s 
2.492s* 0.00955 


s® 0 
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The continued fraction expansion of F(s) is 


1 
Tees FT 
0.5945 * TT 
2.513s 1 + 1 
36x10 itx 108s 


+ 


1 
FS) = -Og885 


The network is shown in Fig. 12.11. 


0-883 0-294 3-6x10° 


Fig. 12.11 


In all the four realizations we have six elements. The highest power of 
s in F(s) is also six, thus demonstrating their canonic nature. 


12.3 RC Functions 


A network with only one type of energy storage element (C or L) cannot 
produce any ringing and the network can be at best critically damped. As 
such an RC network cannot be designed with Q greater than 3. Yet the 
study of RC network is of fundamental importance as they form the 
building blocks in active filters. High Q realization can be obtained by . 
embedding an active element in an RC network in feedback configuration 
(see ch. 15). 

The elements of the impedance matrix of an RC network are all of the 
form 


rec sat? (12.10) 


A comparison with eqn. 12.5 immediately shows that 


Zrc(s) = * 21c(P) p (12.11) 


= 8§ 


The properties of an RC impedance function can be derived from the 
properties of an LC impedance function and eqn, 12.11 (prob. 12.5). 
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The properties of an RC impedance function Zrc(s) are: 


(i) The poles and zeros of Zpc(s) are on the negative real axis of the 
s-plane and are simple. 
(ii) Poles and zeros of Zrc(s) are interlacing. 

(iii) The critical frequency nearest to the originis a pole. There can 
be a pole at the origin (this indicates a series capacitor). There 
cannot be a zero at the origin as this indicates an inductor. 

(ir) The critical frequency farthest from the origin isa zero. This 
zero can be at infinity (this would indicate a shunt capacitor). 
There cannot be a pole at infinity. 

(v) The slope of Zpc(e) is strictly negative. 

(vi) If Zrc(s) = p(s)/q(s), then the order of q(s) must be greater than 
or equal to that of p(s). 

(vii) The residues of Zgc(s) at its poles are all positive real. 

(viii) Zrc(0) > Zrc(% ). 


A transformation similar to the one for eqn. 12.11 between the RC 
admittance and LC admittance is given by 


(12.12) 


yrc(s) = |p ruck P)| pms 


The properties of Yrc(s) can be summarized as : 


(i) the poles and zeros of Yrc(s) are all on the negative real axis of 
s-plans and are simple. 
(ii) Poles and zeros of Yrc(s) are interlacing. 
(iii) The critical frequency nearest to the origin isa zero and this can 
be at the origin. There cannot be a pole at the origin. 
(iv) The critical frequency farthest from the origin is a pole and this 
can be at infinity. There.cannot be a zero at infinity. 
(v) The slope of Y(a) is strictly positive. 
(vi) If Yrc(s) = p(s)/q(s), then the order of p(s) must be greater than 
or equal to that of q(s). 
(vii) The residues of Yrc(s) at its poles are real and negative and those — 
of Yrc(s)/s are real and positive. 
(viii) Yrc(%) > Yrc(s). 


Figures 12.12 and 12.13 show the plots of an RC-impedance and 
RC-admittance, respectively, as functions of o. 

As in the case of reactance functions RC functions can be realized in 
four different ways. The Foster form I is obtained by a partial fraction 
expansion of Zrc(s). Let F(s) be a functjon satisfying the properties of 
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an RC impedance. Then F(s) can be expanded as 


k 
att Sethe (12,13) 
i=1 , 


Zac (7) 


($+2Z,) (S*Z2)(S+Z3) 
(S+ P,) (S+P,)(S+P,) 
Og P<2;< R<23< P3<Z3 


Zac(s)=k 


Fig. 12.12 


c(St21) St Z2)($ +23) 
(8+P,)(6+P,) (S+P) 
0€2,<P<Z,< P,<Z5<P, 


Yrcl$)= 


Fig. 12.13 
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where Ky, ki and kg. are the residues of the poles at the origin, at 
S == —pi and at infinity, respectively. These constants are given by 


ky = 5 FG) is ==() } 
| 
ki = (s-+pi) FO), a (12.14) 
and ko = lim Fs) | 
S=d0o J 


All the constants are real and positive. If there isno pole at the origin 
then k, = 0 and if there is a zero at infinity then k,, = 0. The impedance 
function of eqn. 12.13 is realized by the series connection of the elemental 
impedance shown in Fig. 12.14. The final network is shown in Fig. 12.15. 

The Foster form II is obtained by expanding the RC admittance in 
partial fractions. Let F(s) be the specified RC admittance. The partial 
fraction expansion of F(s)/s, which is an RC impedance is similar to that 
in eqn. 12.13 and is given by 


(12.15) 


Fig. 12.14 
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Ry 
om | | 
ees | oe 
[~ 2 


F(8)=Zp¢(s) 


Fig. 12.15 


where, as before, a, and ai are the residues of F(s)/s at the pole and at the 
origin, and at s = —p, and ¢o)= lim F(s)/s. (Here we have to expand 
Ss 


> 00 
F(s)/s instead of F(s) asan RC admittance has real and negative residues 
at its poles while the RC impedance has real and positive residues at its 
poles.) If F(s) has a zero at the origin, F(s)/s does not have a pole at the 
origin and «, will be 0. If F(s) does not have a zero at infinity, F(s)/s 
has a zero at infinity and a will be 0. From eqn. 12.15 we have 


F(s) = aS 12.16 
Oe ee > AS a9 5 (12.16) 
i=] 
ELEMENTAL 


Ro 


Fig. 12.16 
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The admittances function is realized by a parallel connection of the cle- 
mental admittances (Fig. 12.16). The final network is shown in Fig. 


12.17. 
I | 
C; 


Fig. 12.17 


The Cauer form I is obtained by expanding the RC impedance function 
in continued-fractions about infinity. From the property of RC impedance 
function the minimum constant that can be removed is Zrc(%). The 
removal of this constant is equivalent to dividing the numerator by the 
denominator to eliminate the highest power of s in the numerator. If the 
impedance function has a zero at infinity obviously we cannot remove any 
constant. In any case the first step leaves an impedance function with a 
zero at infinity. The pole at infinity of the reciprocal admittance function 
is then removed. The cycle repeats by the removal of a constant from the 
impedance function and the pole at infinity of the admittance function. 
The final continued fraction expansion is given by 


12.17) 
F(s) = are 
Ac eens eae 
Bs st--—_+_ 
Be s+ --» +Ba AY 


The network is shown in Fig. 12.18. If F(s) has a zero at infinity then f, 
is zero. The final element may be either a resistor or a capacitor. 


F(8)=Zp(8) 


Fig. 12.18 
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The Cauer form II is obtained by expanding the given function into 
continued fraction about the origin. If the given impedance function has 
a pole at the origin then it is removed by dividing the numerator by the 
denominator to eliminate the constant term in the numerator. The reciprocal 
of the remainder function being on RC-admittance function has a constant 
at s = 0 which can be removed by creating a zero at the origin. If the 
original impedance function does not have a pole at the origin then the 
first cycle is the removal of the constant at s =0 in the corresponding 
admittance function. The procedure of removal of a pole at s = 0 of the 
impedance function and then the constant at s = 0 of the admittance 
function leads to the continued fraction expansion. 


ne. 1 12.18) 
F(s) = y5 a Wate | ( 
1S Et 2 eet 
vs 1 
Ya 
=. 
Ys 


and the network is shown in Fig. 12.19. If the given function has no pole 
at the origin then y, is zero. The last element may be either a capaci- 
tance or a resistance. 


Fig. 12.19 


The two Cauer forms can be obtained by the synthetic division 
algorithm introduced earlier. All the four forms have the same number 
of elements and are canonic. 


EXAMPLE 12.7 


3 2 
L m8 + 954 4 235 $15 
Poles: 0, —2, —4, —6 
Zeros: —1, —3, —5, 00 


F(s) is an RC-impedance (Zgc). 
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(i) Foster I 


Expanding Zrc(s) in the form of eqn. 12.13 


—ko, Hh , he | its 
Zrc(s) = Ss + saat coat s+6 
ky = sZrc|, = 9 = 0.3125 


— (=24+1)(—24+3)(—2+5) 
k, = (s-+2) Zrc|, m9 = ~(=2) (244) (—246) == 0.1875 


(—4+1) (—4+3) (—44+5) 

k, = (s+4) Zre|, = (4) (—442) (446) == 0.1875 
ra — (—6+1) (—6+3) (—6+5) 

k, = (s+6) Zrc\, meesRe (6) (—6 +2) (—6 +4) == 0.3125 


(Here kag = 0 as Zprc has a zero at infinity) 
The network is shown in Fig. 12.20. 


0-094 0-047 


3-2 


Fig. 12.20 


(ii) Foster II 


3 he, Sl s(s° + 12s*-+-44s +48) 
RS) = Fy = Sp ost sh 15 


Yrc(s) _ s3+12s?4 445+48 


s $8 +952+235+15 
The partial fraction expansion corresponding to eqn. 12.15 is given by 
Yre(s) = a ay as 
s ~ g+) + s+3 a5 s+5 T oo 
Yrc(s) = (—1+2) (—1+4) (—1+6) =25 


a = (stl) — 1 ge 1 (—14+3) (—1+5) 
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Yre(s) _ (—3+2)(—3+4) (—3+6) _ 
m= (043) A ge eer 
Yrc(s). (—5+2) (—5+4) (—5+6) _ 
ay (+5) |g (—5+1) (—5+3) ol 
a4, = lim Yac(s) aa. T 
S=poo 


Here a, is zero as Ypc(s)/s does not have a pole at the origin. Finally 


Yacls) = tosh Bh + BE 4 att 


Fig. 12.21 


and the network is shown in Fig. 12.21. 


(iii) Cauer I 
Numerator Denominator 
1 0 5*+9s9+ 235415 s*+412s*-+ 4454-485 s 2 
0+0+0+0 5449s" + 2359-4 155 
3° | 0.3 5*+49s?-+235+15 3s3-4.215*-+335 15s 4 
s*74-759-+-11s 3s*+ 18s*+ 22.55 
5 0.67 2s*+-12s+15 3s*+10.5s 0.63 6 
2s*-+-7Ts 3s*-+95 
7 3.33 5s-+15 1.5s O.1s 8 


5s 1.55 
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The continued -fraction expansion is 


1 
Zrc(s) = 1 
S+ i 
0.33+ i 
1.5s + 7 
0.67 + i 
0.6s-+-- - © Seg ors 
3.33 e 
+ 0.1s 
The network is given in Fig. 12.22. 
0:33 0-67 3 33 
1 15 06 0-1 
Fig. 12.22 
(iv) Cauer II. 
Leanne nn ee reset nnmanenamnnnamaameneenaeemansnasammaanemerconmmammmenemsesses cence cnn I a 
Numerator Denominator 
o3'25 15423s+9s%+ 5! 485-+445%+ 1259+ 54 5.1892 
15-413.75s+3.75s°+0.3125s" | 41s-+27.243289+ 3.56755 
0.5520 Fi 
: 9.258 +-5.25s94-0,6875s° 16.7567s'+ 8.4324s*--s 28.1483 
9.255 +4.65475°+-0.5520s* 16.7567s°4- 3.81415? 
Sue 0.59535"+ 0.13555? 4,6183s"+ s# 699.742 
0.5953s*-+-0°1289s? 4.618353 
0.0066 0.006653 sf 
0.0066s* 
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The continued-fraction expansion corresponding to eqn. 12.18 is 


1 1 
Zrcl) = 39, + i i 
0.19 1 ri 1 
1.81s 1 + 1 
0.04 1 ap 
7.76s 1 + : ie 
0.001 1 
151.52s 
The network is shown in Fig. 12.23. 
32 1-81 7-76 


Fig. 12.23 


All the four networks have seven elements (degree of numerator + 
degree of the denominator) of which four are capacitors (degree of the 
highest power of s in F(s)). 

In the continued-fraction expansion realizations we have to be quite 
careful about the numerical accuracy. If we do not express the coefficients 
with sufficient accuracy there may be premature termination of the expan- 
sion leading to erroneous conclusions. 


12.4 RL Network 


The elements of the admittance matrix of the RL network are all of the 
form 


1 
yre = G+ SL 


This equation is similar to the eqn. 12.10. As the admittance of an induc- 
tor is similar to the impedance of a capacitor, we conclude that the 
‘properties of an RL admittance are identical to those of RC impedance 
and vice versa, 
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ie. Zrc(s) = Yrr(s) 
Zru(s) = Yrc(s) 


(An RL-admittance can be considered as the dual of an RC-impedance and 
vice versa.) 


The four realizations for an RL functions are shown in Fig. 12.24. 


Foster lI Foster IT 


Cauerl _ CauerIl 


Fig. 12.24 


12.5 Two-port Functions 


A one-port network is completely characterized by its driving-point 
impedance or admittance function. In contrast a two-port netwok requires 
in general, the specifications of four parameters (see ch. 8). Hence the 
study of the synthesis problem of a two-port network is much more 
complicated. 

In the realization of filter networks an often specified quantity is the 
open circuit voltage ratio T(s) (= V,/V;, V, is the output or the load end 
voltage and V, the input or the source end voltage). From Table 8.1 we 
know that 

a a — 712 

| Ts) = Oh a (12.19) 
Hence the realized network must ecieat satisfy the specifications 
ON Yao (242) ANd Yeo (212). 
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In ch. 7 we showed that the transfer function (from now on when we 
say transfer function we imply open-circuit voltage transfer ratio) of a 
lumped passive network is a rational function of the variable s. 


_ PAs) 

Let T(s) a(s) (12.20) 
The poles of the transfer function are restricted to the left half s-plane 
(any pole on the jw-axis must be simple) from stability considerations. 
The zeros of the transfer function, the zeros of transmission (see ch. 7), 
can be anywhere in the complex plane. The synthesis of the two-port 
from a specification of its transfer function proceeds with the identification 
of a driving point and a transfer impedance or admittance. 7(s) of eqn. 
12.20 can be rewritten as 


P(s)/Q(s) ; 
T(s) = ——=— 12.21 
©) = GO) eo 
where Q(s) is a real polynomial of s. On identifying eqn. 12.21 with 12.19 
we have 


— ra Gn) = Fos en Cn) = BO (12.22) 

Q(s) must be so selected that q(s)/Q(s) is a pr function and hence a driving 

point immittance function ofa passive network. This driving point func- 

tion is realized in such a way that it simultaneously realizes the required 
transmission zeros. 

In what follows we consider only the realization of RC and LC ladders. 

Consider the ladder network shown in Fig. 12.25. A transmission zero is 


Fig. 12.25 


created when the series arm is open or a shunt arm 1s a short (see ch. 7 
for further restrictions). The series arm is open at the pole frequencies of 
the series impedances and the shunt arm is short at the pole frequencies 
of the shunt admittances. The series arm impedance and shunt arm 
admittance functions being pr, we conclude that ‘‘the zeros of transmission 
for a ladder network are restricted to the left half s-plane’’, 
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For an RC ladder z (i = 1, 3,... 2n—1) and y: (i = 2, 4,... 2) are all RC 
functions. From eqn. 12.21 and 12.22 the poles of the transfer function 
are restricted to the negative real axis. Since at high frequencies an RC 
network degenerates to a resistive network, the output voltage must be 
finite and 7(s) cannot have a pole at infinity. It can also be shown 
that 7(s) cannot have pole at the origin. (This is more involved as it 
depends upon the relation between z,. and z,, or y,, and Yu). The zeros 
of transmission are restricted to the negative real axis. In summary : 
“The poles of the transfer function of an RC-ladder network are simple 
and restricted to the negative real axis excluding the origin and infinity. 
The transmission zeros are all restricted to the negative real axis.” 

An important point to note is that an RC ladder is incapable of 
generating complex or imaginary transmission zeros. If we require such 
transmission zeros we have to resort to either parallel ladders or Twin-7 
networks. 

Let the transfer function of an RC ladder be as given in eqn. 12.21, 


ie. 1s) = oe 


where both p(s) and q(s) are real polynomials with zeros on the negative 
real axis. The degree of the denominator polynomial is at least as great 
as that of the numerator and “‘s”’ is not a factor of the denominator. 
Identifying z,, and Z,, as in eqn. 12.22, we have 


_ As) Pls) 
7a =O) > 7* = OU) 


Here Q(s) is selected such that its zeros are on the negative real axis and 
interlacing with those of q(s). Q(s) can have.a zero at the origin, and the 
degree of the highest power of s in Q(s) cannot be less than that of q(s). 
With such a selection 2, satisfies the requirements of an RC-impedance 
function. . 

To simplify the synthesis problem we consider the case of an all pole 
transfer function, i.e. p(s) = 1 indicating that all the transmission zeros 
are at infinity. In this case, the transfer function is 


T(s) = oF (12.23) 


This represents transfer function of a low-pass filter. The network is’ 
realized ‘by developing ¢(s)/Q(s) into a ladder in Cauer I form by continued 
fraction expansion. The final network has the form shown in Fig. 12.26. 
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In this RC-ladder the transmission zeros are created only when the shunt 
arm offers zero impedance, i.e. at s = ©. 


ioecetacie bimionaiioaseds 


Fig. 12.26 


This method only assures that the transfer function will have the 
proper poles and zeros. Z,, is realized exactly and z,, with a constant 
multiplier. Hence, the given transfer function is only realized with a 
constant multiplier. In order to evaluate this constant multiplier we need 
not perform a complete analysis; it suffices to determine the behavior of 
the network and of the transfer function as s-+0 or soo. This procedure 
will be illustrated by examples. 


EXAMPLE 12.8 


1 
Let 9) = (50) (65) 


i.e. P(s) = 1 
q(s) = (s+2) (s+5) 
(a) Choose Q(s) as (s+-1) (s+-3). Then 


; — (S+2)(s+5) _ s2+7s+10 
a GFT) (S43) s?-++45+3 


The continued fraction expansion of z,, is 


Zy, = 1+ ; i 
eee . 
3 ie | 
5 25s 


1 
ea a 
5 
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and the network is given in Fig. 12.27(a). 
1 9/5 


I 1/3 wait 


en aoe 


Fig. 12.27(a) 


8/15 


To determine the constant multiplier we study the behavior of the net- 
work and of the transfer function as s->0. The transfer function reduces 
to: 


(Here it is assumed that the transfer 
9/5 adh ; : 
function is realized with a constant 
multiplier K.) The network reduces to 
8/5 that shown in Fig. 12.27(b). The 
transfer function of the network is 


ISB 

Fig. 12.276) 10) = H9/s+e/15 = 30 
K_ 8 _ 38 
i.e. nO Ss 


Hence Fig. 12.27(a) realizes the transfer function with a constant multiplier 
of 8/5. 


(b) Choose Q(s) as s(s+-4) (s+6), then 


__ (8 +2)(s+5) _ #475410 
= s(s+4) (S+6) S?+ 1053+ 24s 


The continued fraction expansion of zy is 


1 
zy = i 
as i 
3 tos +t 
7°49 l 
35 s, 
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and the network is shown in Fig. 12.28. To evaluate the constant multi- 
plier we study the behavior of the network and of the function as s+0. 


1/3 49/24 
1 9/7 8/70 
Fig. 12.28 
K 
T(0) = To 


For the network 7(0) = 1, yielding K = 10. 
If all the transmission zeros are at the origin instead of infinity, then 


the synthesis proceeds by developing 2,, in Cauer IT form. 


EXAMPLE 12.9 


2 


S 
te RO GaGa) 


Choose Q(s) as (s+1I) (s+3) and expand z,, in into continued fraction 
about the origin instead of about infinity. The corresponding expansion 
is 


* 1 
333 J ri 1 
0.19s 1 eS 1 
1.83 1 ef 1 
0.04s 1 
6.54 
0:19 0-04 


Fig. 12.29 
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and the network is given in Fig. 12.29. It is a high-pass network. In this 
example the transfer function is realized exactly (i.e. K = 1). The constant 
can be evaluated by considering the behavior of the network and the 
function as s—> oo. 

Though, in so far as the driving point functions are concerned the two 
Cauer forms yield the same function, we have seen that Cauer I leads to 
a low-pass network and Cauer II to a high-pass network. 

The creation of finite —ve real axis transmission zeros not at the origin 
leads to a more complicated network. In the all-pole transfer function 
the synthesis proceeds by the removal of a constant at infinity. This 
constant is 2,,(00). The removal of this constant creates a zero at infinity 
in the remainder of the impedance function. For the example 12.8 (a) 
we have 


s?+7s+10 
s?+4s5+3 


_ __35+7 
~ 9524-4543 


—| 


n~ 
21. = 2y)—Zy( 00) = 


Zan has a zero and hence Yu = V2 has a pole at infinity. This pole is re- 
moved in the next cycle to yield a shunt capacitance and a transmission 
zero at infinity. If instead of removing z,,(0¢) we only remove kz,,( 00), 
where k < 1, we can create a finite zero in zy. For example let k = 0.5. 
Then 

(s+2) (s+5) _ 95 


Zan = 24,—0.5241( oo) = 


(s+) +3) 
aq OSATSSHES 5845.91) (84217 19 94) 
= 344543 (s+1) (s+3) 


(The removal of kz,(0o) from z, shifts the zero of z4, at —5 towards 
infinity. In the first case the zero has moved from —5 to °c and in the 


second case from —5 to —7.82), The pole of 1/2 at —7.82 is now removed. 


(st+1) (s+3) 


i.e. Pa 0.5s+3.91) (82.17) 
Ju (s+1) (s+3) 1.488, (0.512(s+1.5). 


= HOSsF391) EDAD) ~ 54782 T5427 


‘ 1.4885  0.512(s+1.5) 
be. Yu = “S782 st217 


Now we can write 2, as 
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1 
Tage I 
s+-7.82 s+2.17 
0.512(s+1.5) 


2 Sd 0.5 + 


z= §+2:17 


~0-516(S+1-5) 


Fig. 12.30 


The network realized so far is shown in Fig. 12.30. Hence we have created 
a transmission zero at s = —7.82. 

We have shown that a partial removal of the constant z,,( 00) has created 
a finite transmission zero. By varying the constant & between 0 and 1 we 
can create other finite transmission zero from —5 to oo. 


-<-— oe ee eed) 


Fig. 12.31 


The method we have illustrated by an example is called zero shifting 
technique. By this technique we can create finite transmission zeros not 
at the origin or at infinity. To select the constant k, we are only to 
observe that from eqn. 12.24 


2 | ge —782 ~ OD fea 7,82 ~05 


me k=2u|,__ 799 
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Hence we conclude that to create a transmission zero at s = —p, we 
select the constant & as 

k=2y fare 
The method can be generalized to other types of z,,. The final form of 
the network is shown in Fig. 12.31. A series RC branch in the shunt arm 
creates a finite transmission zero excluding the origin, and a shunt capaci- 
tance creates a transmission zero at s = 0, Transmission zeros can also 
be created in the series arm, in which case the network is shown in 


Fig. 12.32. 


Fig. 12.32 


12.5.2 LC LappDErRs 


For an LC ladder % (i = 1, 3, ---, 2#—1) and y: (i = 2, 4, ..., 2m) are all 
reactance functions. The poles of the transfer function of such a ladder 
are simple and restricted to the jw-axis excluding the origin and infinity. 
The transmission zeros are all on the jw-axis. An LC ladder is incapable 
of producing transmission zeros anywhere other than the jow-axis. To 
produce transmission zeros elsewhere we have to consider more compli- 


cated structures like parallel ladders. Soe 
Let the transfer function of an LC ladder be as given in eqn. 12.21 


r= 2 


i.e. 


where p(s) and q(s) are both real polynomials with zeros on the jw-axis. 
The degree of the denominator polynomial is at least as great as that of 
the numerator and s is not a factor of the denominator (compare this with 


the RC ladder transfer function), Identifying z,, and z,, as in eqn. 12.22 
we have 5 
qs) _ AS 
4 = Os) ’ 212 Os) 
Here Q(s) is selected such that its zeros ar¢ on the jo-axis and interlacing 
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with those of q(s). @Q(s) can have a zero at the origin and the degree of 
the highest power of s in Q(s) can be one more, equal to or one less than 
that of q(s). Such a selection makes z,, a reactance function. , 

As in the case of an RC ladder we first consider an all-pole transfer 


function. 
1 
M8) = 5) 


The network is realized by developing q(s)/Q(s) into a ladder in Cauer I 
form by continued fraction expansion about infinity. The final network is 


shown in Fig. 12.33. 
Qunece _[. 


Fig. 12.33 
ExAMPLe 12.10 
1 
t = 
het Ms) = Gari) G43) 
i.e. P(s) = 1, and qg(s) = (s?+1) (s?+3) 
(a) Choose Q(s) as s(s?+2). Then 
2, = SH +3) 
s(s?+2) 
The continued-fraction expansion of z,, about infinity is 
24> s+ a ee 
Ss 1 
2 : 4s + : 
ag 
6 
1 4 


i I. 
eee! Ane) MA 


Fig. 12.34 
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and the network is shown in Fig. 12.34. The transfer function is realized 
with a constant multiplier of 3. This is computed by considering the 
network and the transfer function behavior as s+0. 

(6) Choose Q(s) as s(s?+-2) (s?+4). Then 


2 = (Pt) (843) 
n= “s(8-2) (+4) 


The continued-fraction expansion about infinity is 


1 
24 = aes 
oie | 
2 4 1 
gots i 
=- s+ 
2 ca 
3 
1/2 3/2 


Fig. 12.35 


and the network is given in Fig. 12.35. The value of the constant-multiplier 
for this realization is 3. 

If all the transmission zeros are at the origin then the synthesis proceeds 
by expanding z, in Cauer-form IJ, i.e. 2 is expanded in continued- 


fraction expansion about the origin. 
EXAMPLE 12.11 


4 


Ss 
Let 19) = GE 3 


Choose Q(s) as s(s*+-2) and expand z, about the origin. The expansion 
is given by: 


3 1 

Zu = yt a, 1 
5s ' 25 1 
35+ i 
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o——| 


2/3 2/25 
5/4 5 


Fig. 12.36 


and the network is given in Fig. 12.36. The constant multiplier can be 
evaluated by considering the behavior assoo. The multiplier value 
is 1. 

Finite transmission zeros not at the origin can be created by zero 
shifting (or pole weakening) as in the case of RC networks. In the pole 
weakening (or zero shifting) technique, the zeros move towards the 
weakened pole. However, a zero cannot cross an intermediate pole. The 
creation of such transmission zeros in shunt arm leads to the network of 
Fig. 12.37 (a) or (b). Ifthe finite transmission zeros are created in series 
arm, the structures are shown in Fig. 12.38. These structures are called 
mid-series and mid-shunt ladders, respectively. The most general form of 
LC-ladder is shown in Fig. 12.39. In all these ladders the transmission- 
zero is created at the resonant frequencies of the LC-combination (series 


LC is a short at its resonant frequency and shunt LC is open at its 
resonant frequency). 


o—} ---—o ----0 


a tg ee 


(a) (b) 
Fig. 12.37 


Fig. 12.38 
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eee eo 


. Fig. 12.39 


12.6 Minimum-phase Networks 


The zeros of transmission ofan RLC network can occur anywhere in the 
complex s-plane. However, a ladder can realize transmission zeros in the 
LH s-plane including the imaginary axis. A network whose transmission 
zeros are restricted to the LH plane is called a minimum-phase network 
and its transfer function a minimum-phase transfer function. Hence we 
conclude that a passive ladder network is a minimum-phase network. 

A non-minimum phase network must necessarily have zeros ofi trans- 
mission in the RH s-plane. Let 7(s) be such a transfer function and let 


Ts) = ee (12.24) 


where the zeros of p,(s) are in LH plane and those of p,(s) in RH plane. 
Further let p,(s) be written in the factorized form as 


Y 
Puls) = 7 (8-21) 


Now 7(s) can be rewritten as 


— Pils) qi(s) 
T(s) = re - Pols) . 343) (12.25) 


Y 
where q,(s) = i +zi) On regrouping eqn. 12.25 we have 
i= 


ra {200} fa 


T,(s) T,(s) (12.26) 


where 7;(s) is a minimum-phase transfer function and 7,(s) is given as 
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Ae 


(s—zi) 


— 


TAs)=—= 


Y (12.27) 
Cra) 


The poles and zeros of 7;(s) are in quadrantal symmetric and | 7,(jw) | =1 
for all w. Such transfer functions are called all-pass functions. The first 
and second order all-pass functions are given by 


s—a st—ast+b_ 
sta’ s*+as+b 


From eqn. 12.26 we conclude that ‘‘a non-minimum-phase function can be 
expressed as a product of a minimum-phase function and an all-pass 
function.” All-pass networks are generally used as phase correcting 
networks. 

All-pass networks can be realized by lattice networks. Though we 
have not discussed those structures, they form an integral part of many 
passive filter systems. 


PROBLEMS 


12,1 Construct the Routh’s array for the following and test for the Hurwitz nature 
of the polynomials : 
(a) s*+20s*+1475s° + 484s"+ 612s +4 336 
(b) s§+5s*+6s*+57+55+6 
(c) s*+6s*+9s*+24s+ 20 
(d) s*4+3s°+3s* +35'+ 35943542 
12.2 Test for the Hurwitz nature of the polynomial by continued fraction expansion: 
(a) s*+17s*-+ 107s*+307s*+ 396s+ 180 
(6) s°+5.5s4+-9s* + 6.5s*-+ 85+46 
(c)  s*+5s*+11594+25s+6 
(d) s*+2s*+ 5s*4-10s*+ 95418 
12.3 Test for the positive reality of the following rational functions : 


S'+4s+3 s44-2.5584+ 1 
(2) 46548 ©) Hasta Ss 
(©) §*425? +3s3+5+41 (d s*+105* 4275418 
54+ s8+3s'+2541 ) 


S*+-7s 4-11.25 
12.4 Classify the following RC immittances : 


s*+ 10s*424s s*-+10s4-24 
@) - s+ 78410 ©) “SF 7sti0 
5*435+1.25 s*+125435 


(c) (a) 


5*+7.5 49s S34 15s*-+625+48 
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12.5 The properties of a reactance function are given in sec. 12.2, Using LC-»RC 
transformation of eqn. 12.11, 12.12 obtain the properties of RC-immittance 
functions. 


12.6 Realize the following reactance functions in the four canonic forms 


( (s*+1) (s*+6.25) (s?+25) 
4) 3 (s*-4+4.5) (S749) 


(by S613 24) (st +36) _ 

(s?+.2) (s+ 4) (s?+ 40) 
12.7 Realize the RC functions of prob. 12.4 in the four canonic forms. 
12.8 Realize the following all-pole transfer functions 
a) ip eke ee 
s4-+- 1557+ 625+48 534-95? 4 2354.15 
anes eee ty, Moth Ae 
5®+ $54+6.755?+2.25 s*+15.25s*+ 56.25 


(a) 


(c) 


13 


Approximation 


Constant-k filter design was based on the concept of image impedance. 
The load on any particular section of the filter is the iterated impedance 
of the following sections. However, a fixed resistive termination failed 
to provide the correct image matching, and the filters fell short of the 
design specification. In contrast the modern filter design is based on 
the selection of the filter transfer function to satisfy the required specifica- 
tion and then realization or synthesis of this transfer function. In this 
chapter we discuss one of the concepts in modern filter design. 

The steps involved in the modern filter design can be summarized 
a$s 

(i) selection of the filter specification, 

(ii) selection of a realizable rational function which satisfies the 

specification, 

(iii) realization of the transfer function and calculation of the com- 

ponent values of the chosen filter structure, and 

(iv) construction and testing of the filter. 

The second step is generally described as the approximation problem. 
The filter specification—cut-off frequencies, pass band gain, transition 
bandwidth, stop band attenuation—are generally specified in the 
frequency domain. In the approximation problem a realizable rational 
function is selected so that it meets the specifications with prescribed 
tolerance. This procedure is mainly algebraic, and there are many 
standard functions available. In this chapter we consider two of the 
frequency domain approximation procedures. The approximation can 
be achieved in the time domain also. The realization of the transfer 
function approximating the given specifications is the subject of the next 
chapter. 


13.1 Filter Specifications 


The characteristics of an ideal low-pass filter are shown in Fig. 13.1. 
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The filter network is required to pass all frequencies below w, with no 
attenuation and frequencies above wy with infinite attenuation. The 
phase of the filter network is to be a linear function of w. These specifica- 
tions cannot be achieved by a physical network. If we consider the 


2 
\T(iw)| [TUiw) 
1 


@p w w 


Fig. 13.1 

magnitude as the Fourier transform, the corresponding time function is 
of the form sin a,/a, and exists for all t. This makes the impulse response 
of the filter network non-causal and hence non-realizable. Indeed, 
it can be shown that any band limited frequency response results in a 
non-causal time response. 

In order to circumvent this problem the filter specifications are 
modified. Fig. 13.2(a) shows the specifications for a realizable low-pass 
filter. 


ITiw)]? 
odB 


Fig. 13.2 


wp —> pass band edge 
ws —> Stop band edge 
wep<w<ws > transition band 
Maximum pass band attenuation o,dB 
Minimum stop band attenuation «dB 
i.e. axap wSwp 
Aas wDws 
where a is the attenuation of the filter in dB. 
Strictly speaking « being attenuation should be expressed as negative 
quantity. When we specify a» and as we should interpret it as o,dB 


314 Network Theory and Filter Design 


loss at w=w, and a,dB loss at w=ws. All the quantities in Fig. 13.2a 
are referred to 0 dB (unity gain) axis and | 7(jw) | * in dB is negative for 
all values of w>wp,, If we plot the loss or attenuation in dB versus w then 
a, and as will always be positive (Fig. 13.25). 

The approximation methods solve the problem of selecting a realizable 
rational function whose frequency respose approximates that in 
Fig. 13.2. 

Let f(w) be the required frequency response function and t(w) the 
function which approximates f(w). We may require that 


e(w)= Max | flw)—t(w) | 
waQw ws 
be minimized. Here the criterion is to minimize the maximum error over 


the frequency band w:<w<w». We may also pick a mean-square error 
criterion, i.e. t(w) is selected such that it minimizes, 


oy 
Ce | | flo) —t(w) | ® deo 


Another method of approximating is to have f(w) exactly equal to 
J(w) at a prescribed point w=wo. Let f(w) and f(w) be expanded in 
Taylor-series about wo. 


ie.  f(w)=f(wo) +f'(wo)(w—wo) + f Loe) (w —wo)*? + 


and —s t(w) = t(cv0) +t'(wo)(w—wo)+ Er (w—ao)*®+... 


(where ’ indicates differentiation with respect to w). 
If f(wo)=t(wo) and as many as possible derivatives at w=wo are set to 
zero we have a Taylor series approximation. 

In all the approximation procedures the transfer function is selected as 


1 


| Tijw) |? = TKO) 


(13.1) 


and a(w)=10 log [ 1+e?K,? (w) | dB 


where K, (w) is an mth order polynomial in w and the constant ¢ deter- 
mines the pass band or the stop band attenuation. 

In what follows we consider two well-known methods—Butterworth 
and Chebyshev approximations—in detail. 
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13.2 Butterworth Approximation 


Butterworth approximation is a special form of Taylor series approxima- 
tion in which the approximating function t(w) and the specified function 
f(w) are identical at w=0. For this approximation Kn (w) is selected as 


Kn (w)=Bo+8,0+B.w?+... +Bnw” 


For a Taylor series approximation the function Kn (w) must be maximally 
flat at the origin (i.e. w=0). Hence as many differentials of Kn (w) as 
possible must vanish at w-=0. Hence for Butterworth approximation 


Kn (w)=w" 
The magnitude function | 7(jw) | 2? and the attenuation function o(w) are 
then given by 
: I 
| Tin) | * = caer 
a(w)=10 log [1-+c? w?"] (13.2) 


(Here we have used c in place of € in eqn. 13.2.) In eqn. 13.1 and 13.2 
w should be interpreted as the frequency normalized with respect to the 


pass band edge wy. 


ie. | T(jw) |? = ————~win 
1+c? (=) a) 


IT(s))* 
4:0 


Fig. 13.3 
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and a(w)=10 tog | 1+c? (=)"] 


The frequency response of a Butterworth filter for various values of n 
is shown in Fig. 13.3. All the curves pass through the same point at 
w=w) and this point is determined by ap. 

If the specifications are barely satisfied, then from eqn. 13.4 we 


have 
2 
ap=10 log | 1+c? ( oe) | 
Wp 


3n 
as=10 log [ r+e(— ) ] 
Wp 
The factor wp/w; is called the selectivity parameter and is represented 
by k 


(13.4) 


ie. k= pn (13.5) 
Equation 13.4 can be rewritten as 
8.le 
f=10 7 —1 
c O-la, ; 
and [in =10 —! (13.6) 
Dividing one part by the other we have 
ken 10° °7—1 
10° Pa 
If we define 
O-le $ 
10 ?—1 
as the discrimination parameter, we have 
_ logk, 
~ logk 
The order of the filter n should be selected such that 
log ky 
n> logk n an integer. (13.8) 


If m happens to be equal to log k,/log k then the value of c obtained 
from both the equations in 13.6 are the same. If nlog k,/log k, then 
c can be selected to satisfy either the pass band edge or the stop band 
edge requirements exactly. 
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In the first case : c= [0Fia (13.9a) 
In the second case: c=4/{&A (10!=;—1) (13.95) 
EXAMPLE 13.1 


The specifications for a LP filter are 
a< 1 dB, forf< 3 MHz 
a>60 dB, for f$12 MHz 


For this filter the Fema and the discrimination parameters are 


k= sy 0.25, 
10°1— ] 
es wer} =0.5089 x 10-* 
The order of the Butterworth polynomial from eqn. 13.8 is 
log k, _ —3.2934 a 
"? Tosk = —0.6021 2470 
ie. n=6 
(i) If c is to satisfy pass band requirement (eqn. 13.9 a), then 
c =V710"! —1 =0.5089 


(ii) If c is tosatisfy stop band requirement (eqn. 13.9 5), then 
c =1/(0.25) (10%1) =0.2441 
(If nis chosen as 5.4702 then from eqn. 13.9 (a) and (5) we have 


c=0.5089, as indicated earlier.) 
Filter specification often includes the cut-off frequency which i is defined 


as the—3dB point. If w-is the cut-off frequency then from eqn. 13.3 we 
have 


: We Yi =] 
re 


(13.10) 


For the previous example, if cis selected to satisfy the pass band require- 
ment 


= 66.5089 =f. I2wp 
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If the pass band edge is the cut off frequency, i.e. a»=3dB, then c=I. 

From now on for convenience we consider a normalized Butterworth 
filter, i.e. we=I and c=]. 

In order to realize the filter we have to determine its transfer function. 
The poles of: an all-pole transfer function (i.e. all the transmission zeros 
are at infinity) must be in the left half plane to satisfy the realizability 
condition. If we let 


, I 
ITGey = TGA, 
then |H (jw)? =1+0™ 
and we can write 
| H(jw)*| =H(s) H (—s) jas ee [sm — out 


The 2n zeros of H(s) H(—s) are given by solving 
1+(—I)" s*=0 (13.11) 
and poles of: 7(s) are given by the LH plane zeros. We consider two 
separate cases. 
(i) Ifn is even: Equation 13.11 reduces to 
gM xe — Je J(2kK—1)x 
The 2n-roots are 
pemexp[ j ao } keaol,2, .. 2n (13.12) 
i.e. Pr=COs (AS n)+j sin ‘e= : n), k=1,2,.. 2n. 
(ii) Ifn is odd: Equation 13.11 reduces to 


s**t [=e J2kn 
The 2n roots are 
masa ; k 
pe=exp| j — 7 |, k=0,1,.... (22-1), (13.13) 
j =COS Eo +7 si i k=0, 1 
i.e. Pr= oe j sin (+ 7), =0, 1,....(2n—TI). 


The transfer functions for the two cases are given by (prob. 13.3) 
1 


n even : T.(s)= nfd 
(s?-+-2 cos @% s+1) (13-192) 
k=1 
2k—T 
2n 


with .= 7 
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n odd : T (s)= 2 (13.14 5) 
c+] | (s?-+2 cos 6x5-+1) 
k=1 


with 9@,= ae 


For example for n=2 


Pijeses.  tal eset L 
s? +2 cos re s+1 P+ fost] 
and for n=3 
T(s) = u 
(s+1) (s?+2 cos—Z—s+1) 
1 


“SF 2s*-p sf 1 


jw 
n even eae! n odd 
; 0 ° 


Fig. 13.4 
The poles of T (s) are shown in the Fig. 13.4. .For the case of n odd 
there is always a pole on the negative real axis.. For both the cases there 
cannot be a pole on the jw=axis. 
Table 13.1 gives the denominator polynomial of T (s) for various n. 
If we do not assume c=1I,, then the radius of the Butterworth circle, 


will be = and the roots are given by 


1 , 2k-1 _ 
neven: pr= we exp E on x |, k=1,2,...2n (13.15) 


1 are: 
nodd: pr= ye exp [ i- ® i k=0,]1,... 2n—1 


10 


Table 13.1 


Roots Factors 
—!l s+l1 
—cos n/4-j sin 7/4 S47 2541 
—1, —cos x/3-+/ sin n/3 (s+1), (s?+541) 
—cos k > +/j sin ae (k=1,3) (s*+0.765 s+1), (s?+-1.848s+1) 


sf caton <= +ysin & (k=1,2) | (s+), (s24-0.618 5 +1), (s2+1.6185-+1) 


—cos k —— a tj sin k 5 = (k=1,3,5) ee ae (st+V 2 s+1), 
s2 


rT wT 
pay lee paid i =(k= (s+1), ve a (s24-1.247s+ 1), 
1,—cos k 5 tj sin k 7 (k=1,2,3) (s2-4'1.802s-41) 


—cos k 75 = +ysin k — F (k=1,3,5,7) | (32+0.38-41), (s8-41,1115-41), 
d (s?-4+1.166s-+1), (s2°4-1.962s+1) 


—1,—cos ke +j sin k = > (ea 2,3,4) (4), (s2+0.347s+-1), (s?+s+1), 
(s2+1.532s+1), (s2+1.879s+1) 


a = (s2+.0.313s+1),(s2+0.908s-+1), 
cos k 5 EJ sin ks a5 (k= 1,3,5,7,9) (5244/2541), (s24.1.792s-41), 
(s?+1,.975s+1) 


Polynomial 


s+l 
stt+o/2s+1 
$34252425+1 


$442.61358+ 3.4145 +2.613s+1 
$54 3,236s4+-5.236s3 + 5,236524-3.236s +1 


$84 3, an Ra 464s¢ +9, 142s84.7.464524 
3.864s+1 


57 +-4.49456+ 10.098554- 14. 592s4+-14,592s3 
+10.098s2+ 4.49454 1 


$84-5.126s7 + 13.13758+21 846554 25,688.54 
+21.846s3+ 13.13752+4-5,126s+1 


$94-5.759s8+ 16.582s7 + 31.16356+-41,986s5 
+41.986s4+31,163s3+ 16,582s2+4 5.759541 


$104. 6.393s9+ 20.43258 + 42.80257-+ 64.88258 
+74.23355-+ 64,88254-+ 42,802534 20,432.52 
+6.393s+1 


uSisagq 4atjig puv Kioayy, Y4OMIaN OTE 
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13.3 Chebyshev Approximation 


From the standpoint of obtaining the best approximation to the ideal 
filter characteristic from a polynomial of a given degree, the Butterworth 
function does not do as well as may be done because it concentrates all 
of the approximating ability of the polynomial at w=-0, instead of 
distributing it over the range O<w<lI. A better result in this regard 
may be obtained if we look for a rational function that approximates the 
constant value unity throughout this range in an oscillatory manner, 
rather than a monotonic manner. Chebyshev Approximation does 
exactly this. 

- Chebyshev polynomials represent linearly independent solutions of the 
differential equation 


(1—w)y— wy—ny==0 
One of the solutions is 


y=T:(w)=cos (n cos!w), | w | <1 
=cosh (n cosh—!w), | w | >I (13.16) 


Tn (w) is called the Chebyshev polynomial of the first kind. A power 
series expansion for 7, (w) can be obtained by rewriting eqn. 13.16 as 


Tn (w)=Re | cf | =Re | cos +j sin ¢ | " (13.17) 
where ¢=cos—!w 
i.e. cos $==w, sin f= V/ 1 -~ w? 


From binomial expansion of eqn. 13.17 we have 
Tn (w)= Re [w+ (l—w?)}" 


at — BOLD yet tat ROWE DOD aay ety. 
(13.18) 
From which we have 
Ty (w)=1 
T, (w) = w 


Rather than using eqn. 13.18 we can obtain a recurrence relation for 
Tn (w). From eqn. 13.16 we have 


Tn41(w)=cos [(n+ 1) 4] 
=cos ¢ cosn o—sin dg sinn¢g 
=2 cos ¢ cos n ¢—(cos $ cos n $+ sin ¢ sin n ¢) 
=2w cos n d—cos [(n—1) ¢] 
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=2 wTi(w)— Tr-\(w) 
ie. Tny3()=20Ti(w)—Tr-1(w) (13.19) 
with Ty(w)=1 and T,(w)=w 


Table 13.2 gives 7,(w) for various values of n. (observe that the coefficient 
ofithe highest power is 2"-*). 


Table 13.2 
a ee ein 
a T,, (w) 
ee St eee 
0 1 
1 a) 
2 2w?—1 
3 4u3—3w 
4 8w1—8w2+1 
5 16a5—20w3 + 5a 
6 32w®—~—48w1+- 18w2—1 
7 64w? —112w5 + 56w3—Tw 
8 128w3—256w6 + 160w!—32w?+ 1 
9 256w9 —576w? + 4323-—-12003-+ 9w 


ve 
o 


512c9'9.-- 1280w8 ++ 1120w8—400w4 + SOw?—1 


Some properties of these polynomials are : 
(i) The zero of the polynomials are all located in the interval | w | <1. 
(fi) Tn (0) = (—1)"" and Tn (+1) = I for n even 
Tn (0)==0 and | Tn (+1) | =1 for n odd. 
i.e. Tn(w) <1 for lw] <i. 
(iii) Beyond the interval || <1, Ti(w) increases rapidly for 
increasing values of | w |. 


The attenuation function for the Chebyshev approximation is 
selected as 
3 ~ 
a (w) 10 log [ I+ ee Ton (w/e) | 


a 


Using the identity cos 2nx==2cos? (nx—1), we have 


a (w)=10 log [ |—e"/2 +e°7,? (2 ) | 
wp 
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Tt is a standard practice to neglect «2/2, which leads us to 
ie 10 tow [ perry? (2)] (13.20) 
For the Chebyshev approximation we have 
Kn (w) = Tn (w) | 
|H Go) |* = 1427 (2) 


Wp 


(13.21) 
and | T(jw) |? = -~--—-—-—-,-- 


The specifications for a low-pass filter are as given in Fig. 13.2, From 
eqn, 13.20 


ap=10 log[ 1+e? 7,2 on] 
Wp]. 
(13.22) 
as=10 log [ 1e* T,? (=)] 
Wp 
From the first eqn. in 13.22 
e? = 100 lep_j (13.23) 


as Tn? (1)=1. From the same equation it can be shown that the order of 
the filter is given by (prob. 13.4). 


de, ees 
nyel)) 1+€7]. 


Fig. 13.5 
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5 cosh! (I/hey) 
cosh-! (1/k) 
where k and k, are given by eqn. 13.5 and 13.7, respectively. Figure 13.5 
shows a plot of | T (jw) | ? for different values of n (n=4 and n=5). 
| T (jw) | ? max =f when 7, (w) =0 


(13.24) 


: : 1 
| T (jw) | 2 me = Ate when 7, (w) = +1. 
2 
Hence the peak to peak ripple is ear and the approximating function 
ripples about the value Te. Typically the allowable ripple is specified 
in terms of decibels. Hence the ripple in dB is given by 
dB (ripple) =10 log (1 +?) (13.25) 


(This is an alternate way of writing eqn. 13.23. Figure 13.6 shows the 
relationship between dB (ripple) and e. 
The zeros of | H(jw) |? are given by the roots of 


1-e?T,2 (w) = 0 (13.26) 


Ripple in dB 


0 02 04 06 08 10” © 
Fig. 13.6 


The zero of H (s) or the poles of 7 (s) are the left-half plane roots of 
eqn. 13.26. It can be shown that the poles of 7(s) are given by (prob. 13.6). 


Sk=Ok+ jo 
2k+1 
ao 7) kK =0,1,2,...2n—1, (13,27) 


wk = cosh vy cox 2k+t 7) 
2n 


0, = sinh v sin (“3 


where v= 1/n sinh 1/e. 
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From egn. 13.27 we have 


7g, _ 2k+1 
sinhy (3g 7 ) 
and EL PO (sce 7) 
cosh r 2n 
Hence we have 
OK a 1 
sinh? y cosh? y 


indicating that the poles of 7(s) lie on an ellipse within the major axis 
along the jw-axis and the minor axis along the o-axis. 

It is not necessary to evaluate eqn. 13.27 to find the poles of T(s). 
The poles can also be found from Fig. 13.7. The semi-major and minor 


Jos 


Fig. 13.7 


axes of the ellipse are b (b=cosh v) and a (a=sinh v), respectively. (Here 
the pass band edge is assumed to be f. Fora pass band edge of w, the 
semi-major and semi-minor axes are bw, and aw,, respectively.) It can 
be shown that (prob. 13.7) 


a-=3 (A 1" —A—"), b=} (AM 4+ AM) — (13.28) 


- 1 1 
where ie + / a ti 


€ and n are found from the pass and the stop band specifications. To 
locate the poles of the Chebyshev filter, we first identify the points on the 
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major and minor circles. These points, which are symmetrically located 
with respect to jw axis, are equally spaced along the circle with a spacing 
of z/n radians, No point falls on the imaginary axis and for odd 7 a point 
occurs on the real axis. The points on the circles can be considered to 
correspond to the poles of the Butterworth filter. The poles of the 
Chebyshev filter are on the ellipse. The ordinate of the poles is specified 
by the point on the major circle and abscissa by the point on the minor 
circle, /.e. the real part of the Chebyshev pole is same as the real part 
of the Butterworth pole on the minor circle, andthe imaginary part is the 
same as the imaginary part of the Butterworth pole on the major circle. 
EXAMPLe 13.2 


The specifications for a lowpass filter are: 

Pass band ripple 1 dB 

Pass band 0 to 1.75 MHz 

Stop band loss at least 20 dB at 2.5 MHz 
From eqn. 13.25 

1=10 log (1+¢e?) 
i.e. e? = 0.2589 or c= 0.5088. 
From eqn. 13.24 
cosh! (1/k 


1 25 
eo aye 


1 1970710. -1 
k, yori an = 19.56 
cosh? 19.56 — 3.67 


> ee 
* cosh 1.43 ~*~ 0.07 ~ 4.0914 


Let n-=5, n being odd, there will be a root on the real axis. 
From eqn. 13.28 


1 

A= o.s0ge +n /14- p3899 —- =4.1705 
a=} (4.1705! 5—4,1705-1'5) —0.2895 

b=} (4.1705'54.4.1705-1%) — 1.0411 


The spacing between the points on the.circle is 7/5 (Fig. 13.8). 


The poles 
of the Chebyshev filter are at 


—a,—a cos n/5 + jb sin 7/5, —a cos 27/5 + jb sin 27/5 
i.e. the poles are at 


— 0.2895, —0.2342 + j0.612, —0.0895-4- j0.9902 
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Fig. 13.8 


Hence 
H(s) = (s+0.2895) {(s+-0.2342)? + (0.612)?} {(s+0.0895)? +-(0.9902)?} 
== (s+ 0.2895) (s?+0.4684s5-- 0.4294) (s?+-0.179s-+0.9902). 


13.4 Comparison between Butterworth and Chebyshev Transfer Functions 


The Butterworth and Chebyshev approximations discussed in sec. 13.2 
and 13.3 are both polynomial approximations for ideal frequency responses 
of Fig. 13.2. Theselead to an all pole transfer function. 


1 


i.e. W)e2 
) S"+-An—-y S™ 1 -as-l-do 


The order of the Chebyshev filter to satisfy a set of specifications is alwayt 
lower than that of the corresponding Butterworth filter. 


EXAMPLE 13.3 


~ Let the specifications for a low-pass filter be : 
ap<1 dB w< 150K rad/sec 


as >60 dB w> 200 & rad/sec. 


The selectivity aud discrimination parameters for this filter are 


i @s a 200 a Oi 


ff lotr pe was 
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(i) Butterworth filter : 
From eqn. 13.9 (a) 

sq TOPt— 1 = 0.5089 
From eqn. 13.8 


log (0.5089 x 10-*) _ 
i log (0.75) 


i.e. n == 27. 
(ii) Chebyshey filter : 
From eqn. 13.23 


n> = 26.36 


e= V7 10"I—]1 = 0.5089. 
From eqn. 13.24 


cosh! (---% git tl ) 


¥ lL. 
cost (. 0.75 ) 


From Fig. 13.7 it is evident that the quality factor of the Chebyshev 
roots are higher than those of the Butterworth roots. Hence fora given 
order of the filter transfer function the transition band of the former is 
smaller than the latter. 

The two approximations can also be compared by their behavior at 
high frequencies. Let | Ta (jo) |2and | Tc (jo) |? be the Butterworth 
and Chebyshev magnitude functions. As » tends to «. 

. 2 So eee 
| Tp (jo) Ln c2 wie 
1 
e(22"-3 @**) 
i.e. 10 log | Te (jw) | ? ==— (20 log c+20n logw) dB 
and 10 log | Tc (jw) | ? =— [20 log €+20n logw+3(2n—2] dB (13.29) 
Both the responses have the same slope (—20 n dB decode) Butterworth is 
offset by an amount depending onc while the offset in Chebyshev is 
dependent on both n and «. Because of the factor 3(2n—2) the Cheby- 
shev response has a smaller value in the stop band for all values of n and 
for c=, and consequently is a better approximation. 

Figure 13.9 shows the phase responses of Butterworth and Chebyshev 
filters.. As can be observed from the graph a Butterworth filter gives a 
fairly linear phase response and is superiorto Chebyshev phase response. 


and | Tc (jo) | ?—> 
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lw 


Fig. 13.9 

As the order of the Chebyshev response becomes higher, the phase 
response becomes more nonlinear. If linear phase response is a require- 
ment, neither Butterworth nor Chebyshev is suitable (see sec. 13.6). 

From eqn. 13.29 it is evident that for a given order of the Chebyshev 
polynomial n, the increase of ¢, i.c. the increase of the pass band ripple, will 
improve the stop band performance. The effect of variation of < (or ap) 
is shown in Fig. 13.10. It is also evident from eqn. 13.29 that the increase 


TK jew) 


0.35 0K 
0.9 4B 


nipple 
1.7508 / 


2.508 


Fig. 13.10 


of the order of the polynomial will increase the loss in the stop band 
(Fig. 13.11) . From Fig, 13.10 and 13.11 it can be concluded that a smaller 
pass band ripple and sharper cut-off requirements cannot be simultaneously 
achieved; if one is decreased and other increases. 
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(T(Jw) | 


1Q 


Fig. 13.11 


—u. & U.1d8 apple 
n 6, 0.9690B npple 


n . 6, Butterworth 


Fig. 13.12 


As a final comparison Fig. 13.12 shows the response curves of a 6th 
order Butterworth filter (ao=3dB) and two 6th order Chebyshev filters 
(ap=0.1 dB and ap-0.969 dB). The conclusions we have arrived at in 
the preceding discussion are confirmed by these curves. There is no 
better th order all-pole filterthan Chebyshev filter with equal or better 
performance in both the pass band or stop band. - 


13.5 Band-pass Filter Approximation 


The approximation methods discussed in the previous sections are only 
applicable to a low-pass filter. For other types of filters we have to 
resort to frequency transformation discussed in sec. 11.5. 
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ne C4 Fay 
ITGw)} p eektesty 
Od8 Fe-—— pe — } bd tate = = ks 
es ; as 
1 
' 1 y ; 
' 1 i | o 
1 i ! EE ed 
( 1 | : 
1 ot i t H 
Ws, Wo W, Ws, ~ 
Fig. 13.13 


Figure 13.13 shows the specifications (or the frequency response) of a 
band-pass filter. «,and w, are the lower and upper pass-band edges, 
respectively, and @s, and ws, are the lower and upper stop-band édges: as! 
is the centre frequency of the filter. From eqn. 11.23 we know that 


If the pass band and stop band edge frequencies are such that | sand 
Bae Seopa 
nt Oe (13.30) 
(i.e. Wo=4/a, ©, =+/es, @sy) then the band-pass filter is called a geome- 
trically symmetric band-pass filter. The frequency or the ganealenss banior 
mation from low-pass to ie given by ; 


=A (13.31) 


always results in a geometrically symmetric filter. Here Qp is the pass band.. 
edge of the low-pass prototype. ts 5 Sage ig 
If we are to design a band-pass filter our first task is to convert the 
band-pass filter specification to a corresponding low-pass filter specification 
and than perform the approximation on this filter specification. This 
yields a low-pass filter transfer function which is then transformed to. a 
band-pass filter transfer function by the transformation. 
pay edema ate : | (13.32) 
(the equation is obtained from 13.31 by substituting s/j for Q and w). oe 
If the specified band-pass filter is not a geometrically symmetric filter, 
then lower of two ratios in eqn. 13.30 is used for the design. This also 
improves the other transition band. An all-pole low-pass transfer function 
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cannot be taansformed to a geometrically asymmetric filter. To generate 
the latter the corresponding low-pass filter must necessarily have transmis- 
sion zeros in the stop band. 
Let the specifications for a geometrically symmetric band pass filter be 

aap, Wy QwQwy, 

aDas, Wows, WP wWss. 
Let the normalized pass band edge of the low-pass prototype be Q,=1 
rad/sec (there is no loss of generality here). Then the constant A is given 
by 

1 


Wo Wy, 


A= 


The stop band edge of the low-pass prototype is now given by 
Q,=—A C2 eee 
Wsy 
The specifications for the required low-pass filters is 
aga, O<1 
aDas, ODO; 
The low-pass filter approximation is performed with these specifications. 
EXAMPLE 13.4 


(13.33) 


The specifications for a band-pass filter are: 
ap<3.0 dB 50 k rad <w< 72 k rad. 
as>40 dB w<30 k rad; w>120 k rad 
The specifications indicate that 
w,=50 k rad/sec, w==72 k rad/sec 
Hence ws1=30 k rad/sec, ws3= 120 k rad/sec. 
Wo== Wye =V ws, sy 7160 k rad/sec. 


and the filter is a geometrically symmetric filter. Let the pass-band edge 
ofithe low-pass prototype be 1 rad/sec. Then 


eee de eee Soe ee 
~~ “BW oy—a, 22k 
= 0.0455 x 10-3, 


BRE stOP-2ANG-OUge Ol Ne.roe pass prototype trom eqn. 13:39 is 
= —0.0455 x 10-3 x (60% 10%)°~ (120 x 108)? 


= (120x105) 
==4.095 
_ The low-pass filter specifications are 


ap<3dB, Q<l rad/sec 
as240dB, ©2>4.095 
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1 


H Bk See fs 
ence k 4095 0.2442 
10°:3— i 1/2 
k= | igrzq- | =0.0100 
log k, 
For Butterworth filter n> loa =3.27. Hence n=:4. 


Since the attenuation at the pass band edge is 3dB, c=1. From 
Table 3.1 the low-pass transfer function (with wy==1 rad/sec) is 
1 
Th (9) = Ty 613 843 a4 DOSS I 
The transformation from LP->BP from eqn. 13.32 is 


3 . 
50.0455 x 19-8 FOOX1O" 


Hence the band-pass transfer function is 
Te 2.332 x 10!” s! 
(s§-+ 2.1978 x 10% 57+ 1.4883 x 10! s*+2.4795 x 1044 5° 
+8.1238 x 10!® s4+8.9272 x 1073 53-+1.9259 x 107 53 
+1.0255 x 108 s +1.6798 x 10%) 


13.6 Other Methods of Approximation 


We have only discussed two methods of approximation, viz., Butterworth 
and Chebyshev. Both these methods result in an all-pole transfer function 
and all the transmission zeros are at infinity. 

The Butterworth approximation leads to a maximally flat response at 
the origin and monotonically decreasing response in the stop band, while 
the Chebyshev approximation results in an equiripple pass band and 
monotonic stop band. We can have an approximation which is maximally 
flat at the origin and equiripple in the stop band. This is called Jnverse 
Chebyshev approximation (see Fig. 13.14), Such an approximation has 


gd ag 
|T(sw)] 
1 
J 
! 
J 
' 
1 
Fig. 13.14 
tinite zeros of transmission (in the stop band) and leads toa much sharper 


transition region. In contrast to the earlier two approximations, the 
inverse Chebyshev is a rational function approximation. 


=. 
Wp 
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Another rational function approximation which has found very wide 
application in filter design is the ‘‘elliptic function approximation’. Such 
filters are called elliptic filters. If we create finite transmission zeros in the 
stop band for a Chebyshev type response, then the overall filter response 
will have equiripple characteristic in both the pass and stop bands. Such 
an approximation uses elliptic functions and hence the name. (These filters 
are also called Cauer or Zoltarev filters.) 

Figure 13.15 shows the characteristics of an elliptic filter. 


iT (ju) |" 


Fig. 13.15 


Tn all the approximation techniques discussed so far, we have concen- 
trated on approximating the magnitude of the transfer function. In many 
signal processing applications, linearity of the phase or constant phase 
delay (phase delay is defined as  (w)/w, where ¢(w) is the phase of the 
transfer function) is an important factor. As indicated earlier the phase 
distortion (deviation from linearity of phase) is more in the Chebyshev 
filter than the Butterworth filter. In fact itcan be shown that a sudden 
change in the amplitude is accompanied by a similar chang: in the phase. 
An equiripple filter has greater amount of phase distortion than the 
maximally flat filter. 

» A liner phase filter is also a constant time delay (time delay is defined 
as—d4(w)/dw) filter. A constant delay response can be approximated by a 
maximally flat delay at w==0 (similar to Butterworth) by using Bessel 
polynomials. The magnitude response of a Bessel filter corresponds to 
that of a low-pass filter. 


PROBLEMS 
13.1 The specifications for a Butterworth LP filter are 
Pass band 0—2 M rad/sec 
Pass band loss < 2dB 
Stop band loss < 60 dB at 6 M rad/sec. 


Find n and c, 
13,2 The specitications for an LP filter are 
«eg ldB for f | 2MHz 
«360 dB forf 28 MHz 
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Find the transfer function of the Butterworth filler which satisfies tnese specifica- 
tions. Sclect c to satisfy the pass band edge characteristic exactly. 
13.3 Show that the transfer function for an nth order Buttervorth filter is 


T(s)= : — ,On= = m, n even 


ni2 


(s?4+-2s cos 04+1) 


k=] 


1 
(s+1) (n7)/2 


(s2-+2s cos 6,+1) 


and 


k=1 

Here c.is assumed to be 1. If cis not equal to1 what modifications are to be 

made to the preceding equations. 
13.4 Show that for a Chebyshev filter 
cosh! (1/k1) 

"> Cosh-1 (1/k) . 

where k and &, are given by eqn. 13.5 and 13.7. 

13.5 Find and c for a Chebyshev filter with the following specifications 


Pass band ripple 0.5 dB 
Pass band 0—2 M rad/sec 
Stop band loss 60 dB at 4 M rad/sec 


13.6 Show that the poles af the transfer function for a Chebyshev filter are given by 
Sk=Ontjox . . 
where ox and w, are givcn in eqn, 13.27. 
13.7. The poles of a Chebyshev filter tfahsfer function lie on an ellipse. Show that 
the semi-minor and semi-major axes for this ellipse are a wy and 6 w, where 
a=l/2(AMme—A7®, b=1/2 (AN"+ AT), 


= es 1+ a and w, is the pass bandedge. Hence justify the 
" € € 


determination of the poles of the filter from the two Butterworth circles, 

13.8 The specifications for a LP filter are as given in prob. 13.8. Find the transfer 
function of the corresponding Chebyshev filter. Compare this with the Butter- 
worth filter of prob. 13.2. 

13.9 The specifications for a band-pass filter are ; 


a@y<2,0dB for 30 krad< w < 30k rad 
ap> 50dB for w <10k-rad and w 40k rad. 


Find its transfer function. 


14 


Insertion Loss Synthesis 


The approximation methods indicated in ch. 13 lead to a rational function 
in the complex frequency variables which satisfies the required frequency 
response of the filter. Realization of this rational function depend on the 
techniques of network synthesis. Inch. 12 we discussed several methods 
of realizing driving point and transfer functions. In this chapter we 
discuss two methods of realizing transfer functions. 


14.1 Coefficient Matching Technique 


The coefficient matching technique is a simple, efficient method of 
realizing transfer functions. In this method a filter structure or network 
is assumed and its transfer function is evaluated. A set of linear 
equations are obtained by comparing the coefficients of this transfer 
function and the filter function obtained by approximation techniques 


Fig. 14.1 


or otherwise. The coefficients in the transfer function being functions of 
the network elements, the elemental values can be obtained by solving 


these equations. 
The voltage transfer function of the doubly terminated network shown 


in Fig. 14.1 is 
He sade 1/LCK 
T(s) = 7 = K-SER, + R,/L) + 1/LCK (14.1) 


where K= RR, 


Here R, is considered to be the source impedance and R, the load 
impedance. 
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Let the filter specifications lead to a second order Butterworth filter 
transfer function, 


1 
s+ v 2s+1 
where the cut-off frequency is normalized to 1 rad/sec. If we consider 
equal termination, i.e. R, = R,, and normalize the impedance to [Q,'we 


have R, = R, = 1 and K = 1/2. From eqn. 14.1 and 14.2, on comparing 
coefficients we have 


Ts) =K (14.2)- 


2 | 
—_ = — a ee 9 
to) etz=v? 


Solving these equations for C and L leads to 


L=/2andC= V2 


Hence the elemental values of a normalized second order Butterworth 
filter (w: = 1 rad/sec, R = 1) are 


R, = R, = 1,L= \/2h,C=V/2F 
with the de gain of the filter (K) as 1/2. 


Fig. 14.2 


Consider the third order network shown in Fig. 14.2. The voltage 
transfer function is 


ae Kx 1/LC,CsRp 
(= S581) RaC, 1] RiCy) +81 1/L(/C,+ 1/Cy) + 1/ CCR, Ra] +1/LC,CpRp 
“(14.3) 
Ry _ RRs 
where K= R+k and Rp RR, 


The transfer function of a third-order Butterworth filter with » = 1 rad/ 
sec is , , 
Ts) = sig cet oS 
s?-+ 2st+- 25+ 1 
On comparing coefficients in eqn. 14.3 and 14.4 (assuming equal termina- 
tion of 1 Q we have 


(14.4) 
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1 
Rp = K = 4, seeR = 


iL l +(% e)+ cen? 
Gt Gwe rer SG)” Ge 
and the solution is 
GQ=C,=1f, L= 2h. 


The elements of the filters obtained can now be denormalized to the 
required cut-off frequency and resistance terminations. 


EXAMPLE 14.1: 


We are required to realize a third-order Butterworth filter to cut-off 
at 5 k rad/sec with an equal termination of R, = A, = 6009. 

The normalized filter network is shown in Fig. 14.2. The denormalizing 
factors are 


Yn = 600 
Q, = 5x 10° 
Hence the elemental] values of the filter are 
Ry = R, = 6000 


2x 600 


| —— EE mernene a3 ) ? 
ey 3x 103 40 mh 


1 oT 

= C= —poxex ToT = AAR 
Though the coefficient matching technique is a simple and elegant 
method of filter design, the design of an ath order filter requires the 
solution of a set of n linear equations which in itself is an involved problei, 
Besides this, the design method does not demonstrate the use of sophisti- 
cated network synthesis methods. We resort to cocfficient matching 

technique when we discuss active filter design (ch. 15). 


14.2 Darlington’s Method 


As demonstrated in the earlier chapters a low-pass characteristic can be 
obtained by RC, RL or LC networks. Low cost, low sensitivity to com- 
ponent variation and simplicity of design make the LC two-port networks 
the most widely used filter networks. Here we consider the overall filter 
to be a doubly terminated LC two-port (Fig. 14.3). As in the case of 


Insertion Loss Synthesis 339 
coefficient matching technique we consider R, to be the source resistance 
and R, to be the load resistance. 


Fig. 14.3 


A pow'rful method of designing doubly terminated LC networks is the 
well-known Darlington’s method. In the Darlington method of filter 
design the specification of the insertion loss of the filter is converted to the 
reflection coefficient of the filter and from the latter the driving-point 
impedance of the terminated network is obtained. Then this driving- 
point impedance is developed into a resistively terminated LC-ladder 
network. Some of the concepts used in this method are introduced next. 


14.2.1 INSERTION Loss AND REFLECTION COEFFICIENT 


To define and interrelate insertion loss and reflection coefficient we consider 
three different modes of opera- R 
tion of the network. In the first : 
mode the voltage source is 
directly connected to the load 
as shown in Fig. 14.4. We 
represent by Vg, and Pg the 
voltage at the load terminals 
and the power absorbed by Fig. 14.4 

the load, respectively. In the second mode of operation an LC network is 
inserted between the source and the load as shown in Fig. 14.3. The load 
voltage and power are represented by V, and Py, respectively. The first 
mode of operation can be considered as the degenerate form of the second 
mode in which the lossless LC-network is shorted or removed. In the 
third mode of operation the source is connected to the load through a 
transformer of turns ratio +/ R,:\/ Ra(Fig. 14.5). 

In the first mode of operation, from Fig. 14.4, 
R; 


Vn aR (14.5) 


R a 
— Caray |” =~ 


1 2 


ees 
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R, 1 JR WR, 2 
+ + 
+ 
Vs R, 
1 2 
Fig. 14.5 


In the second mode of operation 
[Vs |? 


Pym 


(14.7) 


where P, and V, are the actual power absorbed and the voltage at the load 
terminals, respectively. From eqn. 14.5 to 14.7 we have 


—e Ve ii 
Ppapne -|=¢ ae, | (14.8) 
— Vo _ Foe tn EB 
Vi =p mel = Re - 7 (14.9) 


P, is called the insertion power ratio and V; the insertion voltage ratio for 
obvious reasons. V; being complex is represented by e” when y is a 
complex number, The insertion loss is defined as 


IL = 10 log P; = 20 log Fes Z| | (14.10) 
2 


RFR, 
From eqn. 14.8 and 14.9 it can be seen that the real part of Yis 6. y can 
be written as 


y = 0+;8 (14.11) 


and 6 is called the’ insertion phase. 

In the third mode of operation the transformer ratio is so selected that 
there is maximum power transfer to the load. The maximum power 
available from the source under matched conditions is (see sec. 6.6) 


a ] V; | 2 
P: max = aR, (14.12) 
From eqn. 14.7 and 14.12 we have 
, P 4R, | Vs |? 
t Ro— 2 = T2172 
| H(jo) | = RB, |v. (14.13) 


iia a Ed a EN Disa sot, 
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where #(s) is called the transmission coefficient. As P, max is always greater 
than P, we can write 


Ps. = 1 
Py mex TF | KGa) |? oo 
Here K(s) is called the Joss or characteristic function (compare this with 


eqn. 13.1). 
Under matched conditions (Fig. 14.5) the load voltage is 


Ve = ,| —*- (14.15) 


This is the largest possible load voltage. The ratio ValVe is sometimes 


called the transducer function and is given by 


Hs) = 4 (Rx de (14.16) 


(observe that H’(s) = 1/t(s)) 
From eqn. 14.13, 14.14 and 14.16 we have 


| H’(jo) |? = 1+ | K(jw) | ? (14.17) 


For a lumped, LTI network ¢(s) and k(s) are rational functions of s with 
real coefficients and can be represented as 


Hence we can write from eqn. 14.17 
P(s) P(—s) = 4s) —S) f(s) f(—s) (14. 18) 


This is also called the Feldtkellers condition. From eqn. 14.16 it can be 
observed that the transmission coefficient differs from the overall voltage 
transfer ratio by only a multiplicative constant. Hence the zeros of p(s) 
and the zeros of qg(s) are the natural frequencies and the transmission 
zeros of:the network, respectively. The zeros of f(s) are the zero-loss 
frequencies. Equaiion 14.18 gives the relation between these zeros. fhe 
specification of either the transducer (or transfer) function uniqrely 
specifies the zero-loss frequencies. 

The LC-network of Fig. 14.3 can also be characterized by the reflection 
coefficient which is defined as 


_ Z(s)—R, 
p(s) = ZOLR, TR (14.19) 
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where Z, is the input impedance at 1-1’ of the LC network with the load 
R,. (The concept of reflection coefficient is quite familiar in the study of 
transmission lines. Here p, is the source-end reflection coefficient. We 
can also define a load-end reflection coefficient). 

Though we have defined a number of new network functions we can 
interrelate all of them and obtain some bounds on these functions. From 
eqn. 14.6 and 14.12 we have 


Pr 4R, Rs 


eae RpERO vies 
and from eqn. 14.8 
P, ee ‘, . on 4R, Ry at J 
Bai | t¢(jo) | ? = (Ri+Ryy e (14.21) 


Under equal termination, i.e. Ry = Ry, Pz is equal to P, max and 


| t(j) | * = eo 


The bound on P; also depends on the termination. As Poy Poo 
Py" Pymax 
from eqn. 14.8 and 14.20 we have 
4R, R 
Pr> (R,+R,)* (14.22) 
Under equal termination, then 
Po» 2 P, 


‘lhe transducer functions, loss function and the reflection coefficient 
can be similarly related. ‘Ihe power delivered to the LC network can be 
written as 
V, |? 
Ry+Z, 
where Z, (jo) = R+jX. Since the network is lossless this is also the 
power delivered to the load 


1 


Le. P, = Py. . 
Hence from eqn. 14.6 and 14.8 we have 


Py =: eo = Be Ee “s (14.23) 
Here the insertion power ratio is expressed in terms of the network para- 
meters only. From eqn. 14.19 and 14.22 it can be easily shown tha: 
4R, R 
(Ri+R ° 


— = 


45h f = p(jw)e(—jo) (14,24) 
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and using eqn. 14.21 we have 


1- 5 — = p,(jo)e(— jo) 
@ max 
ie. | px(jo) |? = 1— | tjw) | * 
or | pu(jeo) | 2+ | t(j) |? =1 (14.25) 


Equation 14.25 indicates that the sum of the reflected power and power 
delivered to the load is equal to the total power available, as it should be. 
If Z, = R, than p, = 0 indicating that P, = P, max. In this case eqn. 14.22 
holds with an equality. 

In ch. 13 we defined the attenuation of a filter as 


a(w) = 10 log (1+ | K(jw) | 7] 


ice. a(w) = 10 log Famer (14.26) 


From eqn. 14.8, 14.10 and 14.26 it can be shown (see prob. 14.11) that 


is (Rit)? 
a(w) = IL+10 log 3 RR. (14.27) 
With equal termination, the attenuation and insertion loss are the same. 
For an LC low-pass filter the low-frequency insertion loss approaches zero 
because inductors become short and capacitors open. With this condition 


2 
a(0) = 10 log ae 


implying that the attenuation at » = 0 cannot be zero unless the load and 
source resistances are equal. 

Though we considered the case of R, ~ Ry, in practice filter networks 
are more often designed with equal termination. 


14.2.2 REALIZATION. PROCEDURE 


As pointed out in sec. 14.2.1 a doubly terminated filter network can be 
specified in the number of ways. In the Darlington realization procedure 
these specifications have to be converted to finally yield the squared 
transmission coefficient | t( jw | 2. The specified function can be 


2 
or P; 


Fe (jay |? , |-F* ia) 


As (jw)? 
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is the specified function then eqn. 14.13 yields | t(jw) | ?. 


If |. ( jw|? is the specified function then 


| (ja) |? = P| jey/? (14.28) 


(This equation is obtained from eqn. 14.13 by substituting V; = R, J). If 
P; (or e*#) is specified then eqn. 14.21 yields | t(jw) | *. 

We assume, without loss of generality, tht the insertion loss charac- 
teristic of the filter network is specified. In this case we can write from 
eqn. 14.24, that 


4R,R, 
Als) e(—s) = 1— Rtas Fle) (14.29) 


where F(s) is the rational function obtained from the approximation 
methods of ch. 13. If the specified insertion loss characteristic is approxi- 
mated by Butterworth polynomials then 


K . 
and if approximated by Chebyshev it is 
Rjeee = (14.31) 
1+€*7,(s) 


For Butterworth and odd-order Chebyshev the constant K is 1 and for 
even order Chebyshev it is (1+ €?). This can be shown by observing the 
behaviour of F(0) and recognizing the fact that the insertion losses for a 
lowpass LC ladder is zero at s = 0. ‘This coupled with eee 14.22 
leads to the restriction on termination as 
4R,R 
1 1*\3 
? (RAR 
ol sees "AR Re | 
1+E27 (R,+R, 
Hence we conclude that we can realize Butterworth and order Chebyshev 
filters, filter functions which have a reflection zero at w = 0, with equal 
terminations, i.e. Ry = Ry. But we cannot realize even order Chebyshev, 
a filter function with no reflection zero at w = 0, with equal termination. 


Butterworth and odd order Chebyshe : (14.32) 


R+Rp °O order Chebyshev 


The realization procedure is summarized as: 
(i) From the given pass band and stop band requirements determine 
F(s) (see ch. 13). The normalized pass band edge is assumed to be 
1 rad/sec. 
(ii) From F(s) obtain the reflection coefficient p(s). Here we have 
used p in place of p,. From eqn. 14.29 we have 
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p(s) as) = BS = 1— ge. As) (14.33) 


R, and R, must satisfy the restriction imposed by eqn. 14.32. p(s) 
can be determined from this equation by observing that the 
zeros of p(s) and q(s) appear in: quadratral symmetry. Let 
P(s) = p,(s)/q(s). The zeros of g,(s) are the left half plane zeros of 
q(s). The zeros of p(s) are equally distributed between the zeros of 
p(s) and p(—s), with the restriction that if z: is a zero of p(s) 
then —z; is a zero of p(—s). The complex zeros must be selected 
in conjugate pairs. 
(iii) From p(s) determine Z(s). From equation 14.19 we have 


_ | Zls)—R Zs)—1 
8) = + FER ~ SZ) FT 


where Z(s) is normalized with respect to R, = 1 (i.e. zx = Z). 


For the positive sign we have 


_ 1+p(s) 
AAS) SS 1—p(s) 
and for the negative sign. 
1—p(s) 
Zs) = 0) 

(iv) Expand Z(s) into continued fraction expansion about infinity and 
obtain the ladder. The two impedances defined in (iii) lead to 
two (dual) ladders, one with termination R, and the other with 
termination 1/Re. 

(v) Denormalize the network to yield the required cut-off frequency 
and terminations. 

We demonstrate the realization procedure by examples. 


EXAMPLE 14.2 


Let the insertion-loss characteristic be approximated by a third-order 
Butterworth filter with a cut-off frequency of 1 rad/sec. Let the terminating 
resistances R, and R, be 1Q. We are required to design an LP filter to 
satisfy this insertion loss characteristic. 

(i) The cut-off frequency is also the pass band edge. Hencec = 1 
and eqn. 14.30 yields 
1 1 
MS) = 7S = TF 


The specified terminations satisfy eqn. 14.32 
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(ii) From eqn. 14.33 


I 
p(s) (3) = 43 = 1- 5 


s® 
ss—] 
The zeros of q(s) are given by (see eqn. 13.12) 


ae = etkrI3 & — 0, 1,2, ..., 5. 

The poles of p(s) are the left half plane zeros of q(s) and they are 
ef2n/3 oi® and e/4*/3 , i.e, pp = —1, Py 2 = —0.5 +/ 0.866. 

p(s) has a sixth-order zero at s = 0 and hence p(s) has a third order 
zero ats = 0. Now p(s) is given by 

s8 _ ss 
As) = Gp) GP) GaP) ~ SFI FISH 
(iii) From eqn. 14.34 


2s) = 1 +-{s9/(s3-4+ 252+ 25 +1)} 
1 —{s8/(s°4-2s?+2s+ 1)} 
i.e. 
__ 2s84-2s?+2s+1 
2s) = 2s?+-2s+-1 
(iv) The continued fraction expansion of Z(s) is given by 
Zs) = s+ l i 
2s + 1 


Fig. 14.6 


‘EXAMPLE 14.3 


The insertion-loss specifications for an LP filter are 


Pass band : 0-25 kHz 
Maximum pass band loss : 3 dB at 25 kHz 
Minimum stop band loss : 20dBat 50 kHz 


R, = Ry = 1k 
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We design a Buuerworth filter for the preceding specifications. 

(i) Let the pass band edge be normalized to 1 rad/sec. As the -attenua- 
tion at the pass band edge is 3 dB, c=TI. The order of the 
Butterworth polynomial is 


log k 
a? log k, 
+ 
_ 20(25X 10%) _ 
k= 5550x108) — 95 
0-3_ 1/2 
k= Fz =" | ? _ 0.1005 
_ log (0.1005) 
n > ~ Jog (0.5) = 3.315 
Let n=4 
Hence F(s) = See aoe aie 


1+(—1)fs® —1+5° 


The specified terminations satisfy eqn. 14.32. 
(ii) From eqn. 14.33. 


1 $8 
p(s) p(—s) = oa =1- tie * Ge 


The zeros of g(s) are qx = e/@k—l)r/8 k =m 1, 2,...,8. Hence 
the poles of p(s) are ef 58/8, of 77/8 | ei 9/8 and ef 11n/8 


ie. the poles are p,, , = —0.924 + /0.383 and pz, , = —0.383 
+ j 0.924. 


p(s) has a fourth order zero ats = 0. Hence 


st y! 
(S—Px) (S—Pa) (S—Ps) (S—Ps) —sS*-+- 2.61359 3.4145*+-2.6135+ 1 


(iii) From eqn. 14.34 


p(s)= 


2s4+2.613s?-+-3.4145?+-2.613s-+ 1 


ZS) = 74135843 4145°-1 2.613541 


(iv) The continued fraction expansion is 


Z(s) == 0.765s+ 


1.8485 + 
1.848s+ 


prude, 


0.765s-+ 
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The normalized network is shown in Fig. 14.7. 


¢ 


Fig. 14.7 


(v) The frequency and impedance denormalizing factors are 


Oo, = 22 an = 157,08 x 108 


and 


_ 1x108 
y= {] 


The final values of the elements are obtained by 


The final network is shown in Fig. 14.8. 


1kQ 4:87mh 11:76mh 


Fig. 14.8 


EXAMPLE 14.4 
The insertion loss specifications for a LP filter are 
Pass band : 0-3 MHz 
Pass band ripple : 0.5 dB 
High frequency discrimination : 40 dB at.6 MHz 
R, = R, = 1000 
(i) The specifications suggest a Chebyshev approximation. 
From eqn. 13.20. 
0.5 = 10 log (1+€?). 
Hence €? = 0.122 and € = 0.349. 
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From equation 13.24 


cosh-"(1/k,) 
rd cosh (1/k) 


Here, 
1/k = 6/3 = 2 

and 

1049/10 "1/2 

ifk, = [=m | = 286.263 
cosh—! 286.263 
and n 2 —cosh2 2 = 4.78 
Letn = 5. Then 
1 
F(s) = SST 
1+€°7; (s) 


From Table 13.2 
2 t 
T;, (s) = — (16s5+20s*-+5s)* = T; (s) 


(i) From eqn. 14.33 


Saige OO) Ge es Bae 
nee qs) I—@T,, (s) 


_ (165 420659 +5s.2 
(16st. $5s— Ie 


The zeros of q(s) are the roots of the Chebyshev function filte,. 
with n= 5 and € = 0.349. From eqn. 13.28 


s=aetV +o I+ 9, 155 momen 


ini + (5.59725—5,5977/) = 0,351 


and b= zr (5.5972 +-5.597-1'5) = 1.06 


The poles of es are at 
—a, —acos 7/5 + jb sin 7/S —acos 2n/5 + jb sin 22/5 


i.e. the poles are at 
Po = —0.351, Pr, g = —0.284 + j 0.623, pg, ¢ = 0.109 +7 1.008. 


The zeros of p(s) are the roots of the equation 
(16s5+ 20s*+ 5s)? = 0 
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These can be obtained by solving for the roots of 7%(w) = 0 and 
substituting » = s/j. 7 ;(w) = 0 can be written as 


cos (5 cos tw) = 0 


i.e. 5 cos-tw = a, k = 1, 3,5, 7,9 
or 
ka 
w = cosa k = 1, 3, 5, 7,9 
Hence w = 0, + 0.588, + 0.951 


and finally the zeros of p(s) are at 
Zp = 0,254 = £/ 0.588, + 7 0.951 
(s—zZp) (s—z1) (s—Zq) (S—Za) (S—2Z4) 
H fe es Es es ee 
ence, (8) = =p.) (SP) (SPs) (S—Ps) (SPA) 


s§+1.251s?+0.313s 


Rees GN s+ 1.171 s4+1.935s3+ 1.3075?+0.75s +-0.167 


(iii) From eqn. 14.34 
Zs) = 255+ 1.171s4+-3.186s°+ 1.307s?+ 1.0635 + 0.167 
ai a 1.171s4+0.684s3 + 1.3075? +0.437s+-0.167 
(iv) The continued fraction expansion of Z(s) is 
1 


2Z(s) = 1.707s 4+- —-_———_—— 


1.298s-+ I 


2.695+- L 


1.09s+- 


| 
1.94454 — 


_ 


t 
1 


1 1:707 2:69 1:944 


Fig. 14.9 
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The normalized filter is shown in Fig. 14.9. 
(v) The frequency and impedance scaling factors are 


2m(3x 10%) _ 100 


Qs = ] esas 


The denormalized network is shown in Fig. 14.10. 


100% 9.06 ph 14.27 ph 10.31 yn 


578 3p! 


Fig. 14.10 


14.3 Discussions 


We have discussed the design of LP filters only. As already described we 
can use frequency transformation technique (see sec. 11.5 and 13.5) to 
design high pass, band-pass and band elimination filters. The insertion 
loss specification of HP, BP or BE filters is first converted to that of an 
LP filter and the LP ladder is realized as indicated. Then the LC elements 
of the LP filters are transformed by the transformation given in sec. 11.5. 
In the design of BP filters we once again stress the point that the applica- 
tion of the spectral transformation technique leads to geometrically 
symmetric filter. 

Examples 14.2 to 14.4 bring out some interesting features of the 
Darlington design procedure. The Butterworth approximation of the 
insertion loss leads to a reflection coefficient with all its zeros at the origin. 
If Chebyshev approximation is used instead, the zeros of the reflection 
coefficient are all on the imaginary axis. 

The transfer functions of the filters generated are all all-pole functions. 
If we need finite transmission zeros elsewhere—other than the origin—we 
have to resort to approximation techniques other than the Butterworth 
and Chebyshev as indicated earlier. 

The continued fraction expansion of Z(s) by Euclids algorithm may run 
into numerical problems and to alleviate this the coefficients must be 
represented with sufficient accuracy. ‘he last term in the expansion must 
be a constant equal to the load resistance. 

Though we have developed Z(s) into a ladder network, any other 
method of realizing the input impedance is equally suitable. In the 
examples we have considered all the transmission zeros to be at infinity 
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and hence a ladder was the most convenient network to realize. We may 
resort to other realization methods (other than continued fraction expan- 
sion) as long as the network obtained has specifically the required trans- 
mission zeros and the terminating resistances. If the specifications lead 
to an insertion loss function with finite transmission zeros elsewhere other 
than the origin (Inverse Chebyshev and elliptic approximations for exam- 
ple) but in the LH plan, then the ladder has to be developed by zero 
shifting or pole weakening technique. If we consider a non-minimum 
phase network obviously we cannot resort to ladder structure. 

A large part of ch. 12 was devoted to the realization of a driving point 
function. This is often the case in most network synthesis books. As 
we have seen from sec. 12.5 and the Darlington procedure, the realization 
of the transfer or insertion loss function fundamentally depends on the 
‘ealization of a driving point function. The coefficient matching technique 
‘yn the other hand does not depend on the driving point function reali- 
zation. The realization of active filters mostly utilizes coefficient matching 
technique and this forms the topic for the next chapter. 


PROBLEMS 


14.1 A doubly terminated two-port is shown in Fig. p14.1. Find the insertion-voltage 
ratio and power ratio. Also find the insertion phase characteristic. Plot 
B(co) vs @. 


ti Ly 


R,=R,=1 
L;=1 
C,=1 


Fig. P 14.1 
14.2 Find o(s) and Z(s) for the following filter specifications. 


() =e? = K(+em) 


(/) a= 2, K = 1, R,/R, 
(ii) n= 3, K = 1, R/R, 


it 
w 


6) = K[1+e 72 (| 


(i) n = 3,¢ = 0.125, K = 1, RR, = 1 
(ii) n= 3,e=1.K1, RJR, =1 
(iii) n = 2,¢ = 0.125, RifRy = 1/2. 
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14.3 Design a low-pass Butterworth filter for n = 3, o, = 3k rad/sec. 
R; = Ry = 1k Q by coefficient matching technique. 


14.4 If Ry = 2R,, and R, = 1kQ in prob. 14.3, find the elemental values of the 
Butterworth filter.. 


14.5 Design’ a low-pass filter for the specifications of prob. 13.1 with R, = Re 


= 6002. 
14.6 Design a low-pass filter for the specifications of prob. 13.2 with Ry/R, = 3, 
Ry, = 100Q. 


14.7 Design a Chebyshev filter for the specifications of prob. 13.5 with Ry = 1kQ. 
Select the proper value of: R,. 


14.8 Design a Chebyshev filter for the specifications of prob. 13.8 with R, = 600Q. 
Select the proper value of Rg. 

14.9 Design a third order band-pass Butterworth filter with bandwidth = 20 KHz, 
centre frequency = 1 MHz and R, = Re = 600. 


14.10 Design a band-pass filter for the following specifications. The upper and lower 
3 dB points are at 940 KHz and 1060 KHz. 


A loss of at least 20 dB at 910 kC and 1090 kC Ry = R, = 600. 


14.11 A doubly terminated LC network with R, and Re as terminating resistances is 
specified by the insertion-loss JL and attenuation a(w). Show that 


(Rit Rs)? 
4RiR, 
14.12 Design a third order Butterworth filter with 3 dB pass band loss and Rg = 3R}. 


14.13 The insertion !oss specifications for a low pass Butterworth filter are the 
following : 


a(e) = IL+10 log 


Pass band loss : 1.5 dB 
Stop band loss : 25 dB at 3.3 M rad/sec 
Pass band . : Oto 1 Mran/sec 


Ss Ra 
Ry = 1500, F = 2 


Design a LC ladder for these specifications. 
14.14 A Chebyshev filter is required to satisfy the following insertion loss requirements: 


Pass band : Oto 25 k ran/sec 
Pass band ripple : 1.50 dB 
Stop band : 30 dB at 50 k rad/sec 


The filter is to be driven by a voltage source with an internal impedance of 
150 Q. Design a filter to satisfy these requirements. 


15 


Active Networks and Filters 


A wide class of networks and filters that has received considerable 
attention in the last two decades is the active RC networks. Some of the 
limitations of the passive filters, viz., the size of the inductors at low 
frequencies (say, from 100 Hz to few hundred kHz), the necessity of buffer 
or isolation amplifiers to prevent loading while cascading sections of 
filters, and the need for an external amplifier to adjust the required gain 
have led to intensive research and development work in the field of active 
filters. The present trend to microminiaturize the circuit in order to 
reduce the package density and increase the reliability of the circuit has 
also been an important factor. Unfortunately, it has not been possible 
to integrate inductors with practical value of inductances and reasonable 
Q-factors. The availability of high quality inexpensive monolithic opera 
tional amplifier as an off-the-shelf unit has made the active filter design 
an attractive one. 

As indicated earlier RC filters can at best realize a Q of 0.5 and hence 
cannot be used to design a high selectivity filter. Most of the active 
filter structures are realized by embedding an operational amplifier in RC 
network in a feedback configuration, providing high Q networks. 

In this chapter we discuss the design of active RC filters. We intro- 
duce the commonly employed active elements. The concept of sensitivity 
which plays a majar role in the active filter design is also discussed. 


15.1 Active Elements 


Network elements can be classified as active and passive. An element is 
considered active if it can supply energy to the external world. If v(t) 
and i(t) are the instantaneous voltage and current, respectively, at the 
terminals of the element then the element is active if, and only if 


w(t) i(t) < 0 for some t 


A controlled source may be considered as the basic active element. 
Other active elements to be discussed later in this section can be realized 
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by using controlled sources. Controlled sources are classified in four 
different ways (see ch. 1). They are 
(i) Current-controlled current source (CCT), e.g. a transistor. 
(ii) Voltage-controlled current source (VCT), e.g. field effect transistor. 
(iii) Voltage-controlled voltage source (VVT), e.g. an operational 
amplifier. (Though an operational amplifier is realized by using 
transistor or FETs, we consider operational amplifier as a basic 
element.) 
(iv) Current-controlled voltage source (CVT). 
Fig. 15.1 shows the diagramatic representation ofithe ideal controlled 


1 a 
> + 
V, AM oy, 
- vVT ~ 
{o o- 
(Cc) V2 =ALV; (d) VW, =rl, 


Fig. 15.1 


sources. The transmission parameter matrices and the input and output 
impedances (R; and Rp, respectively) of the four controlled sources are 


& 0 ] Ri=x=0 
CCT : 1 |> 

ie. Far, ee 

1) 

0 —--= Ri=c 
VCT : [ gi, 

lo 0 | Ry=00 

(+ 0 ] Ri= 0 
VVT: # |? 

LO 0) R=0 

fo 0 1 Ri=0 

{ 
CVT: 1 

iz. Me mee 
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It can be observed from the transmission parameter matrices that we can 
generate a VVT by cascading a VCT anda CVT. We can also generate a 
CCT by cascading a CVT and a VCT. 


15.1.1 OPERATIONAL AMPLIFIER 


An operational amplifier (op. amp) is a high gain differential input dc 
amplifier. Ideally it is considered as a dual input infinite gain WT. The 
symbol and the equivalent circuit of an op. amp are shown in Fig. 15.2. 
Output voltage V, is given by 


1 3 
‘ 1 
1 Vo 
V. Vo 
3 2 
2 
V2 
Fig. 15.2 
Vy = —AV.= —AV,—V2) 
ie. Vo a A(V.—V;,) (15.1) 


In an ideal op. amp A is considered to be infinity and the amplifier is 
assumed to have infinite bandwidth. Also, the input inpedance and the 
output admittance are assumed to be infinity. Because of infinite gain A, 
the differential voltage V.is zero and if one of the terminals of an op. amp 
(i.e. either 1 or 2) is grounded then the other is a virtual ground. It is 
also assumed that an op. amp has zero off set, i.e. the output voltage V, is 
zero when the differential voltage (V;—V.) is made zero. The current 
drawn by the two input terminals of an op. amp is zero as the input 
impedance is assumed to be infinity. 

Op. amps are rarely operated in open loop mode. Some of the feedback 
mode operations and the corresponding terminal relations are shown in 
Fig. 15.3. Op. amps find extensive use in linear and nonlinear networks.* 

A practical op. amp deviates considerably from its ideal behaviour 
and we discuss this in a later section. 


*Graeme, J.C., C.E. Tobey and L.P. Huelsman, Operational amplifiers, Design 
and Applications, New York, Wiley, 1971. 
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R2 


vi 
Y% 
=~ Ra 


R3=RylIR2 — (Inverting amplifier) 


(a) 


R2 


Ry 


Vo 


R,tR 
Yo= ath 


Vo 


Vi 2 
(Non Inverting amplifier) 


Yo 


a Ly. 
VYo=-R2( R, vit Ravia? 


R=Ry|RrailRo . (Inverting summer) 


(inverting integrator) 


Fig. 15.3 
15.1.2 NEGATIVE IMPEDANCE CONVERTER 


A negative impedance converter (NIC) is a two-port device whose input 
impedance when terminated in an impedance Zz,, is —kZz, where k is 
called the conversion ratio. From Fig. 15.4 
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YT, , 


1 
Zin=-k2, 
Fig. 15.4 
Pie eee 
1 3 
Hence a NIC is characterized by the relation 
eB pe. 
| ae | (15.2) 
We have two different possibilities 
(i) i=—kv,y he- i and k = kiks 
8 


The transmission matrix for such a NIC is 


i 0 
0 I/k. 
and this is a voltage inversion type NIC or VNIC. 


(i) Vi=kvy l= Z andk = kuks 
2 


The transmission matrix is 


[i 0 
| ae 


and such a NIC is of current inversion type or CNIC. 


To see the usefulness of NICs, apart from being able to generate 


negative valued components, consider the network shown in Fig. 15.5. 
The input impedance of the network is 


1 


Fig. 15.5 
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ay ee eer oe 
fel stl s+l 


and hence a NIC can simulate the effect of an inductance. 


I, (ae Iz 
+ + 
% V2 
- ~~ 


Fig. 15.6 


NICs can be realized by using controlled sources. Fig. 15.6 shows 
realizations of a VNIC and a CNIC. Fig. 15.7 shows an op. amp reali- 
zation of a CNIC and a VNIC. (Observe that in Circuit b the output is 


floating.) 


(a) CNIC, k=R,/R, (b) VNIC , KER, /Ry. 
Fig. 15.7 
NICs are nonreciprocal devices and are potentially unstable networks. 


We will not study the stability of NICs here. 


15.1.3 GyraTors 


A two-port device which is becoming an integral part of active filter 
design and inductor simulation is the gyrator. A gyrator is characterized 


by the terminal relationships 
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—V; => Pr. ws 

Va = Maly 

y, aad its symbolic representation is 
2 shown in Fig. 15.8. The total 
power delivered to the gyrator is 


ViL+Veale = (re —r) Als 


Fig. 15.8 


If ry=r,, the power delivered to the gyrator is zero. Such a device is a 
passive los..ess one and is called an ideal gyrator. Ifr, 3 r,, the power 
can be made negative and then the device is called an active gyrator. The 
two-port parameters of a gyrator are 


i ae eee 
Jie Y= T= (15.3) 
rs 0 —8: 0 83 0 


where gi = 1/r:. It can be seen from eqn. 15.3 that a gyrator is a non- 
reciprocal device. 

If the gyrator is terminated in an impedance Z, then the input 
impedance is 


Le. Zn = - where k = r,rs (15.4) 


A gyrator can thus be considered as an impedance inverter. If the load is 
a capacitance, i.e. Z, = 1/sC, then Zim, assuming r, = r, = r, is s r°C, 
Hence, a capacitance terminated gyrator is equivalent to an inductor of 
value r°C (Fig. 15.9). 


7GS 


Fig. 15.9 


Figure 15.10 shows a realization of an ideal gyrator using two controlled 
sources and the gyration ratio is r = 1/G. Figure 15.11 shows a realization 
of an ideal gyrator using two op. amps. This is commonly referred to as 
‘* Antoniou Gyrator’’. 
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Fig. 15.10 


Fig, 15.11 


15.1.4 GENERALISED IMPEDANCE CONVERTER 


Let a two port network be terminated in an impedance Zz. If the input 
impedance of the terminated two-port is 


Zn = K(S)Z,, n+l (15.5) 


where XK(s) is real rational function of s, then the two-port is called a 
generalized impedance converter (GIC). K(s) may also be a constant (The 
definition here differs somewhat from elsewhere in the literature. If n = 1 
it is called a converter and n = —1 it is an impedance inverter). If 
K(s) = —1 andn = 1, then the GIC is the already familiar NIC and 
thus can be realized by a single operational amplifier. If K(s) = 1 and 
n=], then we have a positive impedance converter or a transformer. 
If K(s) =k, and n = —1, then the GIC is a gyrator. On the other hand 
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if K(s) = —k andn = —1 then the GIC acts like a negative impedance 
inverter (see sec. 15.2). 


Fig. 15.12 


Figure 15.12 shows a realization of a two amplifier GIC. The input 
impedance of this network is 


Z, Zy Zs 
Zn = “ZZ (15.6) 
If in Fig. 15.12 (or in eqn. 15.6) we select. Z;, (i = 1, 2, 3, 5) as resistors 

and Z, as a capacitor, we obtain the familiar Antoniou gyrator. In fact, 
- we can generate a second two amplifier gyrator circuit by selecting Z, as a 
capacitor and the rest of the impedances as resistors. 

If Z, and Z, are made as capacitors and: Z, Z, and Z, resistors then the 

input impedance is . 


re a re 
Zu (9) = RR, 3C.G, ~ Ds (15.7) 
where D= Petals . From eqn. 15.7 
‘ 3 . 
Then Zune) = — 


and hence the input impedance behaves like a frequency dependent negative 
resistance (FDNR). The circuit realizing an FDNR is shown in Fig. 15.13. 
This is known as Bruton’s FDNR. As can be seen from Fig. 15.12 we can 
generate two more FDNR circuits by selecting (Z,, Zs) or (Zs, Zs) as 
capacitors and the rest of the impedances as resistors. FDNRSs are _ 
becoming popular active components in the design of active filters. 
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Fig. 15.13 


If in Fig. 15.12 we select (Z,, Z,) as capacitors and the rest as resistors 
we have 


Zin(s) = Bs* or Zun( jo) = —Bw? 


where B = R,R3R,C,C,. ‘This component is called a frequency dependent 
negative conductance (FDNC). 

We can see that from the basic topology of the two-amplifier GIC we 
can generate two gyrators, three FDNRs and an FDNC. We cannot 
generate an NIC or a NIV from this topology. 


15.2 Nullator-Norator Models 


In ch. 1 we introduced two pathological or singular network elements— 
nullator and norator. The ideal behavior of a transistor or an op. amp 
can be represented by a nullator-norator (or nullor) models. Figures 15.14 
and 15.15 show such a representation for a transistor and an op. amp, 
respectively. Ideally the current drawn by the base terminal and the 
voltage across the base-emitter junction of a transistor are zero. The 
current drawn by the emitter terminal is independent of the collector to 


Cc 8 c : 


Fig. 15.14 
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emitter voltage thus justifying the nullator-norator model for a transistor. 
In an ideal op. amp the current drawn by and voltage between the negative 
and positive input terminals are zero. The output voltage is independent 
of the current drawn by the output terminals and hence the model of 
Fig. 15.15. 


1 o3 


Fig. 15.15 


The concept of nullator-norator models is very useful in developing 
transistor or op. amp circuits for the active elements discussed in 
sec. 15.1. In addition to the nullator-norator model of a transistor and an 
op. amp two nullator-norator equivalences are very useful and these are 
shown in Fig. 15.16. 


—l_—Oo—, = Rererequm., 
(open circuit) 
a (Short circuit) 
Fig. 15.16 


Nullator-norator equivalent circuits for the four different types of 
controlled sources are shown in Fig. 15.17. Of course we can generate 
many more circuits by judicially adding nullators and norators. It is to 
be observed that the nullator and norator should always occur in pair. 

The nullator-norator model shown in Fig. 15.18 represents a CNIC. 
As there is a nullator between terminals 1 and 2, the two voltages V, and 
V,are the same. Also, the voltage drops across R, and R, are the same 
and hence 


R 
I, Poe R i, 
The equations describing Fig. 15.18 are then 
yah, 
R 
= kh, k = 3% 
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3) Ry Ig 


R2 


I, R 
CT 2 
V2 
Vg2-1,R 
Fig. 15-17 


which describes a CNIC with k, = 1 andk, =k. It can be seen from 
Fig. 15.15 that the nullator-norator equivalent of Fig. 15.7 (a) is the same 
as that in Fig. 15.18. It is not possible to generate a transistor realization 
of Fig. 15.18 directly as there is no common point between the nullator 
and the norator. Figure 15.19 (a) is a modified version of Fig. 15.18 where 
we have added a nullator-norator series connection which is equivalent to 
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Fig. 15.18 


an open circuit (Fig. 15.16), whereas Fig. 15.19 (b) shows the transistor 
realization. Here we have used two PNP transistors. We can use two 
NPN transistors as well. The only difference between using a PNP or a 
NPN transistor is in the biasing circuit which is not shown in Fig. 15.19(8). 
From now on without loss of generality we only use PNP transistors and 
the biasing circuit for the transistors will not be shown. 


R, Ra 


Il 


Fig. 15.19 


By connecting a series nullator-norator combination at different 
places we can generate various CNIC transistor circuits. Figure 15.20 
shows another CNIC circuit. The selection of the final circuit depends on 
stability, biasing and other practical considerations. 


R, Ro 


Fig. 15.20 
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The nullator-norator circuit of Fig. 15.21 represents a VNIC. The 
modified nullator-norator equivalent and the corresponding transistor 
realization are shown in Fig. 15.22. 


Fig. 15.21 


T 


Fig. 15.22 


Figure 15.23 shows a nullator-norator equivalent circuit of the two- 
controlled source representation of a gyrator of Fig. 15.10. Here m and o 
represent nullators and norators; respectively. In order to analyse the 
circuit we observe that the voltage at point c is V, because of n,; the voltage 


Fig. 15.23 
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across ab is V, because of mg and n, and the current froma to bis f,. The 
current from a to bis also given by GV, as is required by Fig. 15210. A 
transistor realization of this gyrator is obtained by grouping (m, 0,), (a, %) 
and (7, 04) and is shown in Fig. 15.24. This is known as Shenoi gyrator. 


Fig. 15.25 


The nullator-norator equivalent circuit of the gyrator of Fig. 15.11 is 
shown in Fig. 15.25. Here the capacitor C, has been removed. The figure 
can be considered as the cascade combination of two sub-networks N, and 
N, N, is a CNIC with k = R,/Rg. The network N, is redrawn in 
Fig. 15.26. The voltage and current distributions are also shown. From 
the figure we have 


V,=—-Rsh, Va = —ERa 


If we terminate the network in a load Zz, i.e. Vz == —/,Z, then the input 
impedance of the network is 
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ae 


Fig. 15.26 


and the network is the equivalent of a negative impedance inverter (NIV). 
A gyrator can be realized as the cascade combination of a NIC and 
a NIV. 

The nullator-norator equivalent circuit of a GIC is similar to the one 
shown in Fig. 15.25. From the same nullor model by grouping nullators- 
norators differently we can generate alternate op. amp circuits for the GIC 
or the gyrator. 

The nullor equivalent circuits are useful for the initial analysis of the 
circuit. As already indicated the final transistor or the op. amp circuit 
realization for the particular active element can only be selected by a 
detailed study of the biasing circuits and the stability of the circuits for 
various terminations. 


15.3 Sensitivity 


In the design of filters considered so far we have assumed the para- 
meters of the elements (i.e. R, L and C) to be constant. The parameters 
or the characteristics of the elements depend on many factors like tem- 
perature, humidity and ageing. As such we cannot consider the parameters 
to be constants. This deviation of the parameters, active or passive, from 
its nominal value manifests itself as a change in the response of the 
network. In fact for a highly selective network this may induce oscilla- 
tions and hence instability. The variation of the network response due 
to an incremental change in the value of the parameter is expressed in 
terms of sensitivity of the particular network function with respect to the 
parameter. 

Classically the sensitivity of a network function F(s) with respect to a 
parameter x is defined as 


F(s)_ a In Ks) _ * OF 
Ss. = 9inx ~ F Ox os) 
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Let the transfer function (open-circuit voltage transfer ratio) of a net- 
work N be 7(s) = p(s)/q(s). Then the sensitivity of 7(s) with respect to 
the parameter x can be shown to be 


si = 5s? — 3! 
x x x 
«(> #2-— 3 (15.9) 


In general st is a complex quantity. If we write T(jw) as | T( jw) | x 
e J) then 

T(jw) a) , ., Hw) 
SHS + ib S 


x 


iw) 


where a(w) = | 7(jw) |. The real part of sv 


tivity and the imaginary part the phase sensitivity. 


is called the gain sensi- 


EXAMPLE 15.1 


Consider an op. amp in the inverting mode and let the gain of the 
amplifier be pz. Then 


_ —HRy 
NS) = (ROE RtER,  g 


(If 2 + 00, T(s) + — R,/R, as previously stated). 
Then from eqn. 15.9. 


T 4 
s =r,{l 1. 2g | 


Pp q 

ie, sh ate) 
Ry (R,+R3)+u R, 

i Sy T 1 1 

Similar] = Sy) oe 

rly Sp = Rl ; 


1 1 
= R,| — — ——_________ 
Li (Ry + Ry) +H Ry ] 


i.e, st = __ Ai(i+p) 
Ry (Ri +R) +eR, 
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T 1 oe R, 
=H Vern y (®) — TRE) Ta ] 


2 T R,tR 
1.e, So =——tL 
uw (Ry +R.) + BR, 


Meee SOS SIS = and Ss SO: 
R; R, “ 


We can define many other forms of sensitivity. A network function is 
often specified in terms of poles and zeros. The change in the position of 
these poles and zeros with respect to a network parameter is often an 
important point to consider in the design of filters. To this end we 
define the root sensitivity. Let s: be a root of either the numerator or 


denominator. Then the root sensitivity. s is defined as 


s* — x ast 


: Fe es (15.10) 


The root sensitivity in contrast to the transfer-function sensitivity is a 
complex constant. 
Let a polynomial p(s) be written as 


P(s) = a(s)+x B(s) 


then it can be shown that 


Ds 
So=-x aG) (15.11) 
dp 


where s; is a root of p(s) and p’(si) = es 


EXAMPLE 15.2 


Consider the low-pass filter shown in Fig. 7.6. The transfer function 
of the filter was shown to be 
k k 
9) = TE G=Wst1 Gs) 


Let the nominal value of k be 1.5. Then 
p(s) = s?-+1.5s+1 


The roots of p(s) are 
Sa, 5g = =-0,7500 + j0.6614 
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p(s) can be written as p(s) = a(s)+k b(s), where a(s) = s?+3s+1 and 
b(s) = —s. Then from eqn. 15.11 we have 


5s Bs) 

a eas 
en (—s,) 
eee TREE 6 ED 3 


At the nominal value of k 


se = 0.7500+j0.8505 


Similarly st = 0.7500—j0.8505 


(Note that the sensitivity of the root at s, is the conjugate of the sensitivity 
of the root at s,). 
Let the value of x change from x to x+- Ax. Then from eqn. 15.10 
Si 
Ax g 


x x 


As; = 


and the new location of the root is 
s; = sit ASi 
Let in the example 15.2, k change from 1.5 to 1.6, i.e. Ak = 1. Then 
Nae a (0.75+j0.8505) = 0.0500-+j0.0567 
and A 5s, = 0.0500—j0.0567 
Hence the new locations of the roots are 


oe = —0.7000-+-j0.7181 


55 == —0.7000—/0.7181 


If the transfer function 7(s) is expressed in the factorized form as 
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then it can be shown that 


Ss’ 
- 5 ye ay - eo ws (15.12) 


which shows that classical sensitivity is a Ete sum ofi the root sensi- 
tivities. 
The transfer function of a second-order filter is generally written as 


10 ee LS (15.13) 
S° + w9s/Q-+ w§ 


where wy is the resonant frequency (in the case of a BP filter it is the 
centre frequency) and Q is the quality factor. For this transfer function 
we can define w, and Q sensitivities as 


s? ~~ @ and sve * dog 


x Q ax x Wy dx (15.14) 


For the transfer function of eqn. 15.13 with f(s) = st w2, where k=0, 
1 or 2, it can be shown that 


T = T on Q 
s.= 8) [ set ase | (15.15) 
where A= AD 
s +79 
EXAMPLE 15.3 
Consider the passive low-pass RC R Re 


filter shown in Fig. 15.27. The trans- } 
fer function is | | 
Cc c 
2 
T(s) = 1/R,R.C ; 
s?-+-5(2R\+Re)/CR, Ri+ sah R, R,C? 


(15.16) Fig. 15.27 
which is ofithe form of eqn. 15.13 with f(s) = wz. Here 


1 _ VRRe 


“0 CT RR, 2 RAR oa 
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From eqn. 15.14 


pe Ba Te | CURE | 
Ri wy AR, | CV RR; 


Fe. eae ee eae ae 
mw CVR,\ 2RVR 


ie., Se = > (15.18) 
and 
| _ RR, ] 
Sr, =3 i 2R,-+ Re 
After some algebra this yields 
. = 0 aE (15.19) 


From eqn. 15.9 and 15.13 with f(s) = w? (here p(s) = w?2 and q(s) = 


490 9} af) 


T 
ce eee eee cee 
. we 57+ Sery/O+ w 


— _25(s-+a/2Q) _ (15.20) 
S7-+ w9s/Q-+ cg 


From eqn. 15.9 with p(s) = 1/R,R.C? and 


ap f2Rit Re cr) 
Hs) = +5\"CRR, + RRC 


We have 


s.1/CR2—1/R,C*.R? 


1 
~ rig s2-+-5(2R,+ Ry)/CR,R.+1/R,R,C* 
1 


_AS/CRy) WR, RC? 
s®-(2Ri-t Ry)s/CR Ry 1/R,RyC? 
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_ —s(s+2/CR,) 
S*+-(2R,+Re) 5/CR Rot 1/R RC? 


From eqn. 15.17 we have 


gh _ (S$ +2/CR2) 
ye ee dl Bach Le 
: s+ wos/O ' w2 


From eqn. 15.15 and 15.18 to 15.20, we have 


s, =—2Msto2@ f_1 4 20 | 9 (Rr—2R) 
2 S*#+-05/O+w2 2 S+ 4/20 2V Ri Rg 


—— § Wo Wo 
SS ee SS SSS ee R,— : 
ate eT / | 39 2V RRs ioane ] 


But 


Be, OO pe: 2R,+Ra Re 2K, 
22 2V Rik, 2C R, Ry 2C R, Ry 


a 4k 2 
2C RR, CR; 


T 
Hence gh =~ —S&+2/CR) _ 
Ri stt+w, s[Q+u3 


: F T 
and this confirms the relation between s. S.. and se for the passive 


network. 


EXAMPLE 15.4 
Consider the active low-pass filter shown in Fig. 15.28. The transfer 
function is 
: 2 
1s) = 1/R,R, C 
2, Rit 1 
S&+— —>3 s+7amz 
C RR, C* RR 
1 V RR, 
H SS; sear aes 
ence We CV BR R+R 
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C 


Fig. 15.28 
From eqn. 15.9, 15.14 we have 
Og 1 Q ee Re—R, 
Sk, =~ 7 Sr, = 2 24/R, Ro 


r_>(5+ 35) git cm) 


ony ry Wa 2° R 
gs? + 20 S+ wo 
Again after a little algebra we see that eqn. 15.15 is satisfied. 

The preceding two examples demonstrate the generality of the expres- 
sion in 15.15 and show the correlation between the transfer function, wo 
and Q sensitivities for a second-order LP filter. It can be similarly shown 
that the relationship is true for an HP and BP filter. 

We have defined several sensitivity functions and interrelated them. 
However, in the final analysis we are interested in minimizing the deviation 
of the filter response due to incremental variation of some network 
parameter. In highly selective networks (i.e. high Q networks) the pole 
sensitivity is an important factor to consider because of the stability of 
the network. In the design of active filters the sensitivity of the filter 
transfer function to the variation of the active parameters is a major 
consideration. 

The study of sensitivity is an integral part of the design of active 
filters. In this section we have just introduced some of the fundamental 
definitions and interrelation that occur in sensitivity studies. 


0 
sg? oO swe 


15.4 Single Amplifier Filters 


An active filter can be generated by embedding an active element in a 
general RC network. Though we can develop filter realization based on 
network synthesis methods, we usually resort to coefficient matching 
technique. The active element used is an operational amplifier. In this 
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section we only consider single amplifier second order filter structure. The 
general configuration of the filter is shown in Fig. 15.29. Here Nisa 
three port RC network (ports are 11’, 21’ and 31’) and pis a finite gain 
amplifier. The finite gain amplifier is obtained as shown in Fig. 15.3. 


Fig. 15.29 


15.4.1 Low-pass FILTER 


A circuit realizing a second order low-pass filter with a positive gain 
amplifier is shown in Fig. 15.30. The transfer function of the circuit is 
(see example 15.4). 


C, 
Ry R2 
an ee 
Fig. 15.30 
cone 
1s) = Bs Os —;— 15.21) 


Lo 


I l 
225 —— eae a ae ea _ Pe eee eerens 
“aot Rat Ra O-» |+ aR, 
The general transfer function of a second order LP filter is 


K wi 


T(s) = (15.22) 


S2+w, s/O+ w2 


where w,, Q and K are the resonant frequency (peak response frequency), 
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quality factor and dc gain, respectively, of the filter. On comparing the 
coefficients in eqn. 15.21 and 15.22 


1 ae 
ee ae “o™= VR R,RoC,C, : Q ~~ RG Re RG, 
+ oo RC, 


The wy and Q sensitivities of this filter with respect to passive and active 
elements arc 


=, Oo oO 0. a 
Sr, = SR, = So, So, 1/2 


S70 = 0 (wy is not a function of ») 
vs 
Oe ao ie 2 RCo 
and S< = Sry = QO AES y? 
R,+R l 
Q__@ — eA le 
2G Gy, oe (fee)- 2 


G2 a AEs se {BS a ap fh 
B RC, RO NRC, 
Though the ws sensitivities are low, the Q sensitivities are proportional to 


Q. As can be observed from the transfer function, the structure will 
become unstable for values of » greater than 


[+ 8(1+8) 


In active filters built in thin film form it is customary to keep the 
elemental spread (the ratio of maximum to minimum value) as small as 
possible. In the structure under consideration, if we select equal valued 
elements, i.e. R, = R, = Rand C, = C, = C, we have 


1 1 
‘RC’ e=- 


The design equations for this filter circuit are : 


Wy = 


EXAMPLE 15.5 


We are required to design a second-order LP Butterworth filter with a 
cut-off frequency of 2.5 kHz. 

From Table 13.1 the transfer function of Butterworth filter with a cut- 
off frequency of 1 rad/sec and a de gain of p is 
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See 
9) = 3ysFi 
Denormalizing the cut-off frequency to 2x (2.5 x 10°) we have 


p (20x 2.5 x 108)? 


Ts) = ——————— eee eee __ 
s?+-s (20 X2.5X 103) V2 + (28x2.5 x 108)? 


From the design equations 
p= 3— 4/2 = 1.586 


1 


RC = sae7T RIO 


If we select R = 10 kQ, we have C = 0.405 pf. 
Instead of choosing equal valued capacitors we can select a unity gain 
amplifier (voltage follower) and R, = R, = R. This selection yields 


maa o- Lf 
RVGC, Cy 
The design equations are 


_ 29 Saget 
RC, = ae and RC, = 3 we) 


The Q sensitivities are 
QQ A _ C. .~g@ 1 Oars 
5 op SO So= So= Oe s 2Q?. 
A positive gain realization leads to a low-gain amplifier but the Q 
sensitivities are large. This is a general feature of all positive gain 


structures. 
A circuit realizing a second-order LP filter with a negative gain ampli- 


fier is shown in Fig. 15.31. The transfer function is 


Fig 15.31 
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Clad 
as leGatz taal )]s 


ay Sane R, Ry I 
eae Rate+ (1+ +#t+3) 


The resistor R, can be considered as a part of the gain producing network. 
Here again we consider equal elemental valued realization, i.e. Rj = R: = 


Rs = Ry = Rand C,=C,=C. The resonant frequency and Q-factors 
are 


J/5+h ga VStH 
RC ’ ~ 5 


Wo > 


Hence the design equations are 


# = 2509-5, RC= 5e 
Wo 
It can be shown that the magnitude of w. and Q sensitivities for Q > 1/2 
are all less than or equal to 1/2. The closed loop gain of the amplifier for 
a resonable Q is very large (for example Q = 10 yields » = 2495). This 
is a common feature of all negative gain realizations. 
A second-order LP filter can be realized by using multiple feedback 
infinite gain amplifier structure of Fig. 15.32. The transfer function is 


Fig. 15.32 
aoe eee 
R,R.C,C 
Ts) a i . 2“i~2 i 
2 ae A eee ean eee 
tsa a "Ri zt m)* RRGG, 


If we select Rj = R, = R, = R we have 


Gq 
C 


1 
“o= RVCAC, 
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The magnitude of the w, and the Q sensitivities with respect to the passive 
elements.are less than or equal to half. The element spread in this case 
is 9Q? (i.e. C,/C, = 9Q?). 

We have discussed three single amplifier LP filters. On the basis of 
sensitivity alone the infinite gain and negative gain amplifier structures are 
superior to the positive gain structure. The latter uses a low gain ampli- 


fier. If we consider the gain-sensitivity product (i.e. B. s°) as a 


measure, the positive gain structure is superior to the othertwo. In 
many practical filter design situations the positive gain realization is 
preferred to the other two. 


15.4.2 HP, BP AND BE FILTers 


The method of spectral transformation developed in ch. 11 is not 
applicable for designing active RC HP, BP and BE filters as this would 
necessitate the inclusion of an inductor in the circuit. The design of 
these filters is similar to that of the LP filters. The structures of various 
filters, their transfer functions, w, and Q sensitivities and design equations 


are summarized in Table 15.1 (p. 382). The transfer function of these 
structures is given by 


- Kf(s) 
Ts) = S?+a,5+a, 
Kf(s) 
8+5 s+ue 
Hence w, = Va, = Vio. 


The transfer function for a notch (or band elimination filter) is 


_ __K(sttat) —__R(s*+8) 
T(s) = PH stat s?+a,5+a 
0 


Three different situations may arise depending on a, 

(i) High-pass notch: a < wa 

(ii) Low-pass notch: a > wo 

(iii) Active notch: a = wp. 
(Observe that low-pass and high-pass notch, transfer functions are the 
familiar low-pass and high-pass functions with a finite zero of transmis- 
sion.) Table 15.2 shows the structures and other particulars of these three 
filters. In HP notch and LP notch the element spread is controlled by k 
and can be arbitrarily selected. 


Structure 


(1) HP: Positive gain 


- Ry 


(2) HP: Negative gain 


K=4, 


a = 
a= 


Oo >= 


Q 


I 


Oo = 


Q= 
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Cy Ry R, C; Ca af 2 - 30 
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9 Ri kiCiC, . 2 mies 1 
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7 TABLE 15.1 (Continued) 


Structure | Transfer function Sensitivities Design equation 
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(5) BP: Negative gain 


Koes = geo = 0 go Ri =R,=R 
(6 +p) RC, M(s) 3 Ri SR, Sc, C, = Cc, =C. 
1 ayy 1 1 
= =e = 99?—1, RC = 
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“<AMPLE 15.6 
oasider the LP notch transfer function 


K(s?+-1.5) 


Ns) = s?+0.2s+1 


From the design equations we have 
a=——,C=({— -1 oe 
ASS? 1 k+1 


If we select k as 1, then 
a =0.816, C= 0.250, pw = 2.128 


The finite gain realizations we have considered in this section are 
called Sallen-Key structures. The band elimination filter structures are 
known as Kerwin structures. 


15.5 State-variable Realization 


In the previous section we discussed a few one-amplifier structures, Many 
multi-amplifier structures have also appeared in the literature of electrical 
engineering. One of the first three amplifier structures to appear is the 
“‘state-variable filter’. The basic configuration is obtained by analog 
simulation of the prescribed biquadratic transfer function. 

Let the transfer function be 


28° +45 +p 

#+b 5+), 
A signal flow graph of this transfer function is shown in Fig. 15.33. From 
the figure we can write 


T(s) = 


Fig. 15.33 
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x1 = —X, 
xa = by —byy—Vi 
and Vy = 9X, +0, x1 —Ga Xe 


= (@y— @qhy)X1+(@9b:—2,)X+05Vi 
. x1 0 —1 x1 0 
i.e. = + Vi 
x2 b —h Xs —1 
Vo = [(@>—@eby) (a,b1—2,)] | + av; 
Xe 
which is of the form 


x = Ax+Bu 
y= Cx+Du, 
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where x, and x, are the states (hence the name state-variable filter). The 


transfer-function of the system is (see ch. 10) 


C(I—A)! B+D = Ts) 


The analog simulation diagram of the signal flow graph of Fig. 15.33.is 
shown is Fig. 15.34. The structure uses two inverting integrators and 


Fig. 15.34 
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two differential input summers. The various transfer functions are 
given by 


R 
D = RgRyC,C,s* + RART Ry) RyCys + R;’ 


(Rit+Rs)Rs 
__RsRe(R+Rs) (Re-+ Rr) 
(Ri +R) (Ra+Re)RaR, 
- (Ra +Rs)Re Ry 
N= RgRgC,C,s?+ "R,(Re+ Ry) R,C,s+ R; , 
Ro(R+ Rs) = 
STR RRY Mh 
K, = —K, N, = RyCs 
K, = K, Nz —_ RgRgC, Cs". 


As can be observed from these equations, V, is a low-pass output, V, a 
band-pass output and V, a high pass output. The centre frequency of the 


band-pass function (or the resonant frequency of the LP and the HP) and 
the Q factor are 


* ee. eee - {2% RC, Ri +R, 
0 V RsRgR,C,C,°~ Ry Cz R, (R+ Rs) 


and the gain at this frequency is 


‘ R 
Tap (j ) = — R 
The centre frequency can be adjusted (or tuned) by varying R and the Q 
by varying R, or Rj. The wo and the Q sensitivities are 


0 _ 70 __ 0... 0: "0 __ aa wo —— 
OR ke Rm Ge oe S = —1/2, 
—- mn tak = = me 


If we let Ry = R, = Ry = R, = R, C, = RoC, = 1, we have 


— — Re(l+R) dl 
Tor () = — Sa SET RAIPRDTR 
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Hence w= VR, Tap (jw) = —Re- 

The state variable filter structure is isotopic in nature in that it 
generates all three basic filter characteristics (LP, HP and BP) in the same 
realization. If we want to generate a general biquadratic function then we 
need the final summer amplifier. 


15.6 All-pass and Notch-filter 


An all-pass or a notch-filter function can be obtained by subtracting a 
band-pass filter transfer function from unity. By adjusting the mid-band 
gain of the BP function we can either realize an all-pass or a notch func- 
tion. 

Consider a second order band-pass function 


T(s) = 


2 Wo 2 
si+ Oo sto 
If we subtract the function from unity we have 


st+ (22. —K ) stu* 
H(3) = 1 —1(s) = aa a 
s?+ oO stor 


If we select K = 2 w,/Q then we have 
se— em stw? 
0 2 
s2-+- Oo Stow 


which is a biquadratic all-pass transfer function. On the other hand, if 
we select K = w,/Q, then we have 


yielding a notch filter. 
Fig. 15.35 shows the realization of an all-pass or notch-filter. The 
network shown in the box is a band-pass filter with the transfer function 


Wy (30-35) 


Ms) = — 2 We 2 
Ss + oO. sto 
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Fig. 15.35 


(Here we have used the design relations RC = 1/3Q wy and » = 9Q?—1). 
The overall transfer function is 


1 ay, 1 2 
H(s) = ss[5 eo Ge 2-30) aaa 
s+ stor 


In order to realize an all-pass filter 


1 = ( 1 ) 1 

aoe. 30]. Se 

0 a\ °2- 30)" —@ 
: on 6 S2 6 
i.e. ois 90?—1 = pe 
For a notch filter 

1 = ( 1 

oe Bee St eh 

O~ a\ 22- 39 

Qy 3 3 


a 501 


Second-order all-pass and notch-filters can also be realized by embed- 
ding a differential input op. amp in a passive RC structure. 


15.7 Higlier Order Filters 


In the previous sections we have only realized a second-order transfer 
function. A standard method of realizing a higher order transfer function 
is to express it as a product of second-order transfer functions and realize 
each second-order transfer function as a single amplifier or state-variable 


filter. The final filter is obtained by cascading the individual second- 
order filter blocks. 
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Consider the transfer function 7(s) expressed as a product of second 
order factors. 


; _ K p(s) - K; fi(s) 
i.e. T(s) = 22 | Faseeer seers 
q(s) wo 2 
jai ( s+ a stow ) 


7 


or 


T(s) = [I Ti(s) with Tis) = ——“fO)__ 


a4 a0, 7 
seas . ’ 
fad a 7 Mo, 


Here it it assumed that the transfer function is of even order. If T(s) is 
of odd order then one of the 7is will be a first-order function. The final 
realization is shown in Fig. 15.36. As the output of each of the amplifier 
is taken from an op. amp the effect of the loading of the succeeding section 
is not a design consideration in constrast to the cascade realization of 
passive structures. 


Fig. 15.36 


A cascade realization of higher order filter is preferred to a direct 
realization. In general, the former has lower sensitivity as compared to 
the latter. 


EXAMPLE 15.7 
The transfer function of a sixth-order band-pass function is given by 


T(s) = s(s? +-0.25) (s?+-2.25) 
(s?-+0.285+ 1.02) (s?+- 0.95 +0.83) (s*+-0.15+1.18) 

The centre frequency of the filter is normalized to 1 rad/sec. The filter 
has finite zeros of transmission at + j 05 and +/ [1.5 and the band-width 
is 0.2 rad/sec. This transfer function yields an asymmetrical band-pass 
filter and as such cannot be obtained by frequency transformation 
technique. 

’ For cascade realization the transfer function is expressed as a product 
of three second-order functions, viz. 


7(s) = IT) 
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where 
8 = s?+0.25 
TA) = 350.9s4083’ TO) = Sf0-is4+1.18 
; od s?4+2.25 
and TAS) = 350354102 


Of course several other pairings of the poles and zeros are possible. 7;(s) 
is a standard band-pass filter, 7,(s) a high-pass notch filter and 7,(s) a 
low-pass notch filter. 


Realization of T,(s): 
We realize 7,(s) as a positive gain BP structure. From Table 15.1 (filter 
No. 4) 
R,=R, = RR =R, C= OZ=C 
wy = V0.83, OQ = 1.012 
Hence 


RC= M2 ss, andp = g-V¥2_ 26 


Wo Q 
If we select R = 1, then we have 


R=1, C=1.55, p=2.6. 


The structure is shown in Fig. 15.37 


Fig. 15.37 


Realization of T,(s): 
From Table 15.2 (filter No. 1) we have 
w, = 1.18, O = 10.86 


and a= 70.25 = 0.5 
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Hence aetu2, R= k+l _ 027+, 
ow 
al 
k 
= 2+3.52 Kai 


If we select kK = 1 
a= 2, R= 0.54, p = 3.76. 
The network is shown in Fig’ 15.38. 


Fig. 15.38 
Realization of T,(s): 
From Table 15.2 (filter No. 2) we have 
wy = V1.02 = 1.01, a = 2.25 = 1.5 and Q = 5.05 


| 1.21 = 0.92k 
ce = 0. 67, Cm ry ande = 2+ k+l 


If we select k as 1 
a = 0.67, C = 0.61 and » = 2.46. 
1/2 


Fig. 15.39 
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The network is shown in Fig. 15.39. If we scale the impedance level to 
10 k Q and the centre frequency to 5 k rad/sec then we have the final filter 
as in Fig. 15.40. (This is obtained by multiplying all resistors by 10‘ and 
dividing all capacitors by 5 x 107.) 


10K 5k 5k 
13-4n] 13-4n 


Fig. 15.40 


A higher order filter can also be realized by first realizing a resistively 
terminated LC ladder to yield the transfer function of the filter. Then 
the inductors are replaced by capacitor terminated gyrators. The passive 
network can also be simulated by using GICs instead of gyrators. 

In the FDNR based realization the passive RLC network is transformed 
to a RC-FDNR network. For example consider a simple parallel RLC 

‘network of Fig. 15.41 (a). The admittance of this network is 


(b) (c) 


Fig. 15.41 
1 l 
yY,= R +sC-+ ra 


To obtain an RC-FDNR realization Y, is replaced by sY, (this is often 
called FDNR admittance transformation). 


i.e. Yo sY,= 5 4 eC$ 5 


The network is shown in Fig. 15.41 (5). The transformation converts a 
resistor to a capacitor (value (I/R). an inductor to a resistor (value = L) 
and a capacitor to an FDNR element.- The symbolic representation of an 
FDNR is shown in Fig. 15.41 (c). The RC-FDNR network is also called 
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a DCR network. The FDNR can be realized by two op. amp structures 

shown in Fig. 15.13. 
The realization ofa DCR network is obtained by transforming the 

passive RLC filter, element by element, by the FDNR_ transformation. 


EXAMPLE 15.8 


The transfer function of an LP elliptic filter, with the following 
specifications: pass band ripple 1.25 dB, pass band edge | rad/sec, stop 
band edge 1.2 rad/sec and stop band attenuation 40 dB, is 


T(s) = (s?-+1.2402) (s?+1.7368) 
~  (s2+0.4029s+0.5903) (s?-+0.0906s-+0.99 13) (s+0.3569) 


The corresponding doubly terminated normalized ladder is given in 
Fig. 15.42 (w- 1 rad/sec, R == 1Q). 


R, by bg Ls 


Fig. 15.42 


R, = R, = 1,L, = 2, L, = 0.3992, Ly = 2.2477, Ly = 1.1889, 
L, = 1.5378, C, = 0.8305, C, = 0.5469 
The filter obtained by FDNR transformation is shown in Fig. 15.43. 


Fig. 15.43 


C, = Cy = 1, R, = 2, R, = 0.3992, R, = 2.2477. R, —— 1.1889, 
R, = 1.5378, D, = 0.8305 and D, = 0.5469. 
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The filter is now denormalised to a frequency of 20.106 k rad/sec and 
an impedance level of 2260.72 Q. The values ofithe elements are 


Cy = Cy = 22000 pf, R, = 4521.44, Ry = 902.502, Ry = 5081.42, 


Ry = 2687.54, R; = 3476.60, D, = 0.9087 x 107 and D, = 0.5984 x 107 
(Here the impedance scaling factor is chosen to yield practical values for 
C, and C,) 

The two FDNR elements are realized by the circuit shown in Fig. 15.13 
with 


D,:C = C, = C, = 0.01827 pF, Ry = Ry = Ry = R = 2722.28 
Dai C = C, = C, = 0.01203 pF, R, = Ry = Ry =R = 4133.70 Q 


(observe that D = C?R). The final network is shown in Fig. 15.44. 
Here two unity gain voltage followers are added, one at the input end and 
the other at the output end for purposes for impedance matching. 


15.8 Non-ideal Op. Amp 


The filter design techniques developed so far in this chapter consider the 
op. amp as an ideal voltage amplifier. An ideal op. amp has infinite gain, 
infinite band-width, infinite input impedance and zero output impedance. 
A practical op. amp naturally deviates considerably from the ideal and 
this deviation manifests itself as a shift in the centre frequency and the 
quality factor ofithe designed filter. The overall frequency response of} the 
filter transfer function may not only show considerable deviation from its 
design specification but the filter may also become unstable. Before a filter 
circuit can be adopted for applications, it should be checked for these de- 
viations and oscillations. 

An operational amplifier in general has the gain characteristic shown 
in Fig. 15.45(a). The 0 dB cross-over takes place at a rate of 18 dB/octave 
or more and any feedback around the op.amp may make the overall circuit 
unstable. To alleviate this problem, commercially available op.amps are 
internally compensated to yield a single pole roll-off model as shown in Fig. 
15.45(b). The gain of the op.amp can now be written as 


_ a we 
2 ~~ s+ae 


where Ag is the dc gain and wa the corner frequency. The factor Agwe is 
the gain bandwidth product (GB) of the amplifier and is generally also the 
0 dB cross-over frequency. As an example for the commercially available 
741 op.amps A, is of the order 100 dB and GB varies from 0.5 MHz to 
1.2 MHz. 
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Gain Gain 


MY) 
We a 
Fig. 15.45 


Apart from this frequency-dependent gain commercial 74Ils have an 
input impedance of the order of MQ and an output impedance of the order 
of 50Q, If the op.amp has FET input then its input impedance can be of 
the order of 10"Q, 

A more accurate equivalent circuit of a differential input op.amp. is 
shown in Fig. 15.46. Rem, the common mode impedance is generally much 
higher than Ra, the differential impedance. The nullor model of a non- 
ideal op.amp is shown in Fig. 15.47 where A, = R,/R, and wa = 1/R,C. 
This model does not show the input and output impedances. 


Vy 


Vv, 0 


Fig. 15.46 


Fig, 15,47 
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The single pole role-offiof an op. amp introduces error in the designed 
w, and Q ofa filter. The method of analysis of the filter with actual 
amplifier, though is conceptually the same as that with an ideal op. amp, is 
algebraically much more involved. For example due to the pole of the 
op. amp a second order filter transfer function becomes a third order 
function, In the standard method of analysis of the filter structure 
the actual op. amp is replaced by the equivalent circuit shown in Fig. 15.46 
with both Ra and Rem equal to infinity. (In practice it is found that the 
finite Ra docs not affect the filter performance to any appreciable extent). 
The resulting third-order transfer function is now analysed to yield the: 


actually realized wo (say 2) and Q (say 0). The error due to finite GB 
and non-zero Ry can be expressed as 


Aw = Wo— ty 
AQ = 0-0 


where w, and Q are the centre frequency and quality factor with an ideal 
amplifier. The deviations in wy and Q depend upon the actual filter 
structure. The exact analysis is rather involved and we summarize the 
effect of finite GB and non-zero R, These conclusions are applicable to a 
wide class of op.amp filters, including higher order realizations. 
(i) The centre frequency of the filter wy is reduced. 
(ii) There is Q enhancement in the filter. 
(iii) Ry does not affect wy significantly, but usually causes additional 
Q-enhancement. 
(iv) Ry may also add finite zeros to the transfer function and generally 
leads to a non-minimum phase transfer function. 


15.9 Discussions 


The selection of an active filter structure depends mainly on the sensitivity 
of the transfer function to the variation in the passive elements and the 
active element parameters. A standard method of designing a higher order 
filter is to realize it as a cascade of second-order filters (see sec. 15.7). But, 
of late, it has been shown that a coupled biquad structure (Fig. 15.48) has 
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lower sensitivity than the cascade structures. In the figure, Hi is a biquad- 
ratic transfer function realized by one or two operational amplifiers. In 
many cases the direct simulation of a resistively terminated LC ladder by 
gyrators or GIC has already proved to be the best active filter structure. 
The deviation of w. and Q of the realized structure can be reduced by 
using an op.amp of higher gain bandwidth product. But the higher cost of 
these ‘better’ op, amp have limited the use of such amplifiers in bulk pro- 


duction of ative filters and 741s are still being used in active filter design. 


The task of the filter designer is to select a structure which has the lowest 
sensitivity to Ay (the highly variable and sensitive parameter of the op. 
amp) and GB. There have been many structures specifically designed to 
reduce the sensitivity. Some of the recently developed structures have a 
built-in compensation to reduce this effect. Even from this angle GIJC- 
based and coupled-biquad structures seem to be highly competitive. 

The effect of sensitivity of the transfer function to the passive para- 
meters (resistances and capacitances) can be minimized by using precision 
components. Passive components can be designed, using thin film 
techniques with 0.1% accuracy or Jess. In hybrid integrated-circuit form, 
the component resistors and capacitors can be designed to have equal and 
opposite tracking and thus the total deviation of the transfer function due 
to temperature is minimized. 

Another consideration in selecting a filter structure is the spread of the 
passive elements. It is a common practice to limit the spread of the 
capacitors to a ratio of 1:10 and those of resistors to 1:100. The value of 
the total capacitance determines the substrate area required for the 
fabrication of the filter in hybrid integrated-circuit form. Attempts have 
also been made to reduce the total capacitance of the filter structure. 

The deviation of the filter performance due to the non-idealities of the 
op.amp is, as indicated, an important factor. Though commercially 
available op.amps are compensated to yield a single poll roll-off, op.amps 
can be designed to yield stable two-pole roll-off. The filters with such op. 
amps can be designed with lower deviation in w, and Q. Of late, a new 
method of designing active filters without using external capacitors has 
been advanced. In this method the single poll roll-off (or the internal 
compensating capacitance) is used to generate the required filter function 
by embedding the op.amp in a resistive structure. A two op.amp active 
R structure is capable of realizing an LP function and a BP function 
simultaneously. An HP active filter is to a great extent a misnomer. With 
the band limiting of the op.amp it is not possible to design a real HP 
filter, or for that matter, an all-pass filter. 
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Matrix Algebra 


_ A matrix is a rectangular array of numbers representing a transformation. 
For example, the matrix Q,, of eqn. 2.6 transforms a set of chord currents 
J. to a set of branch currents Ix of a given network with respect to a 
‘ected tree. 
A matrix ‘A’ with m rows and n columns is represented as 


= [ay]mxn 
where a is the element in the ith row and jth column of A. (Here A has 
no bearing on the incidence matrix of a graph). The order of the matrix 
is(mxn), Ifm<=n,thenthe matrix is called a ‘square matrix’. The 
matrix obtained by interchanging the rows and columns of a matrix is 
called the ‘transpose’ of matrix A and is represented by A‘ 


= [ayi]nym 

with A as defined earlier. If the elements ay of a matrix are complex, the 
conjugate of the transpose is called the ‘Hermition transpose’ and is 
represented by A” 

Two matrices , and B of the same order a by 

= [ag}mxn and == [Dy}mxn 

are said to be a if aiyj==biy for all i = 1, 2, ... m,andj = 1, 2,...” 
If in a square matrix A, ay =0 for all ij then the matrix is a ‘diagonal’ 
matrix. If.all the diagonal entries of a diagonal matrix are 1, then it is 
called a ‘unit or identity’ matrix and is represented by U. Ifin a square 
matrix A, ai = 0 fori > (i.e., all the entries below the diagonal) then 
such a matrix is an upper triangular matrix. On the other hand, if 
ai; = 0 for j > i then it is a lower triangular matrix. Ifa matrix has only 
one row it is called a row matrix or row vector while a matrix with only 
one column is called a column matrix or a vector. 

If a matrix A is such that A = A‘, then A is called a symmetric matrix. 
If A = A4®, then A is a Hermition matrix. If A = —A! (—A#), then it is 
called a skew (skew-Hermition) matrix. It can be easily seen that the 
diagonal entries of a skew-matrix are all zero. 
A. MATRIX OPERATIONS 

Addition: Let A and B be two matrices defined by A = [ay]mxn 

= [by]mxn then the sum of the two matrices is another matrix of the 
‘same order, (m Xn), defined by 
C= [cy]mxn 
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where cy = ay+by. Properties of this operation are 

(a) A+B = B+A (commutative) 

(b) A+(B+C) = (A+B)+C (associative) 

(c) (A+B) = A'+B! 
Scalar multiplication: The scalar multiplication of a matrix A by a 
scalar a is defined as 

aA = [a ay)|mxn 

Multiplication: Let A and B be two (mxn) and (nxp) matrices, respecti- 


vely. The product of the two matrices, AB, is another matrix of order 
mp, defined by 


C = AB = [cy]mxp 
n 
where cy = % ae be; 


For a matrix A to be multiplied by a matrix B on the right, the number 
of columns of A must be equal to the number of rows of B. Two such 
matrices are said to be conformable for multiplication. If m # p, then BA 
is not defined. Even if AB and BA exist, AB is not generally equivalent 
to BA. 


The properties of the operation of matrix multiplication are: 
(a) A(B+C) = AB+AC (distributive) 

(b) A+(BC) = (AB)+C (associative) 

(c) If AB = BA, Band A are said to be commutative 

(d) AB = 0 does not imply that either A = 0 or B = 0 

(e) (AB) = B At, 


Sometimes it may be convenient to write a matrix in partitioned form. 
For example, a(4 x3) matrix can be written in partitioned form as 


Gy, Ar a1 


Am} 42422 _| 42s = Ay Ay 


ais 73a Ag Ay 
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G3, gg As3 
Ay = | | Agog a | | 
Gq Mag Qs 


Each submatrix Ay i is treated as an element of A. Let B be another 
Partitioned matrix given by 


AB = [ Ay By+ Ais Bor | Arr Bro+ Arg Bag ] 
Ay, By+Agg By | Ags Big + Ase Bag 


To perform the required multiplication the matrices should be conform- 
ably partitioned. 

Inversion: Let A be a square matrix of order n, then an (nxn) matrix B is 
called the inverse of A if, and only if, 


AB = BA = Unyn 
B is represented. by A™!, i.e., B = A-} 
A matrix has an inverse, if and only if it is non-singular (i.e., the 
determinant of the matrix is non-zero). If an inverse exists then it is 
unique. The inverse of a matrix A is cass by 


where det A is the determinant of A and Adj A = [Ay], where Ay is the 
cofactor of the element ay, The cofactor, Ay is defined by 
Ay = (-— iJ My 


where My is the. minor of the element ay and is the determinant obtained 
after deleting, row i. and column j. 
It can. be:easily shown that 


(@) (AB! = BAA 

(6) (49% = = (A-tf 

(c) If AB = -O.and Ais non-singular then Bis a null matrix 
ae 

(d) det! 4: = deta 


( Let Abea non-singular matrix with real. entries, If At = A-} then 4 
js. called an orthogonal matrix. If A is complex and A+ = AH then A is 
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called unitary. The determinant of an orthogonal (unitary) matrix is I. 
For example, the matrix 


cos@® —sin 6 
A= 
sin 6 cos 6 
is an orthogonal matrix. 
Let a matrix A be rte as 


A 
A= (a il 
Ay, 
where A,, and A, are non-singular, then it can be shown that 


At (An —An Ay An) i (Au —Aj, Ag Ay)? Ay A | 


a }m 
Ags mn} 7 


—(Age =AgAo A,2) } Ad Az} (Aze—Aay Ay Ay) 
if the required inverses exist. 


A.2 RANK OF A MATRIX AND ELEMENTARY TRANSFOR- 
MATION 


The rank, r(A) of a matrix A is the number of linearly independent 
rows (Or columns, whichever is the minimum) of A. r(A) is the order of 
the maximum order non-vanishing determinant that can be formed from 
the rows and columns of A. For example, consider the matrix 


1 23 
A= 4 5 6 
789 


The rank of this matrix is two. The rows (columns) are linearly 
dependent and we have 


— r+ 2re—rg = 0 


where 7: corresponds to row / or column i of the matrix. A(2x2) deter- 
minant, 


<4 
4 5 


is non-zero and hence the rank is 2. x, 
Let A = [ay]nxn. If r(A) = 2”, then A is obviously non-singular. If A 
is a rectangular matrix of order mxXn or (or nxm) with n > m, and if 
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r(A) = m, then the matrix is a maximum rank matrix. If A and B are 
conformable for multiplication, then 


r(AB) & min [r(A), r(B)] 
If matrix A is non-singular and if the products AB and CA exist, then 
r(AB) = r(B) 
r(CA) = r(C) 


i.e., pre- or post-multiplication by a non-singular matrix does not change 
the rank of a matrix. 

A matrix can be transformed to its canonic form by elementary trans- 
formation. Elementary operations on a matrix are: 


(i) Interchange of rows or columns, 
(ii) Multiplication of a row (column) by a scalar. 
(iii) Addition of a scalar multiple of one or more rows (columns) to 
other rows (columns), 


The elementary operation can be achieved by pre- or post-multiplying 
the matrix by a non-singular matrix. For example, pre-multiplication 
by a matrix of the form, 


60 1 O wees 0) 
Se eee o | 
Peed ones o | 
| | 
| Fics ashes ess ido tee 
(AOS eyctiadsines 1 J 


interchanges the first and second rows whereas post-multiplication by such 
a matrix interchanges columns 1 and 2. Pre-multiplication by a matrix of 
the form 


fi k 0 
lo Lo 
| 


o 


001 


GO seertese . Atlant 


ny aN 


| 
1: 
|: 
| 
L 


adds & times the second row to the first row whereas post-multiplication 
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by a matrix of the form 


f1o00.....0% 
}oor.. | 
| | 
j 2 | 
| | 
| | 
| | 
z 

CO siess.  aat ; 1 J 


adds k times the second columns to the first column. 

The non-singular matrices used for elementary operations are called 
elementary matrices. The rank of a matrix A is invariant under elemen- 
tary transformations. Every matrix A can be transformed to its canonic 
form by elementary transformation. 

The canonic form of a (m xz) matrix A of rank r is 


«= [545 


rxr 
0 


where U;,, is a unit matrix of order r (A- = PAQ, where P and Q are 
non-singular), 

Two matrices A and B are said to be equivalent (A~B) if one can be 
transformed to the other by elementary transformations. Two matrices are 
equivalent if and only if they have the same canonic form and this implies 
that two equivalent matrices have the same rank. Equivalence of matrices 
is an equivalence relation. 


i.e., A~A (reflexive) 
A~B then B~A (symmetry) 
A~B and B~C then A~C (transitive) 


(Any relationship satisfying the three properties—reflexive, symmetry and 
transitive, is called an equivalence relationship). It can be shown that 
every non-singular matrix is a product of elementary matrices. 
A.3 SYSTEM OF LINEAR EQUATION 
Consider a system of linear simultaneous equation 

AX =Y 
where A is an (mxXjn) coefficient matrix, and X and Y are column vectors. 
If A is a square matrix (i.e. m = n) then a non-trivial solution for X exists, 
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if and only if A is non-singular. In this case the solution is 
X= AY 
For a general A matrix, i.e., for a system of m non-homogeneous 


system of equations in mn unknowns, a solution exists, if and only ifthe rank 
of the augmented matrix is the same as the coefficient matrix. 


i.€., r[A: Y] = r(A) 
(If Y = 0, then the system of equations are said to be homogeneous). 


A.4 EIGENVALUES AND EIGENVECTORS 


An algebraic equation that often appears in the analysis of networks and 
systems is 


AX = AX 
where the coefficient matrix A is a square matrix of order n, X is a nvector 
and A is a scalar constant which may be complex. The preceding 
algebraic equation can be rewritten as 
(A—AU)X = 0 


and a non-trivial solution for X exists if, and only if, (4A— JU) is a singular 
matrix. The n scalar constants A which render the matrix (A—AU) 
singular are called the eigenvalues of A (latent roots or characteristic roots) 
and the non-trivial solution vectors are called the ‘eigenvectors’ of A. The 
study of such a problem is classified as ‘Eigenvalue problem’. 

The n eigenvalues of A can be determined by the equation. 


det (A—AU) = 0 
The determinant can be written as 
A"+ an—-y7A-1+ aon—2A” 2+... fajrA+ a) = 0 


and this is called the ‘characteristic equation’ of the matrix. The n roots 
of this equation 4, i= 1,2,..., are the eigenvalues of A. For each 
eigenvalue of the matrix we can form an equation. 


AXi = AiXi 


The solution vector X; is the eigenvector corresponding to the eigen- 
value Ag 


EXAMPLE : 
a ae | 
Let A=j —l 2 1 
—1 1 2 
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Then the characteristic equation is 


¢ 2 -I 1 4 007) 
| | 
Se aie a —1 2 I j}—] 0A 0 or 
tesa, 4 2 ooad 
2—A —-—l 1 
i.e., det | —I 2—A 1 = 0 
—!I 1 2—A 
ie., A8—6A2--11\—6 = 0 
The eigenvalues are 1, 2 and 3. 
ie, (A—1)(A—2)(A—3) 6 |- 11-6 = 


(Observe that the product of the eigenvalues is the determinant of the 
matrix and the sum of the eigenvalues is the trace of the matrix. A_ trace 
of a matrix is the sum of its diagonal entries.) To find the eigenvectors 
we have to solve the equation 


2 —1 1 xy xy 
—!I 2 1 X2 | = Ai] X: 
ek. oA 2 Xs X3 
For A= 1, [mY x, xf =[I 1 0] 


Ag = 2, [x, xX, x) =f 1 1 
AZ= 3, [vy x. XM =(0 1 1] 
The following results can be easily derived. 
(i) The eigenvalues of a real symmetric matrix are all real. 

(ii) A skew symmetric matrix has imaginary eigenvalues. | 

(iif) If a matrix is singular then it has a zero eigenvalue. 

(iv) The eigenvectors associated with distinct eigenvalues of a matrix 

are linearly independent. 

(v) The eigenvectors associated with distinct cigeavalues of a real 

symmetric matrix are orthogonal. 

A matrix whose eigenvalues are all positive (negative) is called a 
positive definite (negative definite) matrix. Otherwise, it is said to be 
indefinite. If a matrix has a zero eigenvalue then it can only be a semi- 
definite matrix. 

Two matrices A and B of the same order are said to be similar if there 
exists a non-singular matrix P such that 

B= P-1 AP 
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Similarity relationship is an equivalence relation. Similar matrices have 
the same determinant, same characteristic equation and hence same 
eigenvalues, but not necessarily the same eigenvectors. If a matrix has 
distinct eigenvalues, then it is similar to a diagonal matrix, the entries of 
which are the eigenvalues of the original matrix, i.e., if A has distinct 
eigenvalues then, 


SIAS=fA 
where A = dia (Aq, Ag, Agy... 000-0 yAn). This similarity relation can be re- 
written as, 
AS = SA 
If C; are the columns of S, i = 1, 2,...... , 4, then we have, 
AGi = vx Ci 


indicating that C; is the eigenvector of A with respect to the eigenvalue Xi. 
Hence can conclude that an nth order matrix with distinct eigenvalues 
is similar to a diagonal matrix.’’ The transformation matrix for this is the 
eigenvector matrix of the m independent eigenvectors of A. 

For the example considered earlier 


1 1 0 0 I.I-l 

S=|{ 117 1 and S$") = 1—!rI 1 

011 —1 1 #O 
t 0 0 
and S72 AS=| 0 2 0 
0 0 3 


If A does not have distinct eigenvalues then in general it cannot be 
diagonalized by similarity transformation. In such a case the matrix can 
be reduced to its Jordan canonic form by similarity transformation. 


i.e., po AP=J 
( J,Qx)) 0 O ......- | 
| 0 J, (As) 


where J= 


ne ny seme Sere 


| 
svexdesattcs J, x J 


ec 
o 
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u, i = 1,2, ...,& are the eigenvalues of A and Ax repeats mi times, i.e. 
treat... tre = n. 
The Jordan blocks J,, (Wi) are of the form 


Z A SEO pedvawcaes 0 
Oo AE Da eR 0 
Jp, (i) = ' 
O% 3:38 oe sees N nxri 


The proofs of many of the results considered here and the other aspects 
of matrix analysis have been dealt with in great detail in R. Bellman’s 
book : Introduction to Matrix Analysis, McGraw-Hill. 


4 ton if 


Fig. E.4 
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For example, for the ideal transformer of turns ratio 1: 1 
1 no —n 1 nr, —nV r; le 
Yo = eT ET pore » Yon = | aaa ae 
rotn rn —nNn 1 retn ty —aVv rir, ls 


and, finally, 


rotn r —— 
2th NL andy nry—r, 


It is worth noting that an ideal transformer has neither impedance nor 
admittance characterization. 

A detailed description of the scattering parameters and their application 
is available in Theory, of Linear Active Networks by E.S. Kuh and 
R.A. Rohrer, Holden-Day, San Francisco, 1967. 
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Laplace Transforms 


The time-domain network equations in general are integro-differential 
equations. We can convert these integro-differential equations to higher 
order differential equations and solve these differential equations to obtain 
the time-domain network response. A method of solving the network 
equations of a linear time-invariant network is to resort to Laplace trans- 
form technique. Laplace transformation of an integro-differential equation 
with constant coefficients leads to an algebraic equation in the Laplace 
variable ‘s’. The algebraic equation is solved in the Laplace domain and 
the time-domain response is obtained by inverse Laplace transforming the 
s-domain solution. (Compare this with the procedure of solving an 
equation x? = y by logarithms.) 

The one-sided Laplace transform of a time function f(1),0 < t < 0, 
represented by F(s) = L[f(#)], is defined by the integral 


F(s) ~f fit) e** dt (B.1) 


If the lower limit of integration is —oo then F(s) is a two-sided Laplace 
transform. We have no occasion to use the latter. 

The Laplace transform F(s) of f(t) is a function of the complex variable 
s(s = o+jw), The Laplace transform of a function exists if, and only if, 
the integral defined in (B.1) converges. The integral converges, in general, 
for some values of s in the right half plane. 

A sufficient condition for the existence of the Laplace transform is 
given by the Theorem B.1. 


Theorem B.1: Let f(t) be a function which is piecewise continuous on 
every finite interval in the range ¢ > 0 and satisfying 


Ifol< Met (B.2) 


for some constants o and M. Then the Laplace integral converges 
absolutely for all Re s > a. 

A function satisfying the inequality (B.2) is said to be of exponential 
order. The order of the function is the smallest number ap that satisfies 
(B.2). We say that the Laplace integral converges absolutely for all o > o,. 
gy is called the abscissa of convergence and the region c > dy is the region 
of convergence. 


EXAMPLE B.1 
(i) f(t) = u(t) 
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oo 1 
as —$t ees | ety: ema. eh 
F(s) = J edt = el 
0 


i.e€., : F(s) = +, o>0. 
(ii) f(t) = e* u(t) 
F(s) = f ew e-*' at 
0 


0 
1 e(u—s)t 
a-~s 


-f eo) dt = 
0 


i.e., FQ) = <=, 0 >a. 
(ii) f() = 3(0) 
F(s) =f 8(t) e- dt 
i.e., F(s) = 1 for all s. 
(iv) f(t) = tu) 


F(s) = te dt 


ten | 


la 


est | 


s* lo 


ee FG) = 4 .o>0 
(vy) A(t) = sin wt u(t) 
F(s) = sia wt e-* dt 


oo ov i 
Jot ese 
-|[- j | “ee 
2j 

0 


else ie) I e—(stio)t | 
“4 _ —st¢jo |o ~ =G+je) lo 
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i.e., F(s) =O 


Table B.1 gives some elementary time functions and the corresponding 
Laplace transforms. All time functions are defined for t > 0. 


TABLE B.1 


f(t) F(s) f(t) F(s) 
. @ 
a(t) 1 sin wt ee 
s 
u(r) 1/s COS wt iaF 
we ~ 
—at —at sj ee 
e s+a e-4! sin wt G+aypor 
1 
= ~at ” S+-a 2 
t Ss e-4t COS wt (s+a)¥ fo! Tot 
n! 
tn grt cosh wt a 
n! 
tn e~at (s+ayntt sinh wt — 


Some of the important properties of Laplace transforms are : 
(1) Linearity: Let f,(t) and fo(t) be two time functions with the corres- 
ponding Laplace transforms F,(s) and Fo(s), then 


La fi())+ Llacfr(t)] = aFi(s) +o2F2(s) (B. 2) 
where a, and a, are any two constants. 


(2) Shifting theorem: If L[f(t)] = F(s), then the Laplace transforms of 
f(t—a) and e f(t) are e~** F(s) and F(s—a), respectively. 
(3) Transform of derivatives: If L[f(t)] = F(s), then 


{4 = 5 F(s)—f(0) 


and LOM] = s"F(s)—s"-1f(0) -— gn-2 7? (0) f"-0) 


where f(t) is the nth derivative of f(t) with respect to ¢. 
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(4) Transform of integrals: If L[f(t)] = F(s), then 


sf fr dr | = Ft) +-£Q) 


. : 
where f-! (0-_) = J f(r)dr 


(5) Initial and final values: If L[ f(t)] = F(s), then 
JO) = lim s F(s) 


S=p00 


and lim f(t) = lim s F(s) 
f-oo s->0 
(6) Convolution: Let LU f,(t)] = Fi(s) and L[f,(t)] = Fi(s), then 
Silt) * filt) = Fis) Fs) 
and Silt) -falt) = F,(s) * Fa(s) 
(7) Time scaling: If L[f(t)] = F(s), then 
Liflat)| = 4 Asia) 
(8) Multiplication by t: If LU f(t)] = F(s), then 


Lie f= (— 1p SPD 


(9) Periodic functions: Let f(t) = f(t+-nT) where n is an integer, then 


PQ) = <r Flo) 


fee 
T 
where F(s) = Fy Site dt. 


The inverse Laplace transform £ “1 .) of F(s) is given by the complex 
contour integral 


: C+joo 
fi) = 5 J F(s) ett ds (B.2) 
c—joa 


where the path of integration (Bromwich path) is along a vertical line 
s = c, from —j® to+j* The constant c is selected such thatc > ap, 
where o, is the abscissa of convergence of F(s). When F(s) alone is given, 
the path of integration is selected as a vertical line (in the complex s-plane) 
to the right of all the singularities-of F(s) . [F(s) is regular for all ¢ > ao.) 
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Direct evaluation of the integral in eqn. B.2 is rather complicated. We 
can resort to Cauchy’s residue theorem to evaluate f(t). If F(s) + 0 as 
s — oo, then 


Kt) = & (residues of F(s)e* at the finite singularities of F(s)) 


If Fs), the Laplace transform of f(t), is a rational function of s then F(s) 
must be a proper fraction (the degree of the numerator is less than the 
degree of the denominator) in order to satisfy the condition that F(s) +> 0 
ass-» oo, The inversion by residues is always applicable to proper 
fractions. 

Partial fraction expansion, and thus inversion of FAs), i isa very conve- 
nient method of determining f(t). This method of inversion (by evaluating 
the' residues) was discussed in ch. 4. 
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Natural Frequencies 


The natural response of a lumped linear network can be written as a sum 
of complex exponentials, i.e., 


x(t) = 3 ki exp (pit) (C.1) 


where p; and k; are in general complex. The constants ps which depend on 
the elements and the geometry of the network are called the natural 
frequencies (ch. 7). A decomposition of the natural response into a series 
of exponentials places in evidence the natural frequencies (often called the 
mode of oscillations). Hence, a method of measuring natural frequencies 
is to express the observed response as a sum of complex exponentials. But 
sometimes not all the natural frequencies of the network will be reflected 
in the overall response of the network. For example, consider the network 
function 


eh eC Sa 
(s+3)(5+4)(s+5)(s-+6) 
The partial fraction expansion of this is given by 


F(s) = 


yu a3 0 —6 20/3 
Wy = ig ga SES GEG 
Hence 
y(t) = 4 eb e-¥4. eo 
Here we see that the natural frequency at s = —4 is not reflected in the 


output. Though the network function apparently seems to have four poles 
Pi = —3, pp = —4, Ps = —S and p, = —6, these are only three complex 
exponentials in the output and we see that the residue corresponding 
to the pole at s = —4 is zero. This is due to the fact that (s+4) is a 
common factor in both the numerator and denominator. The actual 
network function is 


(s+1)(s+2) 

Ks) = — oO Se 

() = GEDG+SN TO) 

Hence, though s = —4 may be an internal natural frequency of the net- 
work (i.e., the natural frequency of some current or voltage internal to the 


network) so far as the terminal behaviour is concerned we can discard this 
natural frequency. 
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The cancellation of the common factor in the network function can be 
expressed in terms of controllability and observability of the particular 
natural frequency. In the example considered we can say that the parti- 
cular natural frequency at s = —4 is decoupled from the input (i.e., not 
excitable from the prescribed terminals or uncontrollable) or decoupled 
from the output (i.e., not measurable at the specified output terminals or 
unobservable) or decoupled from both the input and the output. The 
terms controllability and observability are commonly used in modern 
control theory. From the point of network synthesis we only design the 
network function after cancelling the common factors between the nume- 
rator and denominator. If not, the realized network: may have redundant 
or excess elements. . 

The constants k; in eqn. 13.1 depend not only on the elements and 
geometry of the network but also on the initial conditions. The initial 
conditions may be so chosen that a particular natural frequency is not 
observed in a specified response. We demonstrate this with an example. 


yuiR ONY; 


C,=C,=C. 
Fig. C.1 


Consider the network shown in Fig. C.1. The capacitors C, and Ca 
are initially charged to voltage Vc,(0) and Vc,(0). We are required to find 
V.At) and V;(f). ; 

The network under consideration has two energy storage elements (two 
capacitors) and is not degenerate. Hence there are two natural frequencies. 
The node equation at nodes a and b is given by 


4 -+se - = Va Ve,(0) 
— 

1 2 
aces = V, Ve,(0 

R R + se b ca(0) 

Solving for Vz and V, we have 
Vy, = RC[(2++scR)Vex(0)+ Ves] 
Q@ 


= (scR+3) (scR+1) © 
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| RCVex(0)+(2+scR)Vex(0)] 
(scR+3) (scR+1) 


The natural frequencies are —3/RC and —1t/RC. We consider three 
different cases. 


(i) Vex(0) = Ve,(0) = viQ) 
RC V(0) [2+scR+1]____—V(0) 


and Vo = 


Ve = ~GcR+3) (acRT1) ~~ sta/Rc) ~ 
i.e., Volt) = Volt) = V(0) e~#/RC 
(ii) Vey(0) = —Ve,(0) = V(O) 
y, = RCVO)[2+seR—1}] _ __ VO) 
ov “(seR+3) (seR+1) s+(3/RC) 
y, = REVO) [-@+scR)] __ __V() 
o= —(seR+3) (scR+1) s+G/RC) 


i.e., Volt) = —Vi(t) = V(0) e~ GRO 
(iii) | Ve, | | Ve.) | 

Vit) = ky eR 4. ky ef—3/RO)t 

Vi(t) = ky e~#RC_k, e(—3/RO)t 


V.,(0)+Ve,(0) 
2 % 


where k, = k, = 


Vc, (0)— Ve, (0) 
a 

In case (i) only one of the natural frequencies is observed in the 
response (observe the cancellation of the factor (scR+-3) in the calcula- 
tions). In case (ii) again only one natural frequency is observed. Here 
the factor (scR+1) cancels out because ofi the proper selection of the 
initial conditions. In case (i/i) both the natural frequencies observed in 
(i) and (ii) appear. 

The study of the modes of oscillation of a network is certainly more 
involved than that is demonstrated by this simple example. The concept 
and algebraic characterization of the controllability and observability are 
fundamental to the study of optimal control systems, 
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Bode Plots 


The specifications of a filter are given in the frequency domain. One of 
the methods ofirepresenting these specifications is by the Bode plot. 
Let a transfer function H(jw) be represented as 
H(jw) = | H(ju)| 2/6) 
The Bode plots for this transfer function consist of 
(i) 20 log | H(jw) | vs log w. The unit for 20 log | H(jw)| is 
decibel (dB), and 
(ii) ¢(~) vs log w. 
A typical transfer function can be written in the factored form as 


K Tl (1+jor,,) I [ 1+j2b,, “a, =a a (aa 


i=] 
H(jw) = 
2 
Vay I (1-4 jo%p,) I [He S + GE) 
i= 
(D.1) 
The poles and zeros of the transfer function are 
zeros: — u > i= 1,2,...,m 
2, 
—t:, Ws; a Jz, mI 1—w} , i= 1, 2; cong M 
poles: — 1 , i= J, 2, ..., my 
TPs 
Ep, py + Hep af BBs FL eo 


rth order pole at the origin. 
For example, if 
_ (s+a) (s?-+bs-+d) 
H(s) ™ “s*(s-+B) (s?-+as+8) 


then H( jw) can be written as 


(442) \[ s+ Gzy ] 


Boers) [ECD 
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which is of the form of eqn. D.1. 
From eqn. D.1 we have 


mi 


.20 log | H(jw) | = 20 log K+20 > log | 1+ jury, | 


i=] 
ma 
4 20} log 


2 
14 2, ae Ce | 
ry 


a 
i=] 
my 
— 20 log w —20 > log | jwty, | 
i=] 
— 20 log | 1+j 28), —— + Crs i 
5 OP: Di 
m ma 
and g(w) = > tartwr, + Sd itant( Ae Pn © ) 
i=1 i=l wz —w 
mM My 
—r 90°— > tan-'wt,, — > ta ( 2 Spi Yni® ) 
i=l i=l we 


The factors appearing in the Bode magnitude plots (i.e., the plot of 20 log 
| H(jw) | vs log w) are of the form: 


20 log K 
20 log w 
20 log | 1+ jue | 
3 
20 log | 1+ j2E—— 2 
Wr wt 
n 


(It is customary to consider the first two factors together). The terms 
appearing in the phase functions are of the form 


tan-lw? 


r 90° 
(i) Factor Tay : For this factor we have 
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20 log ony = 20 log K—r 20 log w. (D.2) 


Consider two frequencies, w, and ,, differing by a decade, i.e,, o,—10 a. 
Then 


20 log w, = 20 log (10 ,) 
= 20 +20 log 


Hence we conclude the term 20 log w has a slope of 20 dB/decade or 6 dB/ 
octave. The plot of eqn. D.2 is a straight line witha slope of —20 dB/ 
decade. At w = I this line passes through the point 20 log K. This 
straight line crosses the 0 dB axis at w = K!/", The angle contribution 
of this factor is —90° r for all frequencies. 
(ii) Factor 1+jwr: For this factor we have 
20 log | 1+jwr| = 20 log [1+ ? r2]!2 

= 10 log [I +? +?] (D.3) 
For values of w such that wt < I, the plot is the 0 dB axis. For values 
of wr & 1 the plot is a line with a slope of 20 dB/decade. The latter 
crosses the 0 dB axis at w == 1/7. The plot ef eqn. D.3 can be represented 
by two straight lines: a straight line along 0 dB axis up to w = 1/r and 
beyond this point a straight line with a slope of 20 dB/decade. This 
representation is called the asymptotic approximation. The frequency 1/r 
is called the corner frequency. The actual value at w = 1/t is 10 log (I+1) 
= 3 dB. 


20 log|H(jw)| 


The plot is shown in Fig. D.1. If the factor is a pole factor then the 
plot will have a slope of —20 dB/decade and at the corner frequency its 
value would be —3 dB. 

The phase corresponding to this factor is 


d(w) = tan ter (D.4) 
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 (w) 


90 


err wer wm were KF — = om 2 ow ow ow @ = 


7 sae 


Fig. D.2 


and the plot is shown in Fig. D.2. For a pole factor the curve will be a 
mirror image of the one in Fig. D.2; the phase »--ving from 0 to —90°. 
2 
(iii) Factor 1+ j2& = — ——: For this factor we have 
n 3 


Wn 


20 log | pas = | = 20 log [ 1x42) | 


= 10 log [(1—x*)*-+4 & x3] 
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where x = w/w,. For x € I (i.e. w € ws) the value is 0 dB and for x >1 
(i.e., w > wa) the value is-40 log x. Hence the low and high frequency 
asymptotes are the 0 dB axis and a line with slope 40 dB/decade, respecti- 
vely. The corner frequency is at w = ou» (i.e, x = 1). The error 
between the actual Bode magnitude plot and its asymptotic approximation 
depends on the value of &. 

If the factor is a pole factor then the high frequency asymptote is a 
straight line with a slope of —40 dB/decade. Fig. D.3 shows the plots 
for a pole factor. 

The phase function for thi§ factor is 


#(w) = tant (2°4 


For x € 1, ¢(w) = 0 and x € I, d(w) = 180°. Ifitisa pole factor the 
latter is —180°. The phase plots for a pole factor are shown in Fig. D.4. 


Of &=0-05 
% ao \\ Ae 
3 a c\\ 0-4 


233) 


-90 
120° 
-150° 
-180° 
04 0-2 1-0 2-0 10:0 
——nge X 
Fig. D.4 


The overall Bode magnitude and phase plots are obtained by point-by- 
point summation of the individual plots of the variation factors. 
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Scattering Parameters 


The two-port parameters defined in ch. 8 are adequate to represent 
a network at low and medium frequencies. It becomes very difficult to 
measure impedance, admittance or hybrid parameters at frequencies above 
100 MHz. At these frequencies the concepts of travelling wave dominate 
over lumped element techniques. Besides, the parameters of ch. 8 are all 
defined under open circuit or short circuit condition. A two-port network 
generally operates with finite loading at both ports. 

Scattering parameters defined in analogy with the transmission line 
theory consider finite loading and are applicable for a wide range of 
frequencies from low frequencies to the microwave ranges. At the high 
frequency end, the concepts of voltage and current are rather artificial and 
as such scatter parameter utilizes the concept of power in the form of the 
incident and the reflected waves. 


E.! SCATTER PARAMETER FOR A ONE-PORT 


Let a one-port be driven by a source with an internal impedance Z, 
(Fig. E.1). The network 


is matched to the source for maximum power transfer, when 
Zs) = Zs(—s) 

i.e., Z(jw) = Zs(—jw), (see sec. 6.6). If the sourcé impedance is resistive 
then matching occurs when Z= rs. Under matched condition we say 
that the network does not reflect any power. In general, we can write 

I= ii—I, (E.1) 
where the subscript i refers to ‘incident’ and r to ‘reflected’, respectively. 
These two quantities are related by 


WV, 
eas Maat (E.2) 
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where ‘r’ is called the characteristic impedance of the system. From (E.1) 
and (E.2) we have 


Vi = Verh), h=4(+ v1) 
(E.3) 


Vr=4V—r), = 4 (< y-1) 


The ratio of V; to Vi is called the reflection coefficient p and is given by 


V, L Z—r 


PS her os 


Under matched condition Z = r, p = 0 and the network absorbs all the 
power from the source. If the source impedance is complex, the voltage 
reflection coefficient (= V,/Vi) and current reflection coefficient (= J-/l) 
are different. 

In general, we can define 


Vi = ay V+ aal, Vr = ag) V+ Aral. 


Under matched condition with a resistive source impedance, i.e., Z. = Z(s) 
= r, we have Vi = rl. 
This leads to 


Vi = V, Vr = 0, h= 1, Ir=0,p =0 


When the network is not matched to the source V; and J, represent the 
deviation of Vand J from their value under matched condition, 


i.e., Vr = V—Vi 
L= h-TI. 


which is the same as (E.1). 
(The asymmetry in the definition of the deviation can be justified by 


observing J, = Lind f ,and Vy; = mo under matched condition. Hence, 
pe OMY [ Vit(Wi-V) I SS ory 
r r r r 


--- The normalized incident and reflected waves are defined as 


as) = ofr l= Vilvr 


(E.5) 
b(s) = ofr 1m V/r 
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The normalized variables a(s) and b(s) are called ‘scatter variables’. Scatter 
variables can also be written in terms of Vand J. From (E.5) and (E.3) 


a(s) = on [t (V-trD] = § [Vota] 
(E.6) 


b(s) = + [t V—rl)] = 4 [Va—In] 


where the normalized voltage and current variables are 
Va= > ’ Ih = V ri 


The two scatter variables are related by the reflection coefficient. From 
(E.6) we have 


b_ V—rl_ IZ—rl 


a. W4rl IZ+r (Vi== 12) 
= ane = 3 (Z, is the normalized input impedance) 
i" 


From (E.4) we have 
b= Sa (E.7) 


where the scatter parameter, S, of the one-port network is the reflection 
coefficient (observe that normalization does not change the reflection 
coefficient.) To physically interpret the scatter variables, consider power 
transfer through the network. The maximum power available from the 
source is given by 


ws AVN AO —|"= 2 
Pans = a Gp lar = 6 

If the network is matched to the source, then this maximum power is 

absorbed by the network and hence we can say that the reflected power 

(Pr) is zero. Under mismatch of the network and the source, the power 

absorbed by the network is 


P = P\—P, 
where P; (= Pmax) is the incident power and P, is the reflected power. 
y" 
eee 2 
P= =| b| 
Now we can write the power balance equation as 


P P, j 
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For a passive one-port network P/P; < I, hence | p,(jw)| <1 


From the preceding argument it is evident that the power absorbed by the 
network is 


P= |a|*—|65]? (E.9) 


and that a and b have the dimension of ¥ power, say ¥ watt. 
ExAMeLE: Consider the network shown in Fig. E.2 


For this network 
Z= jo L 
~ (I—w? LC)+jw LG 

and from the definition of scatter parameter 

—r (1—w? LC)+jw L (1—r G) 

r (1—w? LC)+jw L (i+r Gy 

From this equation it can be seen that | S| ¢ 1. If G->Oi.e., the network 
is an LC network, then 


—r (l—w? LC)+joL 
r (l—a? LC)+joL 


sS= 


Se 


and | S| = 1 for all . 

The scatter parameter can also be related to the input admittance 
instead of the input impedance. 
_ Z-r 2r 


1— == 1-2rY, 


BRE ap nt ae 


where Y, is the admittance of the one-port including the source resis- 
tance r. 
E.2 SCATTERING MATRIX FOR A TWO-PORT 


Figure E. 3 shows the general configuration of the two-port network 
to be considered here. 
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In analogy with one-port network description we define 
V, = V—V; and I, = I—I 


Vy Vi Vy 
where Vr = » v= » V= 
Veg Vig V, a] 
Tn, vf I, 
. ~ {i | . ~ | | ~ 
I ie Tig I. 2 


and Vix, Vie, I and Ink (k= 1,2) are the incident voltage, the reflected 
voltage, the incident current and the reflected current waves, respectively, 
at the two ports. Under matched conditions (i.e., at each port the network 
is matched to the source resistance at that port) 


Vi= V-RI= RL=}V, 


ry 0 Vay 
where R= and V, = 
Or 2 Vig 


The incident and the reflected voltage and current, waves can be written as 
Vi=3(V+RI], V-=43[V—RI] 
L=4R*(V+RI], I =} RR [V—RI] (E.10) 
(compare these with E.3) 


As in the case of one-part network the normalized incident and the 
reflected waves are defined as 


a= RAL = RAY, 
b= R41, = R14Y, 


— (2) [3] 


Hence a, = ) Te (Atnh)], b= We (Yi-r, 1) 
ry 1 


1 
a= 5 qi, (Vatr, 1), mage Va tohel 


If we define the normalized voltage and the normalized current vectors as 
Van = R18 V, I, = Rilsy 


we have 
Vna=at+b and I, =a—b 
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The scattering matrix of a two-port is defined by 
b=Sa 


i | by | K Sie | ay | 
1.€., = (E.12) 
be Sar Soe a, 


where S is the scattering matrix. The scatter parameters are defined as 


_ A _ by 
un Z| =o »Su= Fla, = 0 
(E.13) 
_ be _ »b, 
Sa = 7 a, = 0 ae at 


The four scatter parameters can be related to the reflection coefficients at 
port 1 and port 2 and the transmission coefficient of the network. 

(i) Sy, is defined under the condition that the incident wave at port 2 is 
zero. From (E.10) we have V, = —r, J, and there is no voltage source at 
port 2. In this case port 2 is matched. From (E.13) and (E.11) we have 


by sg Vat Ty 2g i 

4,ja,=0 Wtrh A+hy ; 

i.e., Sy, is the reflection coefficient at port 1, with port 2 matched. 
(it) Similar to (i) it can be seen that 


Siu = 


Za—lo 
Zotre 


i.e., Sep is the reflection coefficient at port 2 with port I matched. 


Soo = = Pe 


(iii) So = bs 


Qa, Qa, = 0 
With a, = 0, (E. 10) yields V, = —r, /, 


1 V, 
= 2 VJ = me 
and be 2 Vr, [ 2] Te 
(see eqns. 14.13 and 14.16) 


(iv) Similar to (iii) it can be shown that 


ts V; 
Sp, = 2 a/ 2 Va (E.14) 
As in the case of a one-port network, the scatter parameters can be related 


tq the power transfer through the network. From (E.14) we have 


1, (ja) |* 
Voy (jw) 


| Sq, (jou)/* = 4 7 
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and hence from eqn. 14.13 we see that 


| Spy (jo) 2 = 2 


P. max 
From (E.9) wé have the power absorbed by the network at port i as 
Pr= |a|?— |b |? 
Hence the total power absorbed by the two-port network is 
Pr=P,+P,=|a[7+]a,/?9-—[&]?—-[b |? 
or Pr =a!" a— b¥ b 


where a” and b” are the Hermition transposes of a and 5, respectively. 
In view of (E.12) this can be written as 


Pr = a4 (u—S"# S)a 


which relates power to the scattering matrix. 
For a lossless network Pr is zero and consequently 


U—S?5=0 
i.e., S'S =U 
This yields »  [Sal*+]Sy)2=7 


[Sig |? + | Seg! 2? = 1 


(if the network is reciprocal observe that S,, = S,,.) For a passive network 
Pr being non-negative, the matrix (U—S".S) must be positive—semi- 
definite. 

The scattering matrix S can be related to the impedance and admittance 
matrices of the two-port. It can be easily shown that 


S = U-2 Yan 
== (Zn—U) (Zn-+U)> 
= (U—Yn) (U+Yn) 

where Yon = RY? Yq RY, Zp = RV Zoe R-18 
Yn = RY Yee RUA 


and Y, is the admittance matrix of the two-port including the two source 
resistances. Zoc and Ye are the open circuit impedance and the short 
circuit admittance matrices, respectively, of the two-port as defined in ch. 8. 
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=m 


Fig. E.4 


For example, for the ideal transformer of turns ratio 1: n 
1 neo —n 1 nr, —niv ry 1, 
ake asa Fie » You = ——a ——— 
ratnr, | 7 1 rtm | adr, ro 


and, finally, 
1 ro—n? r, 2nVrir, | 
= Se ae 
mtOn Landi mri, 


It is worth noting that an ideal transformer has neither impedance nor 
admittance characterization. 

A detailed description of the scattering parameters and their application 
is available in Theory of Linear Active Networks by E.S. Kuh and 
R.A. Rohrer, Holden-Day, San Francisco, 1967. 
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Frequency scaling, 133 
Frequency transformation, 260, 330, 351 


phase, 340 
power ratio, 340 
voltage ratio, 340 
Inverse 
hybrid parameters, 194 
Laplace transforms, 88, 414 
transmission parameters, 191 
I shift, 55 


Kerwin structure, 386 
Kirchoff’s current law, 11, 28, 139 
Kirchoff’s voltage law, 10, 33, 37, 139 


Ladder network, 168, 198, 298 
Lagrangian tree, 63 


Gain-bandwidth product, 396 Laplace transforms, 50, 411 


Generalised LC ladders, 305, 339 
clement, 49 Linear graph, 19 
impedance converter, 361 Linear network, 11, 101, 143, 149 
Geometrically symmetric filter, 331 Linear phase filter, 334 
Gyrator, 359, 368 Loop 
equations, 64, 67, 69 
Half-power frequencies, 130 impedance matrix, 65, 69 
High-pass filter, 177, 261, 303, 382 Low-pass filter, 177, 187, 250, 299, 312, 346, 
High-pass notch, 381, 385 377 
Hurwitz polynomial, 270 Low-pass notch, 381, 385 
Hybrid parameters, 193 Lumped circuit elements, 2 
Hysteresis, 9 Lumped Network, 14 
Ideal filter, 312 Matrix, 51, 188, 211, 229 
Image Maximally flat response, 315 
impedance, 247, 251, 255 Maximum power transfer, 158, 340 
matching, 249, 257 m-derived filter, 253 
parameters, 246 Mesh, 35 
Impedance, 49, 122 equations, 59, 69 
normalizing factor, 134, 348 impedance matrix, 60, 69 
parameters, 188 matrix, 37, 60 


triangle, 124 transformation, 47 


Minimum phase network, 309 
Mutual inductance, 70 


Natural frequency, 163, 243, 416 
Natural response, 115, 164 
Negative impedance converter 
current inversion, 358, 366 
voltage inversion, 358, 367 
Negative impedance inverter, 362, 369 
Network 
active, 13, 354 
equation, 44 
linear, 11, 101, 143, 149 
lumped, 2, 14 
nonlinear, 12 
one-port, 14, 187, 424 
passive, 13, 154, 277 
theory, 1 
time invariant, 12, 101 
time variant, 12 
topology, 18 
two-port, 14, 187, 424 
Network functions, 167, 218 
Node, 19 
admittance matrix, 56, 69 
equations, 55, 66, 69 
transformation, 46, 140 
voltage, 45 
Non-casual system, 313 
Non-minimum phase function, 309, 399 
Norator 14, 363 
Norton’s 
equivalent, 54, 148 
theorem, 148 
Notch filter, 385, 389 
Nullator, 14, 363 
Nullor, 363 


One-port, 4, 187, 424 

Open circuit natural frequency, 173 

Open circuit stability, 175 

Operational amplifier, 200, 220, 356, 376 
non-ideal, 396 

Operational impedance, 49 

Order of complexity, 166, 242 

Oriented graph, 25, 141 


Partial fractions, 87, 278 
Passive network, 13, 154, 277 
Path, 20 

Phase response, 181, 328 
Phasors, 117 
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Pivotal condensation, 214 

Planar graph, 25, 35, 36 

Poles, 87, 170, 270, 318, 324 

Pole-zero plot, 172 

Pole weakening, 308 

Positive real function, 269, 274 

Power, 7, 126 

Power factor, 127 

Principle of conservation of charge, 105 
Principle of continuity of flux linkages, 107 
Proper tree, 239 

Propagation constant, 249 

Q-factor, 130, 328, 378, 399 

Quadrantal symmetry, 273, 345 


RC 

function, 286 

ladders, 299 

network, 376 
Reactance function, 260, 277 
Reactive power, 127 
Realizable filter, 313 
Reciprocal network, 154, 189 
Reciprocity theorem, 154 
Reffection coefficient, 341, 425 
Residue, 88, 278, 287 
Resistance, 3 

incremental, 3 
Resistor 

current-controlled, 3 

linear, 2 

nonlinear, 3, 13 

voltage-controlled, 3 
Resonance, 127 
Resonant-frequency, 128, 255, 308 
RL network, 296 
Routh-Hurwitz array, 270 


Sallen-key filter, 386 
Scatter parameters, 424 
Selectivity parameter, 316 
Sensitivity , 152, 369, 378 
Short circuit, 

natural frequencies, 173 

stability, 175 
Sinusoidal steady state response, 115 
Source 

controlled, 4, 355 

current, 4, 54 

voltage, 4, 53 

transformation, 53 
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State 
equations, 227 
transition matrix, 241 
variable filter, 387 
variables, 227, 386 
Step response, 94 
Sturm’s 
functions, 276 
test, 274 
Substitution theorem, 144, 149 
Superposition theorem, 142, 150 


Taylor series, 314 
Tellegen’s theorem, 139, 156 
Thevenin 
equivalent, 54, 148 
theorem, 148 
Transducer function, 34! 
Transfer function, 93, 168, 242, 298, 337, 
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Transform networks, 74 
Transmission 

coefficient, 341 

parameters, 191 

zeros, 176, 255, 299, 305, 341, 391 
Tree, 20, 239 
Two-port 

functions, 295 

network, 14, 187, 427 


Unit step, 95 


Vertex, 19 
Voltage transfer ratio, 168, 297, 341 
Vratsanov's theorem, 208 


Zero input response, 83, 242 
Zero state response, 83, 242 
Zeros, 87, 170, 270, 305, 341 
Zero shifting, 304 


